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Preface 

In this book Marx's economic thought is reviewed in the light o 
the present-day advanced level of economic theory. His eco
nomics in fact covers many branches of social science, so that it 
is too large a subject to be dealt with by a specialized mathe
matical economist; I therefore confine myself to discussing only 
its core, that is his general equilibrium model, which has two 
main constituents: the theory of value and the theory of repro
duction. I am satisfied with this partial approach because my 
purpose in this book is not to recapitulate his economics but to 
give it rigorous expression, so that we can discuss Marx in the 
same way as, for example, Walras. (However, it must be added 
that this book is not difficult mathematically, although its 
reasoning is rigorous.) Marx's theory of growth when so formu
lated may be compared with the neoclassical theory of growth 
examined in chapters I-V of my Theory of Economic Growth (Ox
ford, 1969). Thus this book is intended, on the one hand, to 
make its own contributions to Marxian economics and, on the 
other, to form a trilogy on growth together with Theory of 
Economic Growth and Equilibrium, Stability and Growth (Oxford, 
1964); these three books may be taken, in the reverse order of 
publication, as the introduction, the text and the mathematical 
appendix, respectively, of such a trilogy. 

I have so far published three articles with a flavourofMarxian 
economics. One, which was written with Dr F. Seton and pub
lished in Econometrica, 1961, deals with the labour theory of value 
and the aggregation of outputs in terms of values, while the 
other two, published in Metroeconomica, 1956 and Econometrica, 
1960, are concerned directly or indirectly with Marx's theory of 
reproduction. They are the bases from which I started to tackle 
the problem. In fact, the first half of this book may be regarded 
as an elaboration of the Morishima-Seton paper, and the second 
half as an introduction to my 1960 Econometrica paper. I must 
acknowledge here that Dr Seton's contribution to the 1961 
paper was particularly significant, because I was not very 
familiar with Marxian economics when we wrote it in 1957. 

With much help from ProfessorOkishio's books (unfortunately, 
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PREFACE 

all in Japanese), I had gathered almost all the material for this 
book by September I968. The first mimeographed version was 
available early in January I 97 I, and has subsequently circu
lated among students and specialists as notes to my lectures 
'Marx in the light of contemporary economic analysis' at the 
London School of Economics. During this rather long gestation 
period new additions to the literature have appeared, such as 
A. Brody, Proportions, Prices and Planning (Budapest, I 970), and 
Professor Samuelson's article in the Journal qf Economic Literature, 
I97L Although this final version deals with the problems which 
they have raised, particularly those discussed in the latter it is 
~u?stan~ially the same as the original lecture notes, excep; that 
It IS ennched by many quotations from Marx's Capital Progress 
Publishers, Moscow (vol. I, I 965, vol. n, I 967 and vol. m, 
I966). 

In addition to the acknowledgements so far mentioned, one 
has to be made to Professor Joan Robinson, who read an earlier 
draft of this book and gave me comments. A long discussion 
which I had with her in Osaka on the transformation problem 
was stimulating and timely. Other acknowledgements are due 
to Professors M. Tanaka (Kyoto), Y. Takasuka (Hitotsubashi) 
and T. Sakurai (Mushasi), who were in London while I was 
working on this book, and to Dr A. Zauberman of the L.S.E. 
These specialists on Marx and Soviet economics gave me much 
useful information. I have also benefited by a number of helpful 
comments and suggestions from members of the seminars in 
many Br~tish and Italian universities where I was given the 
opportumty to read some parts of the book, and also from those 
who attended my lectures. 

I owe immense stylistic improvements to the editorial officers 
of the Press, and Miss Luba Mumford typed versions of the 
whole manuscript. 

August 1972 M. M. 
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Introduction 

It is o~r .great misfortune that economists have for a long time 
been divid:d ?etween the 'orthodox' and Marxian camps as a 
result of cliqmshness; each school has lost touch with the other 
and ?as become inbred. In Japan, for example, Marxian eco
nomists have formed an association called Keizai Riron Gakkai 
(Economic Theoretical Association) in opposition to the Riron 
Keiza~ Gakkai (Theoretical Economic Association) of non
Marxists. In spite of the similarity of the names of the societies 
no fruitful conversation has ever been held between them. The; 
are a! dag.gers drawn ~nd describe each other as a society for 
reacti~:manes and a society for economists with lower I.Q.s. 

~his h~s ~een the tradition since Marx. However, we may 
notice a sigmficant difference between the quarrels of the I 87os 
and those of the I970s. It is true that Marx attacked many of his 
predecessors, but in his criticism he used the same language as 
they had used. A~though he began his life as a philosopher, he 
later. became fascmated by classical economics, which might be 
considered the mathematical economics of his time and re
modelled its tools and apparatus in order to construe~ his own 
economics. The fact that he was one of the authorities on classical 
economics made it possible for a dialectic development to take 
place between Marxian and traditional economics. It is indeed 
a pity that contemporary Marxists have lost the spirit ofMarx in 
this respect. 1 

On the other hand orthodox economists, too, are in the wrong, 
not only in segregating Marxists but also in undervaluing Marx 
who should in my opinion be ranked as high as Walras in th~ 
history of mathematical economics. It has rarely been pointed 
out that the general equilibrium theory was formulated in
dependently and simultaneously by Walras and Marx whereas 
it has often been mentioned that the utility theory of c~nsumer's 
behaviour was discovered independently and simultaneously by 
1 Recently a number of East European economists have started to think in terms 
of the same terminology as Western economists commonly use. This is a change to 
be welcomed. See for example A. Br6dy, Proportions, Prices and Planning (Budapest, 
1970), 194 pp. For the recent currents of economic thought in the Soviet bloc, see 
A. Zauberman, Aspects of Planometrics (London: Athlone Press, 1967), 318 pp. 
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2 INTRODUCTION 

Walras, Jevons and Menger. It was in 1874 that Walras' 
Elements d'economie politique pure was first published; whilst it was 
early in the 186os that Marx began to investigate the problem of 
'reproduction and circulation of the aggregate social capital'. 
The fact that Marx's work was only published after his death- by 
Engels, in volumes n and m of Capital in 188 5 and 1 894 respec
tively-does not affect the greatness of his achievement at all. 
Indeed, Marx's theory of reproduction and Walras' theory of 
capital accumulation should be honoured together as the parents 
of the modern, dynamic theory of general economic equilibrium. 

However, unlike Walras but like Hicks, Marx constructed a 
two-stage general equilibrium theory. It has often been pointed 
out that Walrasian miscroscopic equilibrium theory is rather 
sterile, since it is too general and complicated to be able to derive 
definite conclusions. To get rid of this weakness Hicks developed 
an aggregation theory and reduced the general microeconomic 
equilibrium system to a macroeconomic system with a few vari
ables and equations. One of the main purposes of Hicks' Value 
and Capital was to confirm or refute Keynesian propositions from 
the viewpoint of general equilibrium theory. By assuming that 
prices of all commodities change proportionately, Hicks treated 
all commodities as if they were a single commodity; he thereby 
obtained a three-equation system, consisting of the demand
supply equations for commodities, bonds, and money, by which 
the Keynesian theses were tested. 2 

Marx was in a similar position. He also wanted to derive some 
definite laws of movement for capitalist society and therefore 
needed a method of aggregation which would enable him to 
avoid the pure, general but powerless Walrasian conclusion: 
Everything depends on everything else. But Marx was satisfied 
with neither the Hicksian method of taking relative prices as 
weights of aggregation, nor Keynes' solution of measuring aggre
gate output, aggregate consumption and so on in terms of wage
units, because the weights used in these methods of aggregation 
would fluctuate, depending on market conditions. Marx, unlike 
Hicks and Keynes, wanted to establish economic laws of a 
very long-run nature, such as 'the law of the tendency of the 
rate of profit to fall', 'the law of population peculiar to the 
capitalist mode of production', 'the general law of capitalist 

2 J. R. Hicks, Value and Capital (Oxford University Press, 1946). 
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accumulation', and so forth, so that he had to base his macro
model on more stable and more solid aggregates. It is my opinion 
that the labour theory of value plays a most important part in 
Marx's economics, since it provides a system of constants, 
in terms of which his microeconomic model may be aggregated 
into a two-departmental macroeconomic model, under a 
number of assumptions. 

It is no exaggeration to say that before Kalecki, Frisch and 
Tinbergen no economist except Marx, had obtained a macro
dynamic model rigorously constructed in a scientific way. His 
micro-model, the foundation of his macro-model, might on the 
other hand, as I have mentioned, be compared with Walras' 
general equilibrium model of capital formation and credit. 
These are the most elaborate models we have ever had, though 
Walras' is more detailed than Marx's in the analysis of consumer 
demand for commodities. This last point has often been reckoned 
as one of the defects ofMarx's theory, but it must be remembered 
that only by drastically simplifying the aspect of consumers' 
choice was he able successfully to derive definite dynamic laws 
concerning the working of his sytem through time. It was a very 
practical bargain, which has become popular among us since 
Keynes' General Theory. Hicks accepted the same exchange in his 
Theory of the Trade Cycle. Leontief, in his short-run theory, even 
regarded consumption as constant. Thus many contemporary 
economists believe that it is more important to obtain a theory 
which can describe dynamic movements of the economy, rather 
than one which can elaborate consumers' preference. This is 
exactly the choice which Marx made. 

Moreover, Marx's theory of reproduction is very similar to 
Leontief's input-output analysis. (Or more correctly, we should 
say conversely that Leontiefreproduced Marx as well as Walras 
in a pragmatic way.) And as we shall see later, Marx's theory 
contains in itself a way to the von Neumann Revolution; al
though he will have lost some ofhis properties during the Revo
lution, after it he will be honoured as one of the authors of the 
Marx-von N eumann model, in which, if we wish, we can allow 
for consumers' choice as I have done in my Equilibrium, Stabi
lity and Growth. Thus Marx is still active on the frontier of our 
science. Oneofhis tools has recently been rediscovered and named 
the factor-price frontier- one of the most fundamental concepts 
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4 INTRODUCTION 

of present-day growth theory. His idea of the dual duality, one 
duality between physical and value systems and the other 
between physical and price systems, has now been acknow
ledged by all economists as the first principle of all societies pro
ducing commodities for exchange, though it has to be simplified 
into a single duality between physical outputs and prices. The 
concept of the value-composition of capital, which Marx utilized 
in aggregating industries and in constructing his breakdown 
thesis, is no more than the Marxian counterpart of the capital
labour ratio, which has been found most useful in the analysis of 
growth. These would be enough examples to recommend Marx 
as a purely academic economist for one of the very few chairs 
with the highest authority. 

Unfortunately, however, it will be found that Marx has to lose 
much, even his most precious properties, in order to be legitimated 
by orthodox economists. Marx's labour theory of value and his 
theory of exploitation are, in spite of repeated criticisms by his 
opponents, highly suggestive and economically meaningful 
under some conditions. Nevertheless, they must be victims of 
the von Neumann Revolution; in fact, as we shall see, von Neu
mann's new treatment of capital goods and his criterion for the 
choice of techniques are found to conflict with the uniqueness of 
the actual value system, which is an unavoidable requisite for a 
system of weights to be able to serve as aggregators. It is true, as 
we shall also see, that the value theory and the exploitation 
theory may be revised in terms of the optimum values so as to 
survive the Revolution. But such revisions assume homogeneous 
labour; otherwise the value theory, either in the optimum or in 
the actual form, may be inconsistent with any uniform rate of 
exploitation. 

Another victim is provided by his theory of the breakdown of 
the capitalist mode of production. It is evidently the essence of 
Marxism, but it was only briefly discussed by Marx himself; so 
that he might not be too surprised to hear that counter-examples 
have been found later. It must also be emphasized, on the other 
hand, that despite the counter-examples more work needs to be 
done in this largely unexplored area. As mathematical growth 
theory has become involved in the Rostovian take-off problem, 
it must be concerned with the Marxian breakdown problem too, 
and many interesting findings may be expected. 
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It will take a long time for these Marxian concepts to re

establish their legitimacy; perhaps they will never be able to 
acquire full citizenship in scientific economics. Nevertheless, 
they are attractive and worth speculating about. It is no wonder 
that some economists cannot agree that they should be aban
doned. Those who are interested in these subjects will continue 
to form a subgroup for investigating such special and yet illegiti
mate topics. Marxian economics may continue to exist in this 
way after all the valid achievements of Marx have been com
monly accepted by economists, and the division between valid 
Marxian economics and orthodox theory has been removed. 

Thus our approach to Marx is somewhat different from the 
so-called Marxian economics, now stylized by both Marxists and 
non-Marxists. We make Marx stand out not only for his own 
sake, but against the economic theory of our time. Our aim is to 
recognize the greatness of Marx from the viewpoint of modern 
advanced economic theory and, by so doing, to contribute to the 
development of our science. We do not discuss Marx in relation 
to his predecessors, such as Smith, Ricardo and Quesnay; we pay 
no attention to the development of Marxian economics after 
Marx. We neglect even his works other than the three volumes of 
Capital, and confine ourselves to assessing, according to the 
standards of contemporary economic theory, his contributions 
in that book to the following major topics of traditional Marxian 
economics: (I) the labour theory of value, ( 2) the theory of 
exploitation, (3) the transformation problem, (4) reproduction, 
(5) the law of relative surplus population, (6) the falling rate of 
profit, and (7) the turnover of capital. 

In part I the classical labour theory of value is rigorously 
mathematized in a familar form parallel to Leontief's inter
sectoral price-cost equations. The hidden assumptions are all 
revealed and, by the use of the mathematics of the input-output 
analysis, the comparative staticallaws concerning the behaviour 
of the relative values of commodities (in terms of a standard com
modity arbitrarily chosen) are proved. There is a duality between 
physical outputs and values of commodities, which is similar to 
the duality between physical outputs and competitive prices. It 
is seen that the labour theory of value may be compatible with 
the utility theory of consumers' demands or any of its improved 
variations. 
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Part 11 discusses a fundamental theorem concerned with the 
rate of profit, after it explains Marx's theory of exploitation. 
The Morishima-Seton-Okishio theorem states that the equili
brium rate of profit is positive if and only if the rate of exploita
tion is positive. 3 This is one ofthe theorems which Marx wanted 
to establish in Capital. It may be considered as the heart and 
soul of Marxian philosophy, since it implies that exploitation 
is necessary for the continued existence of a capitalist economy, 
because it cannot survive if the equilibrium rate of profit is not 
positive. The theorem is proved by using the concepts of the 
factor-price frontier and the exploitation frontier. Since the 
factor-price frontier is a topic at the forefront of contemporary 
economic theory, the theorem may be of great interest, even if we 
confine ourselves to considering only its analytical aspects. 

Marxian economics, unlike traditional economics, has devel
oped two different systems of accounting, one in terms of prices 
and the other in terms of values. If there were no exploitation, 
they would be identical. But in any capitalist economy where 
exploitation exists, the 'law of value' does not present itself in its 
pure and simple form; values and prices may differ from each 
other. The transformation problem is therefore concerned with 
the conversion of accounts in terms of value into accounts in 
terms of price. Chapter 7, part Ill is concerned with the problem 
of converting the values of commodities into their production 
prices, whereas the problem of converting the rate of surplus 
value into the rate of profit is the subject of chapter 6, part 11. 
Our discussion of the transformation problem brings forth, in 
addition to the main results aimed at, 4 a by-product which is 

3 M. Morishima and F. Seton, 'Aggregation in Leontief Matrices and the Labour 
Theory of Value', Econometrica, I96I; N. Okishio, 'A Mathematical Note on 
Marxian Theorems', Weltwirtschqftliches Archiv, I963. 
4 It has been a tradition among critics of Marx since Bohm-Bawerk to point out 
contradictions between volumes I and m or to conclude that Marx was wrong in the 
transformation problem. The tradition has recently been reinforced by using 
modern techniques of mathematical economics. (See P.A. Samuelson, 'Under
standing the Marxian Notion of Exploitation: A Summary of the So-Called Trans
formation Problem Between Marxian Values and Competitive Prices', Journal of 
Economic Literature, vol. IX, no. 2, June I97I, pp. 399-431.) My discussion of the 
transformation problem in this book, the original version of which was available in 
a mimeographed form before the publication of Samuelson' pa.per, is very different 
from his in its conclusions, in spite of the surprising similarity in the mathematics 
used. (For example, he has also obtained the exploitation frontier as well as 
the factor-price frontier.) I am very much more sympathetic than he is. This is 
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more important than the main products, although Marx was not 
fully aware of it. This is the finding that the aggregation condi
tion that industries which are similar in the value-composition of 
capital can be aggregated safely into one hybrid sector, a 
'department', is a corollary of the transformation problem, 
offering the basis for Marx's two-departmental growth theory. 
Chapter 8, in which the aggregation condition is established, 
is an important chapter forming a bridge between Marx's 
micro-theory of price determination and his macro-theory of 
output determination. 

Part IV deals with Marx's theory of economic growth. We 
follow Marx in starting by analysing the state of simple reproduc
tion. When the system satisfies Marx's aggregation conditions, 
various elementary sectors (or industries) can be aggregated into 
two major departments, producing consumption and capital 
goods respectively. This simple macro-theory of stationary states 
is then generalized into the theory of extended reproduction 
which is Marx's growth theory. It is seen that his model performs 
badly because he assigned different and asymmetric roles to the 
capitalists of departments I and 11 in the accumulation of capital. 
But with some revisions the model is found to generate a dynamic 
path which is unstable, as it diverges from the balanced equi
librium growth path, unless it is already on the balanced growth 
path at the outset. 

As soon as we derive such an unstable path, we can easily 
discuss Marx's theory of relative surplus population, on which 
the theorem of the breakdown of the capitalist mode of produc
tion is based. Its uniqueness is clear when it is compared with the 
neo-classical theory. It removes the postulate offull-employment 
and full-capacity growth and maintains the necessity of mono
tonic or cyclic accumulation of the reserve army of the labour 
force. It is not difficult to find counter-examples to Marx; but 
nevertheless it is true that the cases alleged by him are possi
bilities that are missed or suppressed by neo-classical economists. 
Finally, the last part of chapter 1 1 is devoted to a correct proof 
of the law of the tendency of the rate of profit to fall. 

Part V is mainly devoted to an appraisal of Marx's achieve
ments. In chapter 14 we criticize the labour theory of value in its 

an interesting example of the non-univalence of the correspondence between 
economics and mathematics. 
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relation to (i) the heterogeneity of labour, (ii) joint production, 
and (iii) the problem of choice oftechniques. Once one ofthese 
three is admitted, the labour theory of value is seen to get in to 
difficulties. This means that, rigorously speaking, we cannot 
admit Marx unless he is prepared to abandon the labour theory 
of value. At first sight this may seem to be a most drastic proposal, 
which Marxian economists could not accept; but Marxian eco
nomics without the labour theory of value is in fact found to be as 
conceivable as Walrasian economics without utility theory, for 
the following reasons. Firstly, it must be remembered that we 
understand the labour theory of value as a theory of aggregation, 
reducing the number of sectors to a manageably small number. 
We understand this aggregation theory as a pragmatic theory 
which is applicable in some cases and inapplicable in others, as 
Hicks' theory of a group of commodities is in his Value and Capital. 
We must avoid it because we want to obtain a rigorous general 
theory, but we admit that it is a useful theory if it is carefully 
applied. Secondly, by virtue of the recent development ofmulti
sectoral growth analysis we are now very much richer in the 
techniques of dynamic analysis than was Marx. In the future it 
may be possible to derive fruitful conclusions from the Marxian 
multi-sectoral growth model by using such new techniques; if so, 
aggregation may be avoided and the role of the labour theory of 
value will become less important. 

In chapter 13, before making these critical comments, we show 
that Marx's theory of reproduction was the prototype for the 
contemporary theory of economic growth. In fact his theory is 
comparable with von Neumann's theory, which is the most satis
factory dynamic economic theory we are now provided with. It 
is indeed a great surprise to find that many of von N eumann's 
novel ideas were clearly stated in Capital. Furthermore, Marx's 
work in this field was done independently of the labour theory of 
value and can easily be developed into the Marx-von Neumann 
theory of general dynamic equilibrium. The conclusion is, there
fore, that irrespective of our ideologies or political views, we all 
owe the foundation of dynamic general equilibrium theory, the 
core of economic theory, to Marx. 

This appraisal may be compared with that made by 0. Lange 
nearly forty years ago. He compared Marxian economics and 
modern economic theory as follows: 'Marxian economics can 
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work the economic evolution of capitalist society into a consistent 
theory from which its necessity is deduced, while "bourgeois" 
economists get no further than mere historical description. On 
the other hand, "bourgeois" economics is able to grasp the 
phenomena of the every-day life of a capitalist economy in a 
manner that is far superior to anything the Marxists can pro
duce.'5 However Lange never compared Marx's analytical 
dynamic theory, rather than his historical and sociological 
theory of economic evolution, directly with its counterparts in 
modern economic theory. If he had compared them, he might 
have conceded the superiority of Marxian economics over 
modern economics in dynamic analysis. In spite of the existence 
of Frisch's, Tinbergen's and Kalecki's macro-dynamics and 
von Neumann's growth theory, the interest of the majority of 
orthodox economists was confined to static or short-run problems 
at the time when Lange's comparison was made. It was only after 
the war that the theory of growth became the main subject of 
orthodox economics. It took nearly ninety years for orthodox 
economists to overcome the initial advantages of Marxian eco
nomics in the field of dynamics. Now it is proposed to integrate 
the growth theories of the two schools into the Marx-von Neu
mann theory, and a new stage of development is about to start. 
5 0. Lange, 'Marxian Economics and Modern Economic Theory', Review o 
Economic Studies, June 1935, p. 191. 



PART I 

The Labour Theory of Value 

CHAPTER I 

Dual definition of value 

In Marx's economics the labour theory of value has two func
tions: (i) to explain the equilibrium prices (or the exchange 
values) of commodities, around which actual prices fluctuate 
over time, and (ii) to provide aggregators, or weights of aggrega
tion, in terms of which a large number of industries (or primitive 
sectors) are aggregated into a small number of 'departments'. 
Marx devoted many pages of Capital to the first problem, but was 
not explicit about, or was unaware of, the second point. Never
theless, it is true that Marx aggregated industries into depart
ments in terms of values, and I believe Marx would have 
elaborated his value theory as an aggregation theory if he had 
had a chance to read Keynes' General Theory. 

Most of the followers and antagonists of Marx discussed only 
the first aspect of the labour theory of value. But I believe that 
the second aspect is more important. As is well known, Marx 
may be contrasted with Keynes who aggregated commodities in 
terms of their market wage-prices (i.e. market prices in terms of 
labour) to measure aggregates such as income, consumption 
and so on. He emphasized that market prices were easily 
changed from time to time by casual causes; so if market prices 
are used as aggregators, the components of an aggregate will 
have different weights from time to time, depending on the pre
vailing conditions in the market. Marx wanted a more solid 
basis for his macroeconomics and so adopted values as aggrega
tors because they were more fundamental than prices; he 
thought that values could be determined by technology alone 
and hence were not influenced by changes in wages and prices 
in the market, as long as the methods of production chosen re
mained unaffected.1 

1 In the so-called 'neo-classical' model with smooth production functions, a small 
change in wages and prices gives rise to a change in capital-input and labour-input 
coefficients, which in turn gives rise to a change in values. Therefore we cannot say 
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In Marx's Capital there seem to be two definitions of value, 
which are: 

(i) 'All that these things now tell us is, that human labour
power has been expended in their production, that human 
labour is embodied in them. When looked at as crystals of this 
social substance, common to them all, they are- Values.' 
(Capital, vol. I, p. 38.) 

(ii) 'We see then that that which determines the magnitude of 
the value of any article is the amount of labour socially necessary, 
or the labour-time socially necessary for its production.' (I, p. 39·) 

At first sight these may look like identical definitions, and 
Marx actually regarded them as synonymous. They are, how
ever, found to be different views of value, their equivalence 
being established only if a rigorous proof is provided. 

Consider a society where corn and compost are produced. In 
order to produce one unit of corn (commodity I), a11 units of 
corn, a21 units of compost (commodity 2) and 11 hours oflabour 
are needed. Let the value of corn by A1 and that of compost A2

• 

According to the first definition, the value of corn is defined as 
the total amount of labour (in terms of hours) embodied or 
materialized in one unit of corn. As the a11 units of corn and 
a21 units of compost consumed in the production of one unit of 
corn contain a11 A1 and a21 A2 hours of labour and, in addition, 
11 hours oflabour are directly consumed in the process of the pro
duction of corn, in one unit of corn hours oflabour amounting to2 

Al =anAl +a21A2+ll 

are materialized or crystalized. 
On the other hand, according to Leontief's input-output 

analysis one unit of the net output of corn is obtained by pro
ducing q1 units of gross output of corn and q2 units of gross output 

that values are more rigid than prices. Thus, even if Marx had hit on the idea of a 
smooth production function he would have rejected it, as he wanted to establish 
values as more stable variables which would be independent of small short-run 
changes in wages and prices. 
2 This equation was explained by Marx as follows: 'The labourer adds fresh value 
to the subject of his labour by expending upon it a given amount of additional 
labour, no matter what the specific character and utility of that labour may be. 
On the other hand, the values of the means of production used up in the process are 
preserved, and present themselves afresh as constituent parts of the value of the 
product; the values of the cotton and the spindle, for instance, re-appear again in 
the value of the yarn. The values of the means of production is therefore preserved, 
by being transferred to the product.' (r, p. rgg.) 
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of compost, so that 11 q1 hours oflabour are employed in the corn 
industry and l2 q2 in the compost industry. The labour-time 
socially necessary for producing one unit of corn is given as 

#1 = l1q1 +l2q2, 
which is the value of corn according to the second definition. 

Thus the mathematical expressions of the two definitions of 
value are quite distinct, despite the prima facie similarity of the 
literal definitions. Therefore we must decide whether i\1 = jt1 or 
not. We are thus confronted, at the beginning of Marxian eco
nomics, with a very modern problem of the duality between the 
value determination system and the input-output system, which 
has recently become familiar among orthodox economists 
through mathematical investigations into Leontief's input
output system. 

The problem is now dealt with in a more general way. Con
sider a closed economy producing m commodities, the first n of 
them being capital goods (or means of production), and the 
remaining m- n being wage or luxury goods. We assume in the 
following, 

(a) that to each industry there is available one and only one 
method of production, so that there is no problem of'choice of 
techniques'; 

(b) that each industry produces one kind of output, without 
any by-product, so that there are no 'joint production problems'; 

(c) that there are no primary factors of production other than 
labour; labour is measured in terms of unskilled or abstract 
labour, so that there is no problem of 'heterogeneous concrete 
labours'; 

(d) that all capital goods have the same span oflife, which is 
taken as unity, so that there are no fixed capital goods in the 
proper sense left over to the next period for further production 
after having been used in the current period; 

(e) that all commodities have the same period of production, 
which is taken as one unit of time; 

(f) that each production process is of the point-input-point
output type; inputs are made at the beginning of the production 
period and outputs are obtained at the end of the period, so that 
labour is used only once in each production period.3 

3 Assumption (f) implies that at the beginning of the period capitalists must have 
a wage fund which is equal to the wage bill. In the other extreme case of wages 
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All these assumptions, which are deliberately made, play im
portant roles in the construction of the prototype of the labour 
theory of value. In particular, assumptions (d), (e) and (f) imply 
that all capitals, constant and variable, are turned over identi
cally. One might think that this is a serious abstraction from 
reality. But it is an abstraction adopted by von Neumann and 
enables us not only to simplify the analysis but also to resolve 
many problems of capital theory. Marx too thought that these 
assumptions were very unrealistic; accordingly he took some 
account of the differences in the turnover of various capitals. 
Although his analysis of' the turnover of capital', 'the working 
period' and 'the time of production' developed in volume n, 
part n of Capital is not identical with von Neumann's, they are 
not very different from each other. Marx's model, if it is put at 
the beginning in a form which satisfies assumptions (a)-(J), can 
easily be converted into a von Neumann-like model. In the final 
chapter of this book, where the labour theory of value is revisited, 
the implications and effects of (a)-(J) are all examined and 
von Neumann generalizations are made to the prototype; 
alternative techniques of production and joint products are 
allowed for and the reducibility of all sorts of labour to the 
homogeneous 'human labour in the abstract' is discussed. 
Until then, we are satisfied with dealing with the abstract 
economy. 

Let a unit of commodity i be produced by aii units of capital 
goodj (j = r, ... ,n) and li units oflabour. aiis are measured in 
terms of the respective natural physical units (say, in 2 tons of 
coal per one bulldozer) and lis by the duration of labour or in 
labour-time. The production process of commodity i is charac-
terized by a vector ( 1 ) 

a1i> a2i> • • ·' ani• i , 

the input of goods and labour in these amounts at a point of time 
bringing forth a unit of commodity i after the lapse of a produc
tion period. The amount of labour embodied in one unit of 
commodity i, denoted by i\i, is defined as the sum of the amount 
being paid at the end of the period, the wage fund is zero, in spite of the wage bill 
being still positive. Thus even in the simplest case of the point-input-point-output 
production processes of one period of production, the wage fund may differ from the 
wage bill. I have called the economy with the point-input-point-output processes 
the Marx-von Neumann economy if wages are paid at the beginning of the period 
and the Walras-von Neumann if they are paid at the end. See my Equilibrium, 
Stability and Growth (Oxford, 1964), eh. 5· 
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of direct labour and the amount of labour embodied in other 
factors of production used directly in producing a unit of com
modity i. Evidently ali units of capital good I, ... , ani units of 
capital good n embody a1iAn, ... , ani An units of labour, which 
together with the direct labour used, li, determine the total 
labour embodied in commodity i, such that 

Ai =aliA!+ ... +aniAn +li. 

We thus have a value-determination equation for each com
modity, so that we have m equations altogether.4 For example, 
in the special case of two capital goods and one wage good, they 
are written as 

A2 = a12A1 + a22A2 + l2, 

for capital goods, and 

A3 = a13 A1 +a23 A2+l3 

for the wage good. The two equations for capital goods jointly 
determine the two unknown values of capital goods, A1 and A2, 

simultaneously, and these in turn determine the value of the 
wage good A3 , by virtue of the last value equation for the wage 
good. It is seen that no single sector can independently determine 
the value of its product, except in the trivial case of the system 
being completely decomposable into sectors (i.e. the case of 
aii = o for all i, J such that i =!= J). Values are thus determined 
socially. But it must be noted that they are determined only by 

• One might think that when the methods of production employed in period tare 
different from those which have been employed in period t- I, the ;t's appearing 
on the left-hand side of the equations should be distinguished by subscript t from 
those on the right-hand side with t- 1. However, in this case, those commodities 
which have been produced by the old methods of production and are used as 
factors of production in period t have to be re-evaluated at the new values, i.e. the 
amounts of labour that are required to produce these commodities by the new 
methods of production prevailing in period t, so that the same ;t's appear on both 
sides of the value-determining equations. As has been pointed out by Okishio, 
Marx wrote: 'The labour-time socially necessary is that required to produce an 
article under the normal conditions of production, and with the average degree of 
skill and intensity prevalent at the time.' (I, p. 39·) 'The value of every commodity
thus also of the commodities making up the capital- is determined not by the 
necessary labour-time contained in it, but by the social labour-time required for its 
reproduction.' (m, p. I4I; italics by Marx.) See N. Okishio, Shihon-sei Keizai no 
Kiso-riron (The Fundamental Theory of the Capitalist Economy) (Sobun-sha, 
1g6s), p. 14. 
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technological coefficients, ai1s and lis; they are independent of 
the market, the class-structure of the society, taxes and so on. 
Marx wanted to explain economic phenomena by using this 
materialistic concept. 'It becomes plain, that it is not the ex
change of commodities which regulates the magnitude of their 
value; but, on the contrary, that it is the magnitude of their value 
which controls their exchange proportions'. (r, p. 63.) 

In the general case of n capital goods and m- n wage or luxury 
goods, the above equations are written more conveniently, in 
matrix form, as 

where 

Lr = (ll> ... , ln), Ln = (ln+l' ... , lm), 

Ar = (AI,··., An), An = (An+!'··., Am)· 

(I) 

(2) 

As are referred to as capital coefficient matrices, Ls as labour
input coefficient vectors, and As as value vectors. Note that A1 is 
square and An rectangular; Ls and As are row vectors. 

According to the second definition, the value of a commodity 
is the total amount oflabour necessary to produce a unit of that 
commodity with the method of production prevailing in the 
society. In order to produce a unit of capital good I, say, 
all, ... , an1 units of capital goods I, ... , n are required. These 
capital goods must be produced, which in turn requires the pro
duction offurther capital goods, and so forth. Thus an increase of 
one unit of output of capital good I gives rise to multiplier effects 
onoutputsofcapitalgoods I, ... , n. To obtain the total amounts of 
capital goods, x1\ .•• , xn \ which are required after taking all 
repercussions into account for the production of a unit of capital 
good I, we must solve the input-output equations: 

xi I = all xll + ... + aln xn I + I') 
x21 = a2Ixll+ ... +a2nxnl+o, . . . . . . . . . . . . 
xnl = anlxll+ ... +annXnl+o, 
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and the total amount of labour necessary to produce one unit 
of capital good I is given by 

n 

/l1 = ~ lix/. 
j=l 

As it takes one period of time to produce any of these commo
dities, inputs, "i:,aiix/, i = I, ... , n, are made at the beginning of 
the period and outputs, x/, i = I, ... , n, are only available at the 
end of the period. Therefore in the actual process of production 
industries use the necessary amounts of capital goods, which are 
replaced at the end of the production process. The parts of out
puts which remain after the replacement are called net outputs; 
in the present case we have only one unit of net output of capital 
good I. 

as 

Similarly, the value of capital good 2 is determined by 

x12 = aux12+ ... +a1nxn2+o,} 

x22 = a21x12+ ... +a2nxn2+I, . . . . . . . . . . . . 
xn2 = an1x12+ ... +annxn2+o, 

n 

# 2 = ~ lixi2. 
j=l 

Also, we have similar n- 2 sets of equations for the remaining 
capital goods, 3, ... , n. These, together with (3. I) and (3.2), give 
n sets of input-Dutput equations, which may en masse be put in 
the following concise expressions: 

where I is then x n identity matrix, as usual, and 

X 2 
1 

X 2 n 

(3) 

Once the outputs x1i, ... , xni (the ith column of XI) required for 
the production of one unit of capital good i are determined, its 
value by the second definition is calculated analogously to ( 4· I) 
or (4.2) above. Or the value vector of capital goods is calcu
lated as 
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where MI = (fo1 , fo 2, ••• , #n) is the value vector of capital goods by 
the second definition, which for consistency of the two defini
tions should be equal to AI, the value vector by the first definition, 
as will be seen below. 

For wage and luxury goods there are two processes of produc
tion. The capital goods necessary for the replacement of the 
stocks of capital goods used are produced in the first process, 
while in the second process capital goods are combined with 
labour to produce wage or luxury goods. Capital goods, I, ... , n, 
of the amounts ali, ... , ani• respectively, are required per unit of 
wage or luxury good i ( i = n + I, ... , m), so that for the purpose of 
replacement capital goods must be produced in the amounts, 
x1i, ... , xni• determined by the following equations, in order to 
provide the wage or luxury-good industry with net outputs of 
capital goods in the amounts which are just enough for the 
repayment: 

x< = a11 x<+ ... +a1nxn~+a1i,} 
X2' = a21 X1' + · · · + a2n Xn' + a2i• . . . . . . . . . . . . 
xni = an1X1i + ·· · + annxni + ani• 

(s.i) 

n 

In this first process of production~ lix/ workers are employed, 
j=l 

and in the second process industry i combines li workers with the 
appropriate amounts of capital goods; therefore the total labour 
necessary for producing one unit of wage or luxury good i 
amounts to n 

fli = ~ lix/+li, 
j=l 

which gives the value of good i by the second definition. 

(6.i) 

We have (s.i) and (6.i) for each of the wage and luxury goods, 
so that we have altogether m- n such sets of equations. They can 
be written, in matrix notation, as 

where 

Xn =AI XII +An, 

Mn = LIXn+Ln, 

X n+2 
1 

X n+2 
n 

x~·m] . , an n x (m - n) matrix, 
xnm 

(s) 

(6) 
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M 11 = (fln+l• • · ·' flm) • 

Although the value formulas (1) and (2) are utterly different 
from (4) and (6), it is not difficult to establish the equivalence of 
the two definitions. First, postmultiply ( 1) by X1, and trans
fering the first term on the right-hand side to the left we have 

AI(X1 -AIXI) = LIX1• 

The part in parentheses is equal to I because of (3); therefore we 
obtain AI = LIX1, establishing the identity of the values of 
capital goods by the two definitions, A1 = M 1• 

Secondly, adding ( r) postmultiplied by X11 to ( 2) and re
arranging the terms, we have 

A11 +AIXn -A1(A1 X11 +A11) = LIXn +Ln. 

By (5) the part in parentheses is Xn, so that the third term on the 
left-hand side offsets the second term. Also, from (6), the right
hand side equals Mu. Hence the above equation implies 
A11 = M 11• Thus the two definitions are identical for wage and 
luxury goods too. 5 

In spite of this argument, which justifies Marx's presumption, 
the labour theory of value might be criticized on the grounds that 
values, unlike prices, are not observable and are not determined 
by any institution; it might be felt that science should avoid such 
metaphysical concepts. The identity between the two definitions 
of value, however, enables us to avoid criticisms of this sort. 
Value is not a mythical concept, but one which can claim 
citizenship in the modern, rigorous science of economics. It is 
clear from the second definition of value that values are not more 
than the employment multipliers discussed by Kahn and later by 
Keynes, which can be calculated from Leontief's input-output 

5 By solving the relevant equations explicitly, we can more directly and more 
mechanically derive the same results. First we have from (1) 

Ar"" Lr(I-Ar)-1 

which is equal to M1, obtained by eliminating X1 from (3) and (4). Secondly, 
substituting for A1 from the above equation, we obtain from (2) 

Au = L1(/-A1)-1 Au+Lu 

which is equal to Mu, obtained by eliminating Xu from (5) and (6). 
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table, while the first definition imputes the total increase in 
employment caused by an increase in output to the factors of 
production utilized. Thus it is seen that ~here .are ~nodern con
cepts behind the classical labour theory, physrcal mterdepe~d
ence' and 'valuation', between which there holds a duahty 
theorem establishing the identity of the two aspects of the 
economy. 

We may expatiate on this view as follows. Let y be a column 
vector of net outputs of capital goods and z a column vect.or of 
outputs of wage or luxury goods. National product (or natwnal 
income) in terms ofvalue amounts to 

(7) 

If the stocks of capital goods are kept intact, net outputs of capital 
goods, y, bring forth gross outputs of capital goods of the amounts 
X y and outputs of wage or luxury goods, z, induce outputs of 
c:pital goods of Xn z, because of (3) and (5) respective~y; so t~at 
total employment (in labour-time) in the capital good mdustnes 
amounts to L1 (X1 y +X11 z), which together with the employ
ment in the wage and luxury-good industries, Luz, gives total 
employment in the economy as 

(by the 
definition of Ms) 

(by the equivalence 
of Ms and As), (8) 

that is the value of national product equals total employment. 
(It is i~teresting to see that a direct corollary of this equality is 
Keynes' principle of effective demand, which implies that em
ployment is expanded only by increasing. nati?nal income.) 
Furthermore, it is seen that the value of natronal mcome equals 
the value of capital consumed plus the direct employment needed 
to produce net outputs of capital goods y and wage and luxury 
goods z, as we have 

A1y + A11 z = (A1 Aiy + A1 A11 z) + (L1 y + Luz) (g) 

because of the definitional equations ( 1) and ( 2). Therefore it 
follows from (8) and (g) that the value of capital utilized (the 
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part in the first parentheses on the right-hand side of (g)) is equal 
to the difference between total employment (the left-hand side 
of (8)) and the direct employment for y and z (the part in the 
second parentheses of (g)). Thus the accounting in terms of value 
is 'observable', since it is no more than the calculation in terms 
of employment. It is now concluded that in an economy where 
assumptions (a)-(f) hold, values can be calculated unambigu
ously if necessary empirical data are available. 

'"!" 

CHAPTER 2 

Hidden assumptions 

Thus we have two alternative systems of determination of values. 
Both of them must give the same economically meaningful solu
tions, with all values being positive or at least non-negative. 
Marx did not establish the positiveness of values, but instead took 
it for granted. However the non-negativeness of material and 
labour input coefficients does not necessarily by itself imply the 
positiveness of values, so that there must be some hidden assump
tions behind Marx, which ensure the meaningfulness of the 
labour theory ofvalue.1 By revealing them, the theory is made 
more informative. 

The value-determining equations may give negative solutions 
unless some additional conditions are satisfied. This statement 
may at first sight seem very surprising, because it is impossible for 
the production of a commodity to require a negative amount of 
labour-time. One may naturally (and reasonably) query once 
again whether the solutions to the value equations (I) and ( 2) in 
chapter I really coincide with the labour-time required for the 
production of commodities; and by a more searching investiga
tion we find that there are exceptional cases in which (I) and ( 2) 
give meaningless solutions differing from the 'values'. However, 
as will be seen below, exceptions are fortunately harmless, since 
they happen only when the production of a unit of net output of 
a commodity is technologically infeasible. It is obviously mean
ingless to enquire about the labour-time required to produce a 
commodity when it is in fact infeasible to produce a unit of it, 
although even in such cases we may solve equations (I) and ( 2) 
in chapter I with respect to the 'value' vector A, to obtain 
nonsensical solutions. This is the exposure of the trick. 
1 Consider an economy producing two goods, A and B. 5 units of A, 6 units of B 
and I unit of labour are required to produce 10 units of A, while 4 units of A, 
7 units of B and I unit of labour are needed for I o units of B. The value equations 
are: 

and the solutions are 

t\1 = o.5t\1 + o.6t\2 + o. I, 

,\2 = 0-4A1 + o. 7A2 + o. I 
t\1 = - I and t\ 2 = - I. 

The condition for non-negative Leontief prices was first applied to Marx's value 
system by N. Okishio. See his Sai-seisan no Riron (Theory of Reproduction) (Sobun
sha, I957). 

[ 2I J 
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We begin, therefore, by assuming that society is provided with 
a technology by which it can produce any good. It is assumed 
that then x n input-coefficient matrix of capital-good industries 
A1 is productive, in the sense that there exists a positive vector x0 

such that x0 > A 1 x0 ; then every capital good industry in the 
society can simultaneously produce positive net outputs when 
they are operated at the levels x0• It will be seen that, given other 
unrestrictive assumptions, the productiveness of the capital
good industries is necessary and sufficient for any sort of goods to 
be producible within the society. Thus one of the most basic 
assumptions of Marx must be that the technology has already 
been developed to such a level that production processes which 
are 'productive' are available to the capital-good industries of 
the society. 

It is not difficult to see that 'productiveness' is necessary and 
sufficient for the society's self-containedness in production. Sup
pose A1 is productive; then there is an x0 > o such that for any 
given net output vector,];;;. o, of the capital-good industries we 

have txo > Artxo+ j, 

for a sufficiently large scalar t. (This means that by operating the 
processes of the capital-good industries at very high levels tx0, it 
is possible to produce net outputs exceeding the prescribed 
output,f) Let x1 = A1 tx0 + j, then tx0 > x1 • Therefore, 

xi;;;. Arxl +J 

because A1 ;;;. o. Next, let x2 = A1 x1 + j, then 

x2;;;. Arx2+ f 

Repeating this procedure, we have a monotonically decreasing 
sequence, tx0, xi, x2, ••• , which is bounded from below by J;;;. o, 
so that it has a non-negative limiting vector x at which we have 

Conversely, if ( r) has a non-negative solution x for any non
negative, non-zero], then it is evident that a positive solution x0 

is associated with a positive j 0, because x0 = A1 x0 + ] 0 > o as 
jo > o. Therefore, 

that is, A1 is productive. 

HIDDEN ASSUMPTIONS 

Let us now specify ]such that the ith element ofjis unity, all 
others being zero. Then the solution vector xi for ( r) corre
sponding to this] gives the gross outputs of capital goods which 
are needed to produce one unit of net output of commodity i. If 
xi is non-negative the production is feasible, whilst if some or all 
elements of xi are negative it is infeasible. When A 1 is productive 
xi is non-negative as has been seen above, and hence it is techno
logically feasible to produce one unit of net output of commodity 
i by producing all the necessary capital goods within the society. 
As xi is non-negative, the amount oflabour, Lxi, directly required 
for the production of xi (i.e. the value of commodity i) may be 
meaningfully calculated and is non-negative. 

Next we may specifY ]such that it equals the vector of capital
input coefficients of a wage or luxury-good industry i. As before, 
the solution vector for ( 1) corresponding to thisjis denoted by xi, 
which is again non-negative because A1 is productive and J is 
non-negative. Hence production is feasible, and it is meaningful 
to calculate the labour-time which is necessary directly or in
directly to produce one unit of the wage or luxury commodity i. 
Evidently the value of commodity i, Lxi + li, is non-negative, as 
L, xi and li are all non-negative. 

Next, we show that the productiveness of the capital-good 
industries is necessary (but not sufficient) for the viability of 
capitalist society. It is evident that capitalist society is not sus
tainable unless its sectors can simultaneously yield positive 
profits. This means that there must be a system of prices and 
wage rates (p1,p2, .. • ,pm, w) at which the cost of a production 
process is evaluated as being less than the price of its output: 

Pr > Pr A1 + wL1 for capital goods, (2) 

Pn > P1 A11 + wL11 for wage and luxury goods, (3) 

where Pr represents the (row) vector of prices of capital goods, 
(PI> ... ,pn) andp11 the (row) vectorofprices ofwage and luxury 
goods, (Pn+I• ... ,pm)· As w;;;. o, (2) implies 

Pr > Pr Ar 

but not vice versa, ofcourse.2 Therefore, (4) is necessary (but not 
sufficient) for the possibility of simultaneous profitability of the 
2 In fact, if w is high enough, there are some industries which cannot earn 
positive profits. 
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industries; and it is seen that a positive price set h satisfying (4) 
exists if and only if the productiveness of the capital-good 
industries is postulated. 

Let g be any positive row vector, and consider 

(5) 

As AI is productive, the input-output equation (I) has a non
negative, non-zero solution x, for the column vector f being 
non-negative, non-zero. By premultiplying (I) by y, we have 

yx = yAix + yf, 

and by postmultiplying (5) by x, 

yx = yAix + gx. 

Hence yf = gx. 

We may take the ith component off as one, the others being 
zero, so that yf = Yi· On the other hand, gx is always positive 
because all components of g are positive, and xis non-negative, 
non-zero. Thus Yi > o for all i = I, ... , n; at these yis we have 

(6) 

by subtracting g > o from (5). 
Conversely, suppose (6) holds for some y > o. (6) is equivalent 

to the expression A , , 
y' > I y' 

where A/ stands for the transposed matrix of AI and y' for the 
transposed vector of y. Thus AI' is' productive'; therefore, by the 
same argument as above, A/ has a positive vector z such that 

x > zA/. 

Hence for z' (the transposed vector of z) > o, 

z' > Aiz', 

which implies that AI is 'productive'. Thus the productiveness 
of AI implies that of A/ and vice versa. 

This mathematical argument proves the existence of a positive 
price set h fulfilling inequality (4), if and only if the input
coefficient matrix AI of the capital-good industries is productive. 
However, this is not sufficient to establish the possibility that 
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capitalist society may be viable; a further condition is required. 
Nevertheless, it is important to see that this necessary condition 
for the possibility of capitalism being viable is identical with the 
necessary and sufficient condition for the meaningfulness of the 
labour theory of value, which establishes the non-negativeness 
of the 'values' of commodities. The further condition required 
for viability to be possible will be seen, in chapter 5 below, to be 
identical with the condition that the real-wage rate must be set 
at such a level that workers are exploited by capitalists. 

We may now outline Marx's approach. First he postulates the 
productiveness of capital-good industries, by which the labour 
theory of value is made meaningful and without which the 
capitalist system cannot be maintained. Next he introduces in 
his theory of exploitation an additional postulate, which restricts 
the rate of real wages so as to make it possible for capitalist 
society to be viable. He then asks under what conditions of prices 
and wage rate the society is really viable, in the sense that each 
industry yields positive profits; and he finds that it is so at the 
equilibrium prices and the equilibrium wage rate. Finally he 
shows that even if the prices and wage rate are set at their respec
tive equilibrium values, so that there is no conflict on the valua
tion side, there are other reasons for the inviability of capitalist 
society on the physical (or input-output) and employment side; 
that is to say, the system as a whole may be partially or com
pletely unstable, so that it is confronted with the possibility (or 
necessity as Marx believed) of breakdown. From the point of 
view of contemporary economic theory, his theory of extended 
reproduction and of the reserve army may be considered as a 
pioneering attempt to find the saddle-point property of growth 
equilibrium. 

We shall devote the rest of this chapter to showing that all the 
values of commodities become positive if some additional as
sumptions are made. 3 First of all, it is evident that the values of 
all commodities are positive iflabour is indispensable for the pro
duction of any single capital good, i.e. LI is strictly positive. It 
seems that Marx assumed this. But we may weaken the assump
tion into LI ~ o, =!= o, if the mere non-negativeness of AI is 

3 The following discussion is not difficult, though it is purely mathematical. Those 
who do not like mathematics may avoid it without much loss in their understanding 
of Marx's value theory. 
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strengthened into indecomposable non-negativeness, which is 
defined as follows. 

Partition capital goods industries (r,2, ... ,n) into two sub
groups (r, ... ,k) and (k+ r, ... , n). If either of them can produce 
its own outputs without using outputs of the other subgroup as 
inputs, then it is said to be an independent subgroup. The entire 
group (I, ... , n) is said to be indecomposable if there is no 
independent subgroup. 

Now let A1 be partitioned arbitrarily into 

Ar = [An Al2] 
A21 A22 

with An and A22 being square. Correspondingly, the output 
vector of capital goods xi is partitioned into 

When all capital-goods industries in the first subgroup produce 
their own products at some positive rates x1 > o, then the in
decomposability implies that they must use some goods in the 
second group, so that A 21 x1 =1= o. Therefore at least one element 
of A21 must be positive; that is to say, AI cannot be transformed 
by permutations of the same rows and columns into the form 

[
An A12]. 
o A22 

We can now show that if AI is non-negative, indecomposable 
and productive, then the solution x to the input-output equa
tion ( 1) is strictly positive for allj ~ o, =I= o. To see this, we sup
pose that some ofthe elements ofjare zero, and partition (r) as 

[x~] = [An A12] [x~] + [P]. 
X A21 A22 X 0 

wherej1 > o. As AI~ o and x ~ o, we have x1 > o and x2 ~ o. 
Now suppose some of the elements of x2 are zero. We re

classify x into two groups, such that positive members of the old 
second group and all members of the old first group are members 
of the new first group, and the others (i.e. zero members of the 
old second group) are members of the new second group. After 
this re-classification the equation can be written in the form (7), 
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with x1 > o, x2 = o, andj1 ~ o, =I= o. The indecomposability of 
AI implies A21 x1 =I= o; therefore some of the elements of x2 must be 
positive. This is a contradiction; so no elements of x can be zero. 

We can now clearly state the assumptions for the positive 
'values': 

(i) The matrix of the capital-input coefficients of capital good 
industries AI is non-negative, indecomposable, and productive, 
while the vector of the labour-input coefficient L1 is non-negative 
and non-zero. 

(ii) The capital and labour-input coefficient matrix [An] 
Ln 

of wage and luxury industries is non-negative and non-zero for 
each column. Assumption (i) implies, in addition to the in
decomposability and productiveness of capital good industries, 
that labour is indispensable to one of the capital goods industries. 
Assumption (ii) implies that wage and luxury-goods industries 
may dispense with labour, but every industry in these groups 
must use some inputs (i.e. either some capital goods or labour 
or both). 

It is now easy to prove the positiveness of values. In order to 
obtain the value of the ith capital good, we specify as before J 
of (r) such that the ith component ofjis unity, all others being 
zero. As we have just seen, by virtue of the indecomposabili ty and 
productiveness of A1, a strictly positive solution x to (I) corre
sponds to the specified f. This xis premultiplied by LI to give the 
value of capital good i which is positive, as xis positive and LI is 
non-negative, non-zero. 

To obtain the value of a wage or luxury good i,jis set such that 
it equals the vector of the capital-input coefficients of the wage 
or luxury good i; thefmay be zero, or non-negative, non-zero. 
If it is zero, the corresponding solution x to ( 1) is of course zero, 
but the value of the wage or luxury good i, 

n 

Ai = ~ lixi + li 
j=l 

(8) 

is positive since li > o by assumption (ii). Ifj is non-zero, then 
the corresponding xis are all positive by the indecomposability 
and productiveness of AI; hence Ai > o, irrespective of whether li 
is positive or zero, because the first term of the right-hand side 
of (8) is positive, since L1 is non-negative and non-zero. 



CHAPTER 3 

Quantitative determination rif relative value 

After the determination of the absolute values of'values', Marx 
took a particular commodity (say, capital good I) as the standard 
commodity (or 'value numeraire'), in terms ofwhich the value 
of every other commodity was expressed. The ratio of the value 
of commodity i to the value of the standard commodity, Ai/Av 
which Marx called 'relative value', expresses a definite quantity 
ofthe standard commodity, q, which is equivalent, in 'value', to 
one unit of commodity i; that is to say, Ai = qA1, which means 
that the same quantity of value substance (congealed labour) is 
embodied in one unit of commodity i and q units of the standard 
commodity. 'The two commodities [of these quantities] have 
each cost the same amount of labour or the same quantity of 
labour-time.' (I, p. 53.) 

Let us consider an imaginary society of simple non-capitalistic 
production (i.e. Marx's 'simple commodity production') com
posed of individuals who exchange with each other their pro
ducts, which are produced by means of production owned by 
themselves. In such a society there are no capitalists and hence 
no exploitation of workers by them; prices or exchange ratios 
between commodities must in the state of equilibrium be equal 
to the relative values, provided the primary factors of production 
other than labour are all free. It is true that the actual exchange 
ratios in the market may differ from the relative values. For 
example, when it takes one hour to hunt a deer and two hours of 
equally simple labour to hunt a beaver, the exchange ratio of 
deer to beaver may be greater or smaller than 2 (the relative 
value ofbeaver to deer), depending on whether deer is relatively 
more abundant or more scarce in the market than beaver. But 
such deviations do not last for long, because if the exchange ratio 
of deer to beaver exceeds 2, then there will be more beaver and 
less deer hunting, because the former is more profitable than the 
latter; and vice versa. Therefore the market price will ultimately 
be settled at the equilibrium exchange ratio, which is equal to the 
relative value. 

The relative values, as well as the absolute 'values', are com
pletely determined by the technological coefficients AI, LI and 
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Aw Ln. Thus as far as the equilibrium prices are concerned, 
marginal utilities have no role in their determination, at least in 
society with simple commodity production. In the long-run the 

. marginal utilities adapt themselves to the costs of production, 
but not the other way round. Instead of studying comparative 
staticallaws of price changes with respect to a shift in demand, 
such as those discussed by Walras, Hicks, Samuelson and others, 
it was natural for Marx to investigate the effects of a change in 
a production coefficient on the relative values. 

Marx knew that the labour-time necessary for the production 
of commodities would vary with every change in the productive
ness of labour. He examined 'the influence of such changes on 
the quantitative aspect of the relative expression of value'. 
(r, p. 53). Unfortunately, however, he did not consider the 
problem properly as an inter-industrial problem, although he 
was examining the effects of a change in a labour-input coeffi
cient, li, or a capital-input coefficient, aik> so that he could only 
obtain the following four results, which are tautological and 
therefore self-evident: 

(a) The relative value of commodity i, i.e. its value expressed 
in terms of commodity I, rises and falls directly with the value 
of i, the value of I being supposed constant. 

(b) If the value of commodity i remains constant, its relative 
value expressed in commodity I rises and falls inversely with the 
value of commodity I. 

(c) If the values of all commodities rise or fall simultaneously 
and in the same proportion, their relative values will remain 
unaltered. 

(d) When the values of commodities i and r change at 
different rates or in opposite directions, we have different effects 
on the relative value of i, which can be deduced from the previous 
results (a) and (b) as a combination ofthem. (Seer, pp. 53-4.) 

A change in a technological coefficient, either li or aik• influ
ences both Ai and A1, so that neither ofMarx's rules (a) or (b) is 
applicable. He cannot apply his rule (d) either, because he does 
not know the rates at which the values of commodities i and I 

change, so that the proportions in which rules (a) and (b) are 
combined are unknown to him. These proportions are found 
only by analysing the effects of a change in a coefficient, li or aik• 
of the value-determination equations on the solutions to them. 
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The problem is intrinsically mathematical but not very difficult. 
Marx failed to attack the problem properly and obtained only 
the trivial results just mentioned, because of his lack of mathe
matics. To us, however, it is not difficult to solve the problem 
with definite results, particularly because we can use the mathe
matics recently developed in relation to Leontief's input-output 
analysis. 

In addition to the technological conditions for positive values 
given in the last chapter we assume in the following, for the sake 
of simplicity, that each industry has a positive labour-input 
coefficient. Then it is seen that if the labour-input coefficient of 
industry i decreases, those of all other industries and the capital
input coefficients of all industries remaining unchanged, then the 
relative value of commodity i in terms of the standard com
modity I decreases proportionately more than that of any other 
commodity j. This proposition is true for any commodity i, irre

spective of whether it is a capital good or a wage or luxury good. 
We are first concerned with the case where i is a capital good, 

so that i ~ n. Let us begin by showing that a decrease in li 
causes a decrease in the absolute 'values' of all capital goods. 

Differentiating the value-determination equations of capital
goods industries with respect to li, we get 

oA1 oA1 oAn 
aT = au aT+ ... + anl oL + o, 

' ' . 

(I) 

(I) 

where k6 is a row vector ( oli, o2i, •.. , oni) with Kronecker's os as 
its components, so that its ith component is unity, while the 
others are zero.1 The equation (I) is now combined with the 

equation (I) in the last chapter, i.e. 

x = Aix+j, (2) 
1 The Kronecker delta is the function 8;; of two variablesj and i defined by o;; = I 

ifj = i, and o;; = o ifj * i. 
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wherefis a column vector of non-negative components (not all 
zero), so that we may take a component, say the jth, as unity 
and all others are zero. It has been seen that the vector x corre

sponding to such anfis strictly positive, since it is assumed that 
the non-negative matrix AI is productive and indecomposable. 
Postmultiplying (I) by x, premultiplying ( 2) by oAifoli and 
eliminating the common terms from both equations, we obtain 

k oAI 
aX = 8[: f. 

' 
Because k6 andfare specified such that the ith and thejth com
ponents are unity, others being zero, we get k6 x =xi (the ith 

component of x) and oAifolif = oAijoli (the jth component of 
oAifoli)· Hence x > o implies oAifoli > o for all j, which means 
that the labour-input coefficient li and all the absolute values Ai, 
j = I, ... , n, vary in the same direction. 

We now prove the proposition by reductio ad absurdum, and 
suppose the contrary of the conclusion; that is, that there is, 
other than commodity i, a commodity j whose value falls at 
the greatest rate. Let us denote the values after the change by 
A1 *, ... , An*. If commodity j is a capital good, we have 

Ai = a1i A1 + ... + ani An + li (j ~ n) 

before the change, and 

Ai*=aliAl*+ ... +aniAn*+li (j~n) (4) 

after the change. Dividing both sides of (4) by those of (3), we 
get 

Ai * - ali Al * + ... +ani An* + li ( 
) - A A l j ~ n). (5) 
ll.i ali 1 + · " + ani n + i 

The right-hand side of this expression equals the average of 

A1 * /A1, ... , An* /An and I with weights a1iA1, ... , ani An and 
li respectively. A1 * /A1, ... , An* /An are all less than I, since 
a decrease in li gives rise to a decrease in the value of each com

modity. Because the weight li of I on the right-hand side of (5) 
is positive, it is at once seen that the average (hence, A/ jAi on 
on the left-hand side of (5)) must be greater than the smallest of 

A1*/A1, ... ,An*/An- This is a contradiction, therefore the value 
of any capital good other than commodity i cannot decrease 
at the fastest rate. 
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Next we consider a wage or luxury goodj. We have the same 

equations (3) and (4) before and after the change respectively, 
and hence equation (5). The only amendment we have to make 
is that j is now greater than n, so that in these equations we 

have j > n in place of j ,; n. But this change does not at all 

affect the argument that derives the conclusion 

I > Aj* /Aj > Ai* /Ai 
from (5). 

Thus when an increase in the productivity oflabour (implied 

by a decrease in the labour-input coefficient li) occurs in a 
capital-good industry i it diminishes the values of all com
modities, not only capital goods but also wage and luxury 
goods, in such a way that the relative value of the commodity i in 
terms of any other commodity is decreased. On the other hand, 
when a wage or luxury-good industry i makes an improvement 
in the technical method of production so as to reduce the 
labour-input coefficient, then there is no change in the value

determination equations for capital-good industries 

AI= AIAI +LI, 

so that the values of capital goods are constant. As the labour
time congealed in the capital goods utilized is not affected in 

the value determination equation of each wage or luxury good, 
the value of the wage or luxury good remains unaltered, unless 
there is a change in the corresponding labour-input coefficient. 
Therefore the only good whose value diminishes is commodity i, 
whose labour-input coefficient is reduced. Thus as far as the 
determination of value is concerned, a technological change in 
a wage or luxury-good industry has no repercussions on any 
other industry, its effect being confined to its own industry; in 
this case Marx's comparative statics rule (a) is applicable and 

the relative value of commodity i in terms of any other is 
reduced. 

When a technological improvement is made in an industry 
so as to save on the amount of capital goodj required to produce 
a unit of commodity i, it is seen that the relative value of i in 

terms of the standard commodity I is diminished, and there is 
no commodity whose relative value is decreased at a greater 
rate than that of commodity i. In the case where the com

modity i whose capital-input coefficient is saved is a capital 
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good, this is shown in the following way. Differentiating the 
value-determination equations for capital goods with respect 
to a1i, we have 

oA1 _ oA1 aAn 
~- au~+··· +anl~+o, 
ua1i uaii uaii 

(6) 

oAn _ oA1 oAn 
a- alna+ ... +ann~+o 

a1i a1i ua1i 

or, in the matrix form, 

oAI=oAIA +A-k 
oa.. oa ·· I J 8' 

}t Jt 

(6) 

where k8 denotes, as before, the row vector of the Kronecker 

deltas (&li, 82i, ... , 8ni). Comparing (6) with (I), we can easily 
see that 

oA1 oAn 
oaji' ... ' oaji are proportional to 

that is to say, 

Hence, the above propositiOn concerning the effects of an 

autonomous change in the capital-input coefficient a1i, which 
we now want to establish, is a mere corollary from the previous 
proposition about the effects of a change in the labour-input 
coefficient li. 

Similarly, in the case where commodity i is a wage or luxury 
good, it is obvious that a decrease in aii has no effect on the 
values of capital goods, so that only the value of commodity i 
diminishes. 

These results are summarized as follows: Given a decrease 

in a technological coefficient, li or a1i, then (i) the 'absolute 
value' Ai ofthe output directly produced must decrease, (ii) the 
absolute value of any other commodity will decrease if it 

changes at all, and (iii) there is no commodity whose absolute 
value diminishes proportionately more than that of commodity 
i, so that the 'relative value' of i in terms of any other com

modity must diminish. These three laws are formally identical 
2 MME 
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with the laws Hicks obtained for equilibrium prices with respect 
to an autonomous shift in tastes, which I have called the three 
Hicksian laws.2 We have seen above that Marx's rule (a) is 
applicable only in the case of a technological improvement 
occurring in a wage or luxury-good industry. Thus, the 'three 
Hicksian laws' are extensions of the Marxian rule. This offers 
an example of the possibilities for enriching Marx's economics 
by taking into account the analytical development of our 
science since his death. 

We are now able to discuss Marx's famous idea of the 
'organic composition of capital'. He distinguished the value
composition of capital from its technical composition, as 
follows: 'The composition of capital is to be understood in a 
two-fold sense. On the side of value, it is determined by the 
proportion in which it is divided into constant capital or value 
of the means of production, and variable capital or value of 
labour-power, the sum total of wages. On the side of material, 
as it functions in the process of production, all capital is divided 
into means of production and living labour-power. This latter 
composition is determined by the relation between the mass of 
the means of production employed, on the one hand, and the 
mass of labour necessary for their employment on the other. 
I call the former the value-composition, the latter the technical 
composition of capital. Between the two there is a strict correla
tion. To express this, I call the value-composition of capital, 
in so far as it is determined by its technical composition and mirrors the 
changes of the latter, the organic composition of capital.' (I, p .6 I 2, my 
italics.) 

Let b n+I *, ... , bm * be the amounts of wage goods, n + I, ... , m, 
which are necessary for the production of a unit of labour
power. (For luxury goods we set the amounts at zero.) Then 
the value-composition of capital of industry i may be written as 

(i =I, ... ,m). (7) 

On the other hand, the technical composition of industry i 
2 J. R. Hicks, Value and Capital (Oxford University Press, 1939). See also my 
Equilibrium, Stability and Growth (Oxford University Press, 1964) pp. 6-1 I. 
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represents the relation between the mass of the means of produc
tion employed (a1i, a2i, ... , ani) and the mass of labour em
ployed, li. A change in a physical-input coe.ffici:nt aii or the 
labour-input coefficient li due to a technological Improvement 
causes a change in the technical composition of capital. But it 
brings about changes in the values A1, ... , Am as well, as we have 
seen above; so the value-composition of capital reflects not only 
the change in technical composition but also the induc:d 
change in the value structure. There are, however, cases I~ 
which we may ignore the latter and where the value-composi
tion 'mirrors the changes in the technical composition'. For 
instance a proportional decrease in the labour-input coeffi
cients of all industries, i.e. all wage and luxury-good industries 
as well as capital-good industries, gives rise to a proportional 
decrease in the absolute values of all commodities; in this case 
Marx's rule (c) is applicable and the effects of the changes in 
absolute values are offset in the formula for the value-composi
tion of capital ( 7). Another example is obtained when a decrease 
in the labour input is made possible by increasing some capital 
coefficient, say aii' such that !).li = - Ai /).aii; in this case t~ere is 
no change in the absolute values at all, for the change m t~e 
value-composition of capital reflects only the change m 
technical composition. When Marx discussed the effects and 
consequences of technical improvements by using the concept 
of the 'organic composition of capital', he assumed them to be 
neutral, in the sense that they had no effects on relative values 
(or absolute values). This is a neat assumption, simplifying the 
matter· nevertheless it does not satisfy us, as a change in the ' . technical composition of capital usually disturbs the relative 
value structure. However, as may obviously be expected, 
'biased' technological improvements are very difficult to deal 
with. 

2-2 



CHAPTER 4 

Value, use-value and exchange-value 

It was one of Marx's intentions to show by his theory of value 
'that it is not the exchange of commodities which regulates the 
magnitude of their value; but, on the contrary, that it is the 
magnitude of their value which controls their exchange propor
tions.' (r, p. 6g.) But at the same time he knew that the 
exchange-values of commodities could equal their relative 
values only in special cases, that is, either in the purely abstract 
society of 'simple commodity production' or in the special 
capitalist society which satisfies the very restrictive condition 
that each industry has the same value-composition of capital. 
Marx wrote: 'The exchange of commodities at their values, or 
approximately at their values, thus requires a much lower stage 
than their exchange at their prices of production, which 
requires a definite level of capitalist development.' (m, p. rn.) 
'The price of production of the commodities would then equal 
[be proportional to] their value only in spheres, in which the 
composition [the value-composition of capital] would happen 
to be [the same].' (m, p. r6g.) 

These two special cases are important in different senses, i.e. 
in the normative sense and as a first approximation to reality. 
First, the society of simple commodity production is an imagi
nary society, where 'the labourers themselves are in possession 
of their respective means of production and exchange their 
commodities with one another.' (rn, p. 175.) 'This is the condi
tion of the land-owing farmer living off his own labour and the 
craftsman, in the ancient as well as in the modern world' 
(m, p. r77), so that no exploitation is possible. Marx showed 
that in such a society the prices of commodities were governed 
by the law of value, and that hence prices were proportional to 
values. Therefore, 'if the labour-time required for their produc
tion happens to shrink, prices fall; if it increases, prices rise, 
provided other conditions remain the same.' (m, p. r77.) By 
comparing capitalist society, where the exchange-values (or the 
relative prices) can deviate from the relative values, with this 
ideal society, we can see how capitalists' exploitation affects 
trade, the distribution of income, and so on. Such studies are 
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similar, in their logical nature, to the welfare economics now 
popular among us, which compares the actual state with the 
ideal state of affairs where welfare is maximized and examines, 
say, the influences of monopoly on trade, the distribution of 
income and other questions. 

On the other hand, in the second case of equal value
composition of capital, capitalist society, rather than the 
society of simple commodity production, is taken up as the 
object of study and differences in the value-composition of 
capital among industries are ignored, as a first approximation 
to reality. This neglect results in a great simplification in 
analysis, as will be seen in chapter 8 below. We have the grand 
rule of aggregation that all those industries which have the same 
value-composition of capital can be treated as ifthey are a single 
industry. By virtue of this rule, Marx constructed a one
department model in volume r, part vn, of Capital. The results 
of the analysis there are valid under the assumption of identical 
value-composition, but many of them cease to hold if this 
assumption is abandoned. 

The one-department model was extended later, in volumes 
11 and m, into a two-department analysis, by allowing the 
value-composition of capital of the capital-good industries to 
differ from that of the wage and luxury-good industries. It is 
a great development in Marx's economics, because the assump
tion of equal value-composition is an unsatisfactory assumption, 
under which exploitation has no effect on relative prices and, as 
far as the valuation of commodities is concerned, it is impossible 
to distinguish capitalist society from the society of simple com
modity production. Marx wrote: 'In Books I and 11 we dealt 
only with the value of commodities. On the one hand, the cost
price has now been singled out as a part of this value, and, on 
the other, the price of production of commodities has been 
developed as its converted form.' (m, p. r6g.) 'The value ofthe 
commodities produced by capital 11 would, therefore, be 
smaller than their price of production, the price of production of 
the commodities of Ill smaller than their value, and only in the 
case of capital I in branches of production in which the com
position happens to coincide with the social average, would 
value and price of production be equal.' (m, p. r64.) ' ... the price 
of production may differ from the value of a commodity' (m, 
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p. I64.) ' ... the deviations from the value which are embodied 
in the prices of production compensate one another. Under 
capitalist production, the general law acts as the prevailing 
tendency only in a very complicated and approximate manner, 
as a never ascertainable average of ceaseless fluctuations.' (m, 
p. I 6 I.) 'The annual product of society consists of two depart
ments: one of them comprises the means of production, the 
other the articles of consumption. Each must be treated sepa
rately.' (n, p. 372.) 'So long as we looked upon the production 
ofvalue and the value of the product of capital individually, the 
bodily form of the commodities produced was wholly im
material for the analysis, whether it was machines, for instance, 
corn, or looking glasses. It was always but a matter of illustra
tion, and any branch of production could have served that 
purpose equally well ... This merely formal manner of presenta
tion is no longer adequate in the study of the total social 
capital and of the value of its products. The reconversion of 
one portion of the value of the product into capital and 
the passing of another portion into the individual consumption 
of the capitalists as well as the working-class form a movement 
within the value of the product itself in which the result of 
the aggregate capital finds expression; and this movement 
is not only a replacement of value, but also a replacement 
in material and is therefore as much bound up with the 
relative proportions of the value-components of the total 
social product as with their use-value, their material shape.' 
(n, p. 398.) These passages outline the metastasis in Marx. 

On the assumption that all capital-good industries form a 
group of industries which are identical in the value-composition 
of capital and that all wage and luxury-good industries form 
another such group, it can be shown on the one hand that we 
have a proportionality between the prices and values of all 
capital goods and a different proportionality between the 
prices and values of all wage and luxury goods, and on the 
other that all capital-good industries and all wage and luxury
good industries can be aggregated into two departments, a 
department producing means of production and a department 
producing articles of consumption respectively, without causing 
any aggregation bias. In volume n Marx developed the two
department analysis of simple and extended reproduction, the 
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dual to which was discussed in volume m as the problem of the 
transformation of values into prices. 

It is now evident that the aim of Marx was not to establish 
the proportionality of prices and values in a capitalist economy, 
but, on the contrary, to explain why they may differ from each 
other when the workers cease to possess the means of production, 
so that they have to sell their labour-power in the market. We 
should not regard volume m as a return to conventional eco
nomic theory, as critics of Marxian economics have often done. 
At the same time we should not regard volume I, based on the 
proportionality between all prices and values, as the essence of 
Marxian economics, as many Marxists have claimed. Thus 
between volumes I and m there is no contradiction but a 
development, from the one- to the two-department analysis. 3 

Our study proceeds as follows. In this chapter, we confine 
ourselves to establishing the general equilibrium of production 
in the society with simple commodity production, under the 
assumption that people do not save. In the next two chapters, 
5 and 6, we are concerned with the general relationship be
tween prices and values in capitalist society and show that 
exploitation is the source of profits. Then in chapter 7 we 
derive the implications of the assumption of identical value
composition of capital for the whole or a part of the economy, 
and chapter 8 is devoted to a discussion of aggregation. 

It is obvious that the theory of value cannot by itself explain 
the consumer's demands and that no general equilibrium is 
possible without some theory of consumer's demand. It is true 
that Marx assumed very restrictive demand functions for wage 
and luxury goods, of the form: 

wTbi 
xi= b b (i = n +I, ... , m), 

Pn+I n+l + · · · +Pm m 
where w represents the wage rate, As prices, T the daily labour 
hours per man, and bis non-negative consumption coefficients, 
which are constant. (These equations follow from (I) below.) 
3 This view contrasts with Samuelson's, expressed in his 'Wages and Interest: 
A Modern Dissection of rv1arxian Economic Models', American Economic Review, 
vol. XLVII, December 1957, and his recent article, 'Understanding the Marxian 
Notion of Exploitation: A Summary of the So-Called Transformation Problem 
between Marxian Values and Competitive Prices', Journal of Economic Literature, 
June rg7r. 
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It is the generally accepted view that it is impossible to find 
a germ of marginalism in Capital, although Marx knew dif
ferential and integral calculus. 4 But it is also true, on the other 
hand, that Marx began his theory of value by characterizing 
commodities as 'something two-fold, both objects of utility and, 
at the same time, depositories of value' (I, p. 4 7). On the basis 
of the following evidence I believe that Marx would have 
accepted the marginal utility theory of consumer's demands if 
it had become known to him. 5 

'A commodity is, in the first place, an object outside us, a 
thing that by its properties satisfies human wants of some sort 
or another. The nature of such wants, whether, for instance, 
they spring from the stomach or from fancy, makes no differ
ence.' (I, p. 35·) 

'The utility of a thing makes it a use-value ... This property 
of a commodity is independent of the amount of labour required 
to appropriate its useful qualities ... The use-values of com
modities furnish the material for a special study, that of the 
commercial knowledge of commodities.' (I, p. 36.) 

'In order to produce the latter [commodities], he must not 
only produce use-values, but use-values for others, social use
values ... Lastly nothing can have value, without being an 
object of utility.' (I, p. 4I.) 

'His commodity possesses for himself [the owner of the com
modity] no immediate use-value. Otherwise, he would not 
bring it to the market. It has use-value for others; but for him
self its only direct use-value is that of being a depository of 
exchange-value, and, consequently, a means of exchange. 
Therefore, he makes up his mind to part with it for commodities 
whose value in use is of service to him. All commodities are non
use-values for their owners, and use-values for their non
owners. Consequently, they must all change hands.' (I, p. 85.) 

' ... an object of utility ... forms a non-use-value for its owner 
... when it forms a superfluous portion of some article required 
for his immediate wants.' (I, p. 87.) 

The first quotation, especially its second sentence, suggests 

'1 See K. Marx, Matiematitzieske Rukopisi (Moscow, 1g68), Institute of Markisma
Leninisma at Central Committee of the Communist Party of the Soviet Union. 
5 His technical preparations were sufficient. Matiematitzieske Rukopisi shows that he 
studied the problem of maxima and minima. 
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that the utility of a thing may differ among individuals, 
depending on their subjective tastes. In the last sentence of the 
second quotation, we may replace 'the study of the commercial 
knowledge of commodities' by 'the theory of consumer's 
behaviour'. The second quotation also states that demand 
theory can (and should) be developed independently of the 
theory of value, whilst the third quotation further implies that 
it is meaningless to apply the labour theory of value to the 
singular case of the marginal utility of a commodity being zero, 
since such a commodity is a free good. 

Let us consider an individual who wants to convert the stocks 
of commodities (x1 , •.. , xm) he owns initially into the optimal 
stocks (x1, ..• , xm) by exchange. Let ui represent the use-value 
(the marginal utility) of commodity i, i = I, ... , m, obtained by 
differentiating the utility function u(x1, ••• , xm) partially with 
respect to xi. Let vi be the non-use-value of commodity i for the 
owner as a depository of exchange value, which a superfluous 
unit of good i brings forth so that the total non-use-value 
amounts to ~vi(xi- xi). Evidently, vis are proportional to the 
exchange-values, so that we may write vi= vA, i = I, ... , m, 
where Pi is the exchange-value of commodity i. The sum of the 
total use-value and the total non-use-value for the individual is 
given as m 

u(x1, ••• ,xm) + ~ vpi(xi-xi), 
i=l 

which is nothing else but the Lagrangian function, now familiar 
among us. Thus, Marx's idea of the commodities' non-use
value as the means of exchange and the use-value of their direct 
use, expressed in the fourth and fifth quotations above, naturally 
leads to the Walras-Hicks-Kuhn-Tucker formulation of 
demand theory. Maximizing the above Lagrangian with 
respect to xi, we obtain 

provided that all pis are constant. These equations are equiva
lent to Marx's equations for the direct barter of products. He 
wrote: 'The direct barter of products attains the elementary 
form of the relative expression of value in one respect, but not 
in another. That form is x Commodity A= y Commodity B. 
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The form of direct barter is x use-value A = y use-value B.' 
(I, p. 87.) The first equation implies that x units of commodity A 
are worth (or are exchanged for) y units of commodity B, so 
that it may be written as 

xp.a. = YPB· 

On the other hand, the second equation IS written m our 
notation as 

XU.a. = yuB. 

Hence, these two equations together imply 

U.a. UB 
P.a. PB. 

This provides us with a basis for believing that if Marx had 
had a chance to read Walras' Elements d' iconomie politique pure 
(I 874), he would have integrated the subjective theory of 
demand into his model, or at least that the main part of Marx's 
economics is not incompatible with present-day demand 
theory. Nevertheless it is true that Marx, like von Neumann, 
did not allow substitution between goods in response to price 
changes. In the following, we study how the ideal society of 
simple commodity production works, first under the assump
tion of rigid consumption quotas and then under a more general 
assumption, that each individual maximizes his own utility 
subject to his budget constraint, to see how the results remain 
unaffected. 

Let the consumption of the labourer at subsistence level be 
denoted by bn+l' bn+2, ••• , bm; these are given quantities of wage 
and luxury goods. Let p1, ... ,pm be the prices of commodities, 
I, ... , m. Let w be income per man-hour. Labourers are freely 
movable among jobs and are provided with the means of pro
duction necessary for their jobs, so that income per man is 
equalized throughout society. When the prices of commodities 
and income are given, the individual can determine his level of 
consumption fJ so as to satisfy the budget equation: 

Pn+lflbn+l + · · · + Pmflbm = W T, (I) 

where each individual is assumed to work T hours a day. 6 The 

6 Each fib;/ T equals the corresponding b;*, defined at the end of the last chapter, 
if f3 is determined such that it results in the prevailing rate of exploitation (/3 takes 
on unity in the case of workers being paid wages at the subsistence level), whereas 

'. 
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total demands for wage goods and luxury goods are given by 
the vectors 

[
bn+l] 

D = N(J b~ , 

where N is the number oflabourers in the society. Then we have 
the demand-supply equilibrium conditions for wage and luxury 
goods, which are 

x11 =D. (3) 

The production of wage and luxury goods in the amounts x11 
induces the production of capital goods, and 

gives the demand-supply equilibrium for capital goods.7 
Finally the demand for labour has to be equated to its supply 
in labour-time; hence 

Lixi +L11 x11 = TN. (5) 

Since in our hypothetical society labourers possess all the means 
of production they require, there are as yet no capitalists to 
exploit them. The labourers will be fully paid, so that we must 
have 

PI= PJAI+wLI for capital goods, l 
for wage and luxury goods,J 

(6) 

where PI and Pn are row vectors of the prices of capital and of 
wage and luxury goods respectively. 

Equations (I )-(6) give the simplest system of general equi
librium of production (for a hypothetical economy of simple 
commodity production, but not for the capitalist economy). 
( 2) gives the demand functions which satisfy Walras' law (I). 
Equations (3), (4), (5) are demand-supply equations, whilst (6) 
gives valuation equations. Comparing (6) with the value
determining equations (I) and ( 2) in chapter I, we at once find 
that prices are proportional to values, so that the price of each 
commodity i in terms of commodity I, the numeraire, equals the 
relative value Ai/A1 ; when the price of commodity I is set at I 

in the society with simple commodity production it is fixed at a level at which no 
exploitation is brought forth. 
7 The time lag between inputs and outputs may be ignored in the society with 
simple commodity production, because stationary equilibrium is established. 
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the rate of income w is determined as Ij/o .. 1. Or alternatively, if 
we take labour power as the numeraire, then prices are equal 
to the corresponding values. 

Once prices, the wage rate and labour hours per day are 
given, (I) determines the level of consum~tion fl. Then ~he 
demands for consumption goods are determmed by ( 2), wh1ch 
in turn determines supplies of capital goods as well as supplies 
of consumption goods, by (3) and (4). Therefore the demand 
for labour, i.e. the left-hand side of (5), is given, but it is written, 
in view of (2), (3), (4), as 

[ LI(l- AI)-1 An+ LnJ NfJB, ( 7) 

where B represents the column vector having bn+l' ... , bm as its 
components. Since the part of (7) in square brackets gives the 
values of wage and luxury goods, which in the society with 
simple commodity production equal their prices in terms of 
labour, we can rewrite (7) in the form, 

N(P';1 flbn+l + ... +P;;; flbm), 

which is equal to TN because of (r). Hence (5) is established; 
that is to say, values are the general equilibrium prices in the 
society with simple commodity production. 

Let us now proceed to show the compatibility of the last 
proposition with the subjective theory of _dem~nd. Let % be 
the demand for good i of individual} and u1 = U1 ( qn+l, i' · .. , qmi) 
be his utility function. Maximizing the utility ui subject to the 
budget equation of the individual}, 

Pn+1qn+1,i+ ... +Pmqmi = wT, 

we obtain the demand function 

%=%(P~+I, ... /;;;) (i=n+I, ... ,m). 

Summing the budget equations and the demand functions over 
all individuals, we have 

Pn+I Pm - TN --qn'l+ ... +-qrn- ' 
W T w 
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[ 

(Pn+l Pm)J qn+l ~' ... ,w 
D= : ' 

qm (P~+\ ... /;;;) 

and 

where qi denotes the total demand for good i. 
Replacing (I) and ( 2) by (I') and ( 2'), we have a new model 

of general equilibrium of production, appropriate for the society 
with simple commodity production and flexible demands. As 
before, by the value-determining equations and (6), the price 
in terms of labour, Afw, of commodity i equals its value ,t;, 
i = I, .•. , m. Corresponding to the prices thus determined, the 
demands are determined by (2'), and supplies therefore by (3) 
and (4). Substituting for xi and Xrr from (3) and (4), and 
viewing the equality between values and prices in terms of 
labour, the left-hand side of (5) can be written 

Pn+l (Pn+l Pm) + +Pm q (Pn+l Pm) --qn+l ' ... , ··· m ' ••. , ' w w w w w w 
which equals TN, because of Walras' law ( r '); hence (5) is 
obtained. It is thus shown that the values are the equilibrium 
prices prevailing in the society with simple commodity produc
tion where people behave in the Walrasian manner. 

It has so far been seen that with no exploitation, consumption 
has to be determined at some particular level. When there is 
exploitation, consumption is set at a different level, corre
sponding to the rate of exploitation; or conversely, the rate of 
exploitation cannot be determined unless the level of consump
tion (or the rate of real wages) is specified. On the other hand, 
as has recently been recognized and as will be seen below, the 
rate of real wages determines the equilibrium rate of profits. 
Thus to the rate of real wages there corresponds a rate of 
exploitation on the one hand, and a rate of profits on the other, 
so that the rate of profits may be considered as a function of the 
rate of exploitation. All those we have obtained in this chapter 
apply only to the singular point of the function at which the 
rate of exploitation vanishes in the ideal and imaginary society 
of simple commodity production. In the following chapters the 
argument is extended to the entire function, so that capitalists 
are allowed to exploit workers at some positive rate. 



PART 11 

The Theory of Exploitation 

CHAPTER 5 

Surplus value and exploitation 

In a capitalist economy, where workers do not own the means 
of production and cannot therefore produce commodities by 
themselves, they are forced to sell their labour-power to capi
talists. Workers are in a weaker position with respect to wage 
determination, and so can easily be exploited by capitalists. 
Marx considered exploitation as necessary for the maintenance 
of capitalist society. In fact, capitalists exploit workers by 
making them work longer than the hours required to produce 
the amounts of wage goods which they can buy with the wages 
they receive; thus surplus outputs are produced, which are the 
source of profits. As capitalists would not be interested in their 
enterprises if they did not bring forth positive profits, they have 
a fundamental tendency towards exploitation. In this chapter 
we shall first explain what exploitation is, and then establish its 
inevitability in capitalist society. 

In the capitalist economy (unlike the society with simple 
commodity production) values and prices, in general, no longer 
coincide; they should be distinct. For this reason Marxian eco
nomics, unlike orthodox economics, has dual accounting 
systems: one system in terms of value and the other in terms of 
price. But many people from both camps (such as Sweezy, Joan 
Robinson and Samuelson) have confused the two, since Marx 
himself sometimes confused them. For example, Marx wrote: 

'If this surplus-value is related to the total capital instead of 
the variable capital, it is called profit, p, and the ratio of the 
surplus-value s to the total capital C, or s/C, is called the rate of 
profit, p'. Accordingly, p' = sfC = sf(c +v). Now substituting 
for s its equivalent s'v, we find p' = s'v/C = s'vf(c +v), which 
equation may be expressed by the proportion p': s' = v: C; the 
rate of profit is related to the rate of surplus-value as the variable 
capital is to the total capital.' (m,pp. 49-50.) ' ... the commodity
value = cost-price+ surplus-value'. 

[ 46] 
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Sweezy wrote: 'To the capitalist the crucial ratio is the rate 
of profit, in other words, the ratio of surplus value to total 
capital outlay. lfwe designate this by p, we have 

sf(c+v) = p =the rate ofprofit.' 1 

Joan Robinson wrote: 'Marx's law of the falling tendency of 
profits then consists simply in the tautology: When the rate of 
exploitation is constant, the rate of profit falls as capital per man 
increases. Assuming constant periods of turnover, so that c + v 
measures the stock of capital: when sfv is constant and cfv rising, 
sf (c + v) is falling.' 2 

Samuelson also wrote: 'Volume I's first approximation of 
equal positive rates of surplus value, SJVi, is not a simplifYing 
assumption but rather-to the extent it contradicts equal profits 
rates Si/(Vi +C)- a complicating detour.' 3 

However, the rate of surplus value belongs to the value 
accounting system, whereas the rate of profits belongs to the 
price accounting system. It is not tautological to find that 
a proposition holds between them. As will be seen in chapter 7, 
there is no contradiction between the law of equal rates of 
surplus value and the law of equal profits rates. 

In Capital there may be found three alternative definitions of 
the rate of surplus value or the rate of exploitation. They are all 
equivalent with each other. The first definition is given as 
follows. Let 

denote the daily means of subsistence of a labourer, and let T 
and T be the maximum and the prevailing length of the 
working day respectively. The daily means of subsistence is 
evaluated, in terms of labour-time, at An B, which is assumed 
to satisfy the following inequality: 

T > AnB. (1) 

This means that the labourer can work longer hours every day 
1 P. M. Sweezy, The Theory of Capitalist Development (London: Dennis Dobson 
Limited, 1942), p. 67. 
2 J. Robinson, An Essay on Marxian Economics (London: Macmillan, 1949), p. 36. 
3 P. A. Samuelson, 'Wages and Interest: A Modern Dissection of Marxian 
Economic Models', American Economic Review, vol. XLVII, December 1957, p. 892. 
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than he needs to in order to produce his necessities of life. This 
assumption is indispensable for a meaningful theory of exploita
tion, because otherwise a labourer can only produce, at best, 
the necessaries that he requires daily for his subsistence. In 
Marx's words: 'On the basis of capitalist production, ... this 
necessary labour [An E] can form a part only of the working
day [T]; the working-day itself can never be reduced to this 
minimum. On the other hand, the working-day has a maximum 
limit [T]. It cannot be prolonged beyond a certain point.' 
(I, p. 232.) Thus Marx made the basic assumption of the theory 
of exploitation: T ~ T >An E. 

In a capitalist economy, where the labourer possesses no 
means of production but can freely sell his labour-power, the 
minimum supply price of labour-power per day will be set so 
as to enable the labourer to buy commodities E per day, i.e. at 
a level of An E in terms of value, and the labourer will have to 
work Thours a day. Let w = I/ T; then the labourer will receive 
w units of the daily means of subsistence per hour by offering 
one unit of labour-power for one hour. The payment wE is 
equivalent to wAnE hours of labour, so that wAnE repre
sents the paid part of labour and I -wAnE the unpaid part. 
Thus in the capitalist economy the capitalist does not pay fully 
for labour but merely for labour-power, at a wage rate which .. 
equals the daily value of labour-power (i.e. the cost of produc
tion of the labour-power). The rate of exploitation, denoted 
bye, is then defined as the ratio of unpaid labour to paid labour 
(I, p. 534), which is 

Unpaid labour I -wAnE 
e = = ----,---':::--

Paid labour wAnE 
(2) 

Paid labour and unpaid labour per working-day, i.e. An E 
and T-An E, were also alternatively called by Marx necessary 
labour and surplus labour respectively;4 the former represents 
the labour expended during that portion of the working-day in 

• 'In this work, we have, up to now, employed the term necessary labour-time, to 
designate the time necessary under given social conditions for the production of 
any commodity. Henceforward we use it to designate also the time necessary for 
the production of the particular commodity, labour-power. The use of one and the 
same technical term in different senses is inconvenient, but in no science can it be 
altogether avoided. Compare, for instance, the higher with the lower branches of 
mathematics.' (1, p. 217.) 
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which the workman produces the value of his labour-power, 
that is, the value of his means of subsistence. 'Now since his 
work forms part of a system, based on the social division of 
labour, he does not directly produce the actual necessaries 
which he himself consumes; he produces instead a particular 
commodity, yarn for example.' (I, p. 2I6.) But this labour is 
necessary in the sense that it is needed in order to produce the 
labourer's means of subsistence, that is 'necessary, as regards 
the labourer, because independent of the particular social form 
of his labour; necessary, as regards capital, and the world of 
capitalists, because on the continued existence of the labourer 
depends their existence also.' (I, p. 2 I 7.) On the other hand, 
during the second portion of the labour-process the workman 
labours but produces no value for himself. 'He creates surplus
value which, for the capitalist, has all the charms of a creation 
out of nothing.' (I, p. 2I7.) Thus we have an alternative 
expression of ( 2) : 

Surplus labour 
e= 

Necessary labour· 
(2') 

A further definition of the rate of exploitation can be given in 
terms of the distribution of labour among industries. Let there 
be N labourers, who work Thours a day, in society. In order to 

,. maintain them at the subsistence level, they must produce EN 
amounts of wage goods per day, for the production of which 
An EN amounts of capital goods are required. These demands 
for capital goods from wage-good industries have repercussions 
on the capital-good industries. After having taken all-round 
multiplier effects into account, capital goods of the amounts xi 
have to be produced: 

xi= Aixi+AnEN. (3) 

Therefore the total amount of labour time directly or indirectly 
required for the production of the wage goods is given by 

where N is the number of necessary labourers. The rest of the 
labourers, N- N, are unnecessary and can work either in the 
capital-goods industry for investment purposes, or in the luxury
goods industry for the benefit of the capitalists. The ratio of the 
total or social surplus labour to the socially necessary labour, 
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(TN- TN)fTN, is shown, in view of (3) and (4), to equal the 
exploitation rate (2) or (2') by Marx's original definition, 
since5 

TN- TN TN-[L1(1-A1)-1An+Ln] EN I -wAnE 
TN [LI(I-AI)-1 An+LnJ EN wAnE 

Total surplus labour T N- TN 
Hence, e = = (5) 

Socially necessary labour TN 

The final definition of the rate of exploitation is given in terms 
of the total surplus value produced and the total value oflabour
power. Let xi and Xn be the output vectors of the capital-good 
industries and the wage and luxury-good industries. Then total 
employment (in terms of labour time) is given by 

(6) 

In order to provide the N workers with the necessary means of 
subsistence, the wage-good industries must produce outputs of 
the amounts EN, and for the production of the outputs xi and 
Xn of the capital-good and the wage and luxury-good industries, 
capital goods have to be produced in the amounts 

xi*= Aixi+Auxu. (7) 

The surplus products of capital goods are given by xi- xi* and 
those of the wage and luxury-good industries by Xn- EN. It is 
clear that the total surplus value produced amounts to 
A1(xi-x1 *) +An(xn-EN), whilst the total value of labour
power amounts to An EN. The rate of surplus value, s' in 
Marx's notation, is defined as the ratio of the total surplus value 
produced to the total value oflabour-power, that is 

, Total surplus value AI(xi-x1 *) +An(xn-EN) 
s =~~~~--~~-------

Total value oflabour-power An EN 
(8) 

The equivalence of the rate of surplus value, s', thus defined 
with the rate of exploitation, e, of (2) or (5) is established in the 
5 We have Xi= (I-AI)-1 A11 BNfrom (3), so that 

TN = [LI(I-AI)-1 A11 +L11]BN 

from (4). As has been seen in chapter I, A11 = LI(I-AI)-1A11 +L11, and, by 
definition, w = 1fT. 
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following way. First, it is clear from (6) that the total value of 
labour-power may be written as 

AnEN= wAnE(L1 x1 +Lnxn) (g) 

because w = IjT. Also, eliminating x1 * and N by the use of 
(6) and ( 7), we may write the total value of surplus products as 

A1 (x1 -x1 *) +An(xn-EN) = (A1 -A1 A1 -wAnEL1)x1 

+(An -A1An- wAnELn) Xn. (10) 

Secondly, we have from (2) 

(I +e) wAnE = I. ( II) 

Therefore, the value-determination equations, A1 = AIAI +L1 

and An= AI An +Ln, can be put in the form 

AI= AIAI+wAnEL1 +ewAnELI, (12) 

An= AIAn+wAnELn+ewAnELn. (13) 

Because of these relations, the parts in parentheses on the right
hand side of (10) equal ewAnEL1 and ewAnELn respectively. 
Hence, 

AI(xi-x1 *) +An(Xn-EN) = ewAnE(Lixi+Lnxn)· 

Dividing this by (g) we obtain the rate of exploitation, s', which 
is obviously equal to e. Thus the general formula is established:6 

Surplus value Surplus labour Unpaid labour 
Value oflabour power Necessary labour Paid labour · 

On the right-hand side of each equation of (12) and (13), say 
the ith equation, the first part, representing the value of the 
capital goods utilized by industry i, is called the constant 
capital of i; the second part, which represents the value of the 
labour-power employed by i, is called the variable capital of i; 
and the last part, which represents the surplus labour-time 
produced by i, is the surplus value of i. They are denoted by 
ci, v;, si, respectively; so we have 

Ai = ci + v; +si ( i = I' ... ' m). 

The rate of surplus value of industry i is defined as Sijll;, which 
equals e for all i, because of equations (I 2) and (I 3); that is to 

6 See Capital, vol. I, p. 534· 
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say, the rate of exploitation is equalized throughout the eco
nomy. Clearly this follows if the length of the working-day is 
equalized throughout the economy, as is implicitly assumed in 
the definition of e above. In fact if it is different from industry 
to industry, then the rates of exploitation of industries i and j 
will be 

and 

and ei is not equal to e1 because T; =l= Tj. However, if T; > T1 
industry j is preferable to i from the labourer's point of view, so 
that there has to be a migration oflabourers from i toj, and we 
have T; = Tj in equilibrium. In Marx's words: 'This [the 
equalization ofthe rate of exploitation] would assume competi
tion among labourers and equalization through their continual 
migration from one sphere of production to another.' (m, 
p. I 75.) 

We now examine Marx's proposition that surplus value is the 
source of profits. Let Pi be the price of commodity i, and write 
the price vectors of capital goods, and wage and luxury 
goods, as 

h = (PI, ... ,pn), Pn = (Pn+l> ... ,pm), 

respectively. The wage rate w is at least as high as the subsis
tence level, so that the labourer can buy wB amounts of wage 
goods by spending his hourly wages; we therefore have 

(q) 

This inequality is derived on the basis of the following biblio
graphical evidence: 'The sum of money which the labourer 
receives for his daily or weekly labour [Pn B], forms the amount 
of his nominal wages, ... But it is clear that according to the 
length of the working-day, that is, according to the amount of 
actual labour daily supplied [T], the same daily or weekly wage 
may represent very different prices of labour, i.e. very different 
sums of money for the same quantity of labour. We must, there
fore, in considering time-wages, again distinguish between the 
sum total of the daily or weekly wages, etc., and the price of 
labour. How then to find this price, i.e. the money value of a 
given quantity oflabour?' (I, pp. 543-4.) 'The value oflabour
power is determined by the value of necessaries oflife habitually 
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required by the average labourer [An B] . .. I assume (I) that 
commodities are sold at their value; (2) that the price oflabour
power rises occasionally above its value, but never sinks below 
it.' (I, p. 5I9.) It is obvious that under Marx's assumption (I) 

prices may be normalized so that An = Pn, to the effect that 
An B = Pn B. Therefore, his assumption (2) implies that 
W ~ Pn B, where W stands for the price of labour-power, i.e. 
the sum total of the daily wages. Dividing both sides of this 
inequality by T_, and denoting the rate of time-wages Wf T by w, 
we finally obtam ( I4). 

When every industry earns positive profits, we have in
equalities 

( I6) 

Then we may ask what conditions are necessary and sufficient 
for the existence of a set of non-negative prices and a wage rate 
yielding positive profits in every industry. This problem was 
first discussed by N. Okishio, in a satisfactory way creating no 
confusion between values and prices.7 It is found that there 
exists a set of prices and a wage rate fulfilling (I 5) and (I 6) if 
and only if the 'real-wage rate' w is given such that the rate of 
exploitation e is positive.8 This result, whose necessity is due to 
Okishio, while its sufficiency, though not discussed by him, is 
also easily proved, may be claimed as the Fundamental 
Marxian Theorem, because it asserts that the exploitation of 
labourers by capitalists is necessary and sufficient for the exist
ence of a price-wage set yielding positive profits or, in other 
words, for the possibility of conserving the capitalist economy. 

Let us first show that exploitation is the source of profits, in 
the sense that it is impossible for each and every industry to earn 
positive profits simultaneously unless e > o. Suppose now (I 5) 
and (I 6) hold. Substituting for w from ( 14), we have 

h > PIAI + PnwBLI, 

Pn >PIAn+ Pn wBL11, 

(Is') 

( I6') 

7 N. Okishio, 'A Mathematical Note on Marxian Theorems', Weltwirtshaftliches 
Archiv, 1963, pp. 287-99. 
8 The reciprocal of the daily working hours may be taken as an index of the level 
of the real-wage payment since the daily wages are fixed at the subsistence level. 
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from which we find that the matrix of capital coefficients and 
labour-feeding input coefficients, 

[ 
AI 

wEL1 

An ] 
wELn 

is 'productive', because Px and Pn are positive. Therefore there 
are positive output vectors x1 and Xn such that 

[XI] [ AI An ] [XI] (x 7) 
Xn > wEL1 wELn Xn · 

(See chapter 2.) Now, premultiply (17) by the positive vector 
(A1, An) and take (12) and (13) into account. We then obtain 

(A1 x1 + Anxn)- A1(A1 x1 +Anxn)- An(wEL1 x1 + wELnxn) 
= e(wAnEL1 x1 +wAnELnxn) > o 

from which e is found to be positive. 
Next we show the converse; that is to say, when there is 

exploitation it is possible for all industries to earn positive 
profits. As e > o, we have from (12) and (13) 

A1 > A1 A1 +AnwEL1, An> A1 An+AnwELn. 

Now put Px = aA1, Pn = aAn and w = aAnwE, where a is 
any positive number. It is at once seen that they are all positive 
and satisfy the conditions for positive profits, ( 1 5) and ( 1 6). 

In Marx's economics this Fundamental Theorem plays the 
role of the bridge connecting the value system ( 1 2), ( 1 3) and 
the price system (I 5)' (I 6). It justifies the Marxian proposition 
that w is set in the capitalist economy at such a level that9 

w < xj(AnE) even if we do not know the value ofw, An and E, 
if it is observed (as it is) that industries in the economy earn 
positive profits. That is to say, positive profits are observed in 
the actual economy, which implies that e is positive by the 
Fundamental Theorem, so that w < xj(AnE), i.e. the workers 
are not paid the full value of their product. 

It is not difficult now for us to list the necessary and sufficient 
conditions for positive exploitation. First of all, the technology 
has already been developed to such a level that capital goods or 
means of production are 'productive'; otherwise we would have 
negative values (see chapter 2). Secondly, the techniques 
adopted by industries are so productive that the values of wage 
0 r/ An B represents the real wage rate that would prevail if there were no 
exploitation. 
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goods An are low enough to make the total value of the means 
of su.bsistenc~ AnE less than the maximum length of the 
workmg-day T (see inequality (1) ofthis chapter). Thirdly, the 
actual working-day T is longer than the necessary labour-time 
AnE; or in other words, the 'real-wage rate' w is less than the 
maximum rate, xj(AnE). Under these conditions the formula 
(2) enables us to draw the exploitation-rate curve in the (e, w) 
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plane. !t traces out a downward sloping curve, starting from 
w = 1jT and ending at w = I/(AnE). (See fig. 1.) 'The 
working day [hence, the reciprocal of the working day, w J is 
thus not a constant, but a variable quantity.' (1, p. 232.) So 
the problem of determining the rate of exploitation is reduced 
to the problem of determining the length of the working day. 
When the worker's position is very weak, the working day will 
be prolonged as much as possible and the rate of exploitation 
will be maximized ate, the rate corresponding to w = 1 jT. 



CHAPTER 6 

The rate of profit 

In the previous chapter we have shown that if and only if 
surplus value is positive, there is a set of prices and a wage rate 
at which every industry is able to earn positive profits. These 
profits, however, are not necessarily equilibrium profits; the rate 
of profits may be different in every individual industry. Capital 
will move from one sphere of production (with a lower rate of 
profits) to another (with a higher rate) until a uniform, equi
librium rate of profits is established throughout the economy. 
In this chapter, we assume that equilibrium prices and an equi
librium rate of profits prevail in the economy and examine the 
relationship between the equilibrium rate of profits and the rate 
of surplus value. This problem of' the conversion of the rate of 
surplus-value into the rate of profit' (m, part 1), which is one 
ofthe problems of the so-called 'transformation problem', is no 
more than the problem of finding the relationship of the rate of 
profit 1T to the 'rate of real wages' w (i.e. the problem of the 
factor-price frontier discussed by many contemporary growth 
economists1), because, as we have seen in the previous chapter, 
the rate of surplus value (or the rate of exploitation) e is a 
decreasing function of the rate of real wages, w. In fact once the 
relationship, 1T = 1r(e), is found by the transformation problem, 
it is combined with the exploitation curve, e = e(w), to give the 
factor-price frontier, 1T = g( w). 

In his pioneering work on this very modern subject, Marx 
was unfortunately often confused between values and prices, so 
that he has been criticized not only by his opponents but also 
even by Marxian economists, although he gave almost correct 
solutions. He knew that equilibrium prices deviate from values 
in a capitalist economy unless some restrictive conditions are 
satisfied. 2 Accordingly, he was concerned first with the simple 

1 SeeP. A. Samuelson, 'Parable and Realism in Capital Theory: The Surrogate 
Production Function', Review of Economic Studies, I g62; and my Theory of Economic 
Growth (Oxford University Press, 1g6g), eh. 2. 
2 Marx wrote: 'We have seen how a deviation in prices of production from values 
arises from: 

( 1) addding the average profit instead of the surplus-value contained in a com
modity to its cost-price; 

[ s6 ] 
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(but restrictive) case of no distortion of equilibrium prices from 
values and then with the general case of transformation of 
values into prices. He wrote: 'In this part [part I of volume m J, 
the rate of profit is numerically different from the rate of 
surplus-value; while profit and surplus-value are treated as 
having the same numerical magnitude but only a different 
form. In the next part we shall see how the alienation goes 
further, and how profit represents a magnitude differing also 
numerically from surplus-value.' (m, p. 48.) But in spite of 
such carefulness, it is true that he failed to state the assumptions 
for his conclusions exactly and to explain his reasoning cor
rectly. However, it is also true that his intuition was strong; his 
conjectures are found to be valid. His reasoning can be clarified 
or corrected, as we shall see below, so that the fundamental 
results which he obtained are established without any signifi
cant changes, and they can also be further generalized. 

Marx's view of profit may be summarized briefly in the 
following way: 'As already shown in the first book, it is pre
cisely the fact that non-workers own the means of production 
which turns labourers into wage-workers and non-workers into 
capitalists.' (m, p. 41.) 'The capitalist does not produce a com
modity for its own sake, nor for the sake of its use-value, or his 
personal consumption' but is interested in 'excess value of the 
product over the value of the capital consumed by it.' (m, 
loc. cit.) The surplus value is a surplus over the advanced total 
capital. 'The proportion of this surplus to the total capital is 
therefore expressed by the fraction sfC, in which C stands for 
total capital. We thus obtain the rate of profit sfC = sf(c+v), as 
distinct from the rate of surplus value sfv.' (m, p. 42.) On the 
other hand, 'The ratio of this surplus-value to the advanced 
variable capital, or s/v, is called the rate of surplus-value and 
designated s'. Therefore sfv = s', and consequently s = s'v.' 
(m, p. 49.) 'Now, substituting fors its equivalent s'v, we find 
p' = s'vfC = s'vf(c+v), which equation may also be expressed 
by the proportion, p': s' = v: C (m, p. 50), where p' represents 

(2) the price of production, which so deviates from the value of a commodity, 
entering into the cost-price of other commodities as one of its elements, so that the 
cost-price of a commodity may already contain a deviation from value in those 
means of production consumed by it, quite aside from a deviation of its own which 
may arise through a difference between the average profit and the surplus-value.' 
(m, pp. 206-7.) 
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the rate of profit. 'It follows from this proposition that the rate 
of profit, p', is always smaller than s', the rate of surplus-value, 
because v, the variable capital, is always smaller than C, the sum 
of v + c, or the variable plus the constant capital.' (m, loc. cit.) 

Then Marx went on 'to apply the above-mentioned equation 
of the rate of profit, p' = s'v/C, to the various possible cases' 
(m, p. 53). He separated the product on the right-hand side 
into its two factors s' and v(C and, treating one of them as 
constant, analysed the effect of the possible variations of the 
other. He obtained results such as (i) 'The rates ofprofit oftwo 
different capitals, or of one and the same capital in two succes
sive different conditions, are equal, (I) if the per cent composition 
of the capitals is the same and their rates of surplus-value are 
equal; (2) ... ' (m, p. 6g). (ii) 'They are unequal .. . if the rates 
of surplus-value are the same and the per cent composition is 
unequal.' (m, loc. cit.) (iii) The rate of profit falls 'if the con
stant capital is augmented to such an extent that the total 
capital grows at a faster rate than the variable capital' (m, 
p. 6I). 

However, these quotations from part I of volume m of Capital 
show that Marx had not fully realized the implications of his 
theory of value. First of all, these formulas and results were 
obtained under the assumption that the profits (in terms of 
money or some other numeraire) and surplus values (in terms 
oflabour-time) of individual industries are proportional to each 
other, so that profits may be normalized at a level such that 
they are numerically equal to the corresponding surplus value. 
Let Tii and Si stand for the profits and the surplus value of 
industry i; 3 and let GiP and V.P be constant and variable capitals 
in terms of prices. If we assume Tii = Si for each industry i (as 
Marx did in part I of volume 111), then we have GiP + V. P = Ci + V. 
for each i (see p. 75 below for a proof). Hence 

I V. ( • ) 
1Ti =Si-c TT l = I, ... , m, 

i + yi 

3 The C;, V;,S; in this chapter differ from those in chapters 5 and 7 in standing for 
the constant capital, the variable capital and the surplus value utilized or produced 
by industry i, but not corutant and variable capitals and surplus value per unit of 
commodity i. Therefore in this chapter I:C;, for example, represents the total con
stant capital coruumed in the economy, while in the other chapters C;s must be 
summed after being multiplied by the output of industry i, to give the total 
constant capital of the society. The same comment applies to C;P, V;P, and II;. 
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where rri an~ s/ are the rate of profit and the rate of surplus 
value respectively. We may then ask under what conditions we 
have ni = si and GiP+ ji~ /) = ci +V. for all i, and we shall find 
that we may equate profits and surplus value, and prices and 
values, if and only if all industries have the same value
composition of capital. (This conclusion will be established 
mathematically in the next chapter.) Therefore the equa
tions (I) imply that 

so that it follows from (I) that rr1 = ... = rrm if s1' = ... = sm'· 
Hence we cannot derive Marx's proposition (ii) quoted above 
from the formula (I), whilst in his proposition (i) the condition 
that 'the per cent composition of the capitals is the same' is 
redundant. 

On the basis of the same formula (I), Samuelson criticized 
Marx as follows: 'Volume I's first approximation of equal posi
tive rates of surplus value, Si/V., is not a simplifying assumption, 
but rather- to the extent it contradicts equal profits rates Si/ (V.+ Ci)
a complicating detour.' 4 (My italics.) Thus he too failed to 
realize that the identity of the rate of profit with Sd (V.+ Ci) 
assumes equal value-compositions of capital, so that there is no 
contradiction between equal profits rates and equal rates of 
surplus values, once the identity of rri with Si/ (V.+ Ci) 1s 
assumed. 

In part II of volume m Marx was concerned with the general 
case of profits of industries being not necessarily proportional to 
their surplus values. He assumed there that the value-composi
tion of capital might differ from industry to industry and that 
the rate of exploitation was equalized throughout the economy. 
It is then seen that, with such techniques of production, the 
equilibrium prices deviate from the values of commodities and 
the profits of the industries at the equilibrium rate are not pro
portional to their surplus values. Even in such cases it is true 
that prices can be normalized so that the total profits are 
numerically equal to the sum of the surplus values. Marx had 
an equation, ~ni =~Si, and took rr = ~Sif~(Ci +V.) as an 
approximation to the equilibrium rate of profits. He then 

4 Samuelson, '\Vages and Interest', p. 8g2. 
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calculated profits of individual industriesas1r(Ci + ll;), i = 1, ... , m, 
and prices as (I + 7T) ( Ci + J/;). 

However, it is evident that, except in the special case which is 
discussed in detail in the next chapter, profits and prices thus 
calculated are no more than first approximations to the 
true equilibrium profits and prices. Obviously, Ci and J!; are 
calculated in terms of value. They are the value of the raw 
materials and services of capital goods consumed in the process 
of producing commodity i and the value of wage goods con
sumed by the workers engaged in the production of i, respec
tively. When prices do not coincide with values, Ci and J!; no 
longer represent the costs of production in terms of money, on 
the basis of which production prices and the rate of profits are 
calculated. Marx wrote: 'Since the price of production may 
differ from the value of a commodity, it follows that the cost
price of a commodity containing this price of production of 
another commodity may also stand above or below that portion 
of its total value derived from the value of the means of produc
tion consumed by it. It is necessary to remember this modified 
significance of the cost-price, and to bear in mind that there is 
always the possibility of an error if the cost-price of a commodity 
in any particular sphere is identified with the value of the means 
of production consumed by it.' (m, pp. 164-5.) Therefore the 
costs of production have to be recalculated in terms of the 
prices ( 1 + 1r) (Ci + ll;) which Marx obtained as first approxima
tions, and new prices as well as a new rate of profits are calcu
lated on the basis of the revised costs of production. This process 
of recalculation has to be repeated until the correct equilibrium 
prices and rate of profit are obtained. However Marx com
pletely avoided this iteration procedure and was reconciled to 
an approximate solution to the problem. 

Samuelson has pointed out that there is a singular case in 
which Marx's approximation becomes exact. In this case, 
which he calls the case of 'equal internal compositions of 
capital', the following two conditions are satisfied: ( 1) 'every 
one of the departments happens to use the various raw materials 
and machine services [or more correctly, all kinds of com
modities] in the same proportions that society produces them 
in toto', and (2) 'the minimum-subsistence budget is a market 
basket of goods that comes in those same relative proportions 
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as the goods are used as inputs in production.' 5 In fact, under 
these assumptions, it is seen that the ratio, 1T = 'f.SJL(Ci + li;), 
calculated from the value-determination equations, gives the 
equilibrium rate of profits and that the capital costs and the 
wage costs of m industries are proportional to their constant and 
variable capitals, Ci and J/;, i = I, ... , m, SO that the relative 
prices may be calculated at (I + 7T) ( ci + ll;)' i = I' ... 'm. Thus 
Samuelson is logically correct in concluding that Marx's algo
rithm is valid (i.e. his approximation is accurate) under the 
above mentioned conditions. But it must also be noticed that 
Marx's system never satisfies these conditions, because in his 
system wage goods are distinguished from capital goods, so that 
capital goods do not appear in the worker's market basket of 
goods (therefore condition (2) above is not applicable to his 
system), whilst wage goods cannot be direct inputs of the pro
duction of commodities (this contradicts condition ( 1)). 

In any case, in deriving the equation, p' = s'vjC, Marx did 
not fully recognize that prices and the rate of profits are 
variables in the price system, while values and the rate of 
exploitation are variables in the value system. If this fact had 
been fully admitted, he could not have obtained the equation 
so simply as he actually derived it. We must therefore ask how 
we can establish his fundamental equation and whether his 
main conclusion, that the rate of profit is always smaller than 
the rate of exploitation, can remain valid if the problem is cor
rectly dealt with. Furthermore, we may ask under what condi
tions the confusion Marx made between prices and values can 
be justified. In this section we confine ourselves to discussing 
the first two problems and postpone our examination of the last 
to the next chapter. 

As we have so far implicitly assumed in the value-determining 
equations, 'we shall assume, for the sake of simplicity, that the 
constant capital is everywhere uniformly and entirely trans
ferred to the annual product of the capitals' (m, p. 154). At 
prices taken arbitrarily, 'the rates of profit prevailing in the 
various branches of production are originally very different. 
These different rates of profit are equalised by competition to 

5 Samuelson, 'Understanding the Marxian Notion of Exploitation: A Summary 
of the So-Called Transformation Problem between Marxian Values and Com
petitive Prices', Journal of Economic Literature, June 1971. 
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a single general rate of profit.' (m, p. I s8.) Let 1T be the equi
librium rate of profit, Pi the price of commodity i, and w the 
wage rate per labour-time. PI and p11 are price vectors of capital 
goods and wage and luxury goods respectively. Then at the long
run equilibrium where the rates of profit are equalized we have6 

PI= (1 +rr) (PIA 1 +wL1), (3) 

p11 = (1 +rr) (PIA 11 +wL11), 

or, in terms oflabour, 

h w = (I +rr) (PI,wAI +LI), 

Pn,w =(I +rr) (PI,wAn+Ln), 

where PI, w is the vector of prices of capital goods in terms of 
labour, i.e. (p / p / p / )· PI,w = 1 w, 2 w, ... , n W ' 

similarly, Pn,w = (Pn+Ifw, ... ,pmfw). 

Next it is assumed that wages are fixed at a level at which 
workers can only purchase the daily means of subsistence B. It 
is further assumed that workers must work T hours a day and 
are incapable of choosing goods. Then the wage rate per 
labour-time w is given as 

w = p11 wB, (5) 

where w = 1 J T may be considered as the index of the real 
wage rate. From (5) we have 

1 = Pn, w wB. (s') 

If rr is given, then (3') and (4') determine prices in terms of 
labour, PI,w• Pn,w• and (5') therefore determines the real wage 
rate w. Or conversely if w is given, then the whole system of 
equations (3')-(5') determines prices and the rate of profit. As 
an increase in rr gives rise to an increase in PI, w determined 
by (3') and hence to an increase in Pn w by (4'), the real wage 
rate obtained from (4') must be diminished. The downward 
6 Marx explained equations (3) and (4) as follows: 'under capitalist production 
the elements of productive capital are, as a rule, bought on the market, and ... for 
this reason their prices include profit which has already been realised, hence, 
include the price of production of the respective branch of industry together with 
the profit contained in it, so that the profit of one branch of industry goes into the 
cost price of another.' (m, p. I 6o.) 
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sloping curve, w = f(rr) or 1T = g(w), is called the factor-price 
frontier or the wage-profit frontier by recent writers/ and in 
addition to the slope property, it has the following two pro
perties: (i) When the rate of profit is set at zero, prices in terms 
oflabour equal the respective values, so that (5') is reduced to 
w = 1j(A11 B); that is to say, the wage rate is fixed at its maxi
mum, or the entire net outputs are paid to the workers as we 
have observed with simple commodity production. (ii) When 
the real wage rate tends to zero, the rate of profits approaches 
a positive value 1T fulfillingB 

PI,w = (1 +rr)PI,wAI, (6) 

with a row vector PI, w• whose components are all positive. In 
view of these properties we may depict the wage-profit frontier 
as in figure 2. 

Let us now establish Marx's main result, that the rate of 
profit is always less than the rate of exploitation (or the rate of 
surplus value), i.e. rr < e (or p' < s' in Marx's notation). This 
was first proved by Seton and myself and also by Okishio.9 As 
the rate of exploitation is defined as the ratio of unpaid labour 
T- A11 B to paid labour AnB, we have 

(1 +e) A11 B = T or (1 +e) A11 wB = 1, (7) 

where w = I/ T. e is positive since the value of the subsistence 
basket of goods A11 B is less than the daily working hours T. 
The value-determining equations can be written 

A1 = A1A1+L1 = A1A1 +[(I +e)A11 wB]L1, (8) 

A11 = A1A11 +L11 = A1A11 +[(I +e)A11 wB]L11, (g) 

since the parts in square brackets are unity, because of (7). Let 
7 See, for example, my Theory of Economic Growth, p. 22. 
8 It is at once seen from (3') that we have (6) when w = o. (6) implies that frr. w 
is the eigenvector of A1, while I + 7T is the reciprocal of its eigenvalue. By the 
Frobenius theorem the non-negative matrix A1, which is assumed to be indecom
posable, has one and only one positive eigenvalue v*, which is associated with a 
non-negative eigenvector p*. Moreover, p* is found to be positive because of the 
indecomposability of A1. As A1 is also assumed to be 'productive', there is a positive 
vector x such that x > Ax. Premultiply this inequality by p* and postmultiply 
v*p* = p* A1 by such an x; we then have p*x > v*p*x = p* A1 x; so I > v* > o. 
Putting I+ 7T = I Jv* and Pr. u: = p*, we find 7T > o and PI. w > o. 
9 M. Morishima and F. Seton, 'Aggregation'; N. Okishio, 'Marxian Theorems'. 
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us now add eAIAI and eAIAn to the right-hand sides of (8) and 
(g) respectively. Then 

AI< (I +e) [AIAI+AnwBLI] (10) 

An< (I +e) [AIAn+AnwBLnJ· (II) 
In ( IO), strict inequality must hold for each capital good 
because e > o, AI > o and each column of AI has at least one 
positive element, as it is indecomposable, so that eAIAI > o. 

e, 7T 

The exploitation-rate curve 

The wage-profit curve 

w 

Fig. 2 

Strict inequality (I I) is obtained by strengthening assumption 
(ii) of chapter 2 into assumption (ii'), that each column of An 
has at least one positive element (that is, each wage or luxury 
good uses at least one capital good.10 ( IO) and (I I) can be 
written as A< (I +e) AM, (I2) 

where A = (A1, An) and M = [ AI 
wBL1 

An ] 
wBLn · 

10 This modification of the assumption is necessary for Marx's conclusion 11 < e. 
Otherwise we cannot rule out the case of 11 = e, which is obtained when only those 
wage and luxury goods which do not use capital goods at all are produced. 
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We can then see that there is no non-negative, non-zero column 
vector x such that 

x = (I +f) Mx, for somej?;; e, 

because if there were a non-negative, non-zero x, then it would 
follow from (I 2) and (I 3) that 

Ax <(I +e) AMx ~(I +f) AMx = Ax, 

as self-contradiction. 
On the other hand, substituting the wage equation (5) into 

the price-determining equations, we have 

PI= (I +JT) [PJAI+PnwBLJ], 

Pn =(I +JT) [PIAn+PnwBLu], 

or, in a more concise form, 

p = (I +1r)pM, 

where p = (PI,Pn) > o. Now suppose the contrary of Marx's 
result, that is JT ?;; e. Let x be a vector satisfying 

x = (I +JT) Mx. 

As has been seen above, there is no non-negative, non-zero 
vector x because JT ?;; e, so that x contains some negative com
ponents. Let the vector obtained by replacing these components 
by o be denoted as x*, then obviously Mx ~ Mx* ?;; o. There
fore, from (I 5) 11 

x* ~ (=l=)(I+JT)Mx*. 

This contradicts (I4), because we have px* =(I +JT)pMx* 
from it, whereas px* < (I +JT)pMx* from (I6). This means 
that the contrary ofMarx's result cannot be valid; that is to say, 
the equilibrium rate of profits cannot be as great as the rate of 
exploitation. In other words, in the state of equilibrium, where 
every industry yields profits at an equal positive rate, workers 
are inevitably exploited by capitalists at a greater positive rate. 

The rest of this chapter is devoted to an extension of the above 
Morishima-Seton-Okishio theorem to the case where workers 
can choose goods. We assume that all workers are homogeneous 
11 (16) must hold with strict inequality for at least one commodity i; otherwise 
there is a non-negative, non-zero x fulfilling (15), a contradiction. 

3 MME 
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in tastes. Let Fbe the vector of the amounts of wage goods which 
a worker consumes by spending the whole of his daily wages. 
As he works Thours a day at the wage rate per hour w, we have 

wT = PnF. 

When the worker can choose goods, each element ofF, deter
mined by maximizing his utility subject to the budget con
straint (I 7), is homogeneous of degree zero in prices Pn and 
wages wT; that is to say, F(A/Jn, AwT) remains unchanged for 
all positive A. By taking A = I lw, we get 

F = F(Pn, w• T) 

since h w = Alw. Therefore we have from (I 7) 

T = Pn,wF(Pn,w• T) or I = Pn,wD (I7') 

where D = (I IT) F(Pn, w• T). 

The rate of exploitation (or the rate of surplus value) is now 
defined as 

T-AuF(PJ1,w, T) I -AnD. 
e = AuF(Pn,w• T) = AnD ' 

or in other words, by defining the 'necessary working-time' as 
the labour required for the production of the wage goods actually 
consumed each day by the average worker, and the 'surplus 
working-time' as the excess of the daily working-time over the 
'necessary working-time', we extend the concept of the rate of 
exploitation so that it means the ratio of the 'surplus working
time' to the 'necessary working-time', thus defined. It is noted 
that the rate of exploitation thus redefined depends not only 
on T but also on Pn, w· 

In order to define the real wage rate per labour-time, let us 
reintroduce the daily means of subsistence B as the reference con
sumption vector. The real-wage rate w is then defined as the 
number of reference consumption baskets which a worker can 
purchase by his hourly wages 

W I 
W=--=---

PuB Pn,wB. 

As is easily seen from ( 1 7), w equals 1 IT as before when 
F(Pn,w• T) is fixed at B; but now w may differ from IIT, since 
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the worker does not always choose the reference consumption 
basket B. 

We can now draw a downward-sloping wage-profit frontier 
in exactly the same way as before. An increase in 1T yields an 
increase in PI. w by (3'), which in turn yields an increase in 
Pn. w by (4'); finally it brings about a decrease in the real wage 
rate w, because of (Ig). As for the slope of the exploitation-rate 
curve, however, we cannot say whether it is decreasing or 
increasing, because we do not know how 

reacts to a change in the real wage rate. 
It is rather surprising that, in spite of such poor information 

about the exploitation-rate curve, the Morishima-Seton
Okishio Theorem still remains valid. This is seen in the 
following wayP First (I 7') enables us to write the price
determining equations (3') and (4') as 

PI = (I+ 'TT) (PIAI + PnDLI), 

Pn =(I +'TT) (PIAn+PnDLu), 

or, in matrix form p = (1 +1T)pN, 

where and 

(20) 

Asp > o, I + 1T > o, and N is a non-negative square matrix, we 
can show that there is a non-negative vector y such that13 

y =(I +'TT) Ny. 

12 We could prove the extended theorem in exactly the same way as we have 
just proved the original theorem, but we choose a slightly different way (that is the 
way in which Morishima and Seton proved the latter) because equation (24) below, 
explicitly relating 11 toe (or vice versa), is very important. 
13 This is easily shown by using an argument which is already familiar. Suppose 
y contains some negative components; then we have 

y* .::;; ( *) (I +11) Ny*, 

where y* is a non-negative vector obtained by replacing negative components of 
y by o. Postmultiply (20) be y* and premultiply the above inequality by p; we 
then have 

py* < (1+11)pNy* =py* 

asp > o and y* ;;;> ( 9=) o. This is a contradiction; hence y ;;;> o. 
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Next, in view of (18), we can write the value-determining 
equations (8) and (g) as 

A1 = A1 A1 +(I +e) AnDL1, 

An = A1 An + (I+ e) AnDLn. 

Let YI be the subvector of y consisting of the first n components 
and let Yn be the subvector consisting of the remaining m- n 
components of y. Postmultiply (22) and (23) by YI and Yn 
respectively, and then add them up. The result is then compared 
with (2I) premultiplied by A. We obtain the Morishima-Seton 
equation 

V 
.., = e C+ V' 

where V= An DLIYI + AnDLnYm 

C = AIAIYI + AIAnYn· 

As will be seen later, YI and Yn are the proportions of outputs 
along the balanced equilibrium growth path which is called the 
'golden age' path by modern economists, and which could be 
established if capitalists did not consume and workers did not 
save. Cj V gives the value-composition of capital of the whole 
economy along the 'golden age' equilibrium path. In the 
revised Marx formula (24), the total constant capital C and the 
total variable capital V are measured in terms of value. They are 
both positive, because (i) the values, AI, Am are positive, (ii) the 
output vector YI is strictly positive and Yn non-negative, non
zero, (iii) the capital-input coefficient matrix of the capital-good 
industries is non-negative and indecomposable, (iv) the worker's 
demands and the labour-input coefficient vector, D and LI, are 
non-negative and non-zero, and (v) the capital-input and 
labour-input coefficients of the wage-good industries, An and 
Lu, are non-negative.14 Hence it is evident that the rate of profits 
is lower than the rate of exploitation, unless the latter is zero. 
This revised and extended Marx result again confirms the neces
sity of' exploitation' for positive profits in a capitalist economy. 

Finally we compare the various conditions so far discussed, 
under which Marx's identification of the profit rate 1T with the 

u Result (ii) is based inter alia on the assumption that each column of Au has at 
least one positive entry. Otherwise it is possible that Yr = o, Yrr ;::, o, 9= o, and 
AuYn = o; therefore C = o, so that 1T = e. 

11 
\I 
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ratio of the surplus value to total capital Sj ( C + V) has been 
shown to be admissible. Four cases deserve our attention the 

' first of which is the case of no exploitation and no profit satisfying 
1T = Sf ( C + V) at o = o trivially. Such a state of affairs is no more 
than an imaginary state, conceivable only under simply com
modity production, and can hardly happen in an actual capitalist 
economy. 

Secondly, if all industries have the same value composition of 
capital, then prices are proportional to values (see chapter 7 
below), so that 

for some common a. Let x1, Xn be the output vectors of the 
capital-good and wage and luxury-good industries respectively. 
Let C and V be the aggregate constant and variable capitals 
used, and S the aggregate surplus value produced in the economy. 
By definition we have 

C = A1 (A1 x1 +Anxn), 

V= (wAn B) (L1x1 +Lnxn), 

S = A1 x1 +Anxn-C- V. 

Bearing (25) and the budget equation (5) in mind, we obtain 

aC = PI(Aix1 +Anxn), 

a V= w(Lixi +Lnxn), 

aS= PJx1 +PnXn-aC-aV. 

That is to say, aC +a V equals the aggregate total capital in terms 
of money and aS gives the aggregate profit. Therefore 
.., = Sj(C+ V). 

This view, too, is incompatible with Marx's other intention. 
In volume I he developed a one-sector analysis, but in volume m 
he wanted to construct a two- or three-departmental macro
economic model, by aggregating all capital-good industries into 
one capital-good department, all wage-good industries into one 
wage-good department and all luxury-good industries into one 
luxury-good department. Disaggregation into wage and luxury
good departments is not essential, but Marx considered that the 
capital good department had to be distinguished from the 
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wage-good department. This means that the aggregation con
dition is not satisfied between capital and wage-good industries. 

As will be shown in chapter 8 below, the aggregation condi
tion of Marx's model may be given in terms of the value com
position of capital: If two industries have the same value 
composition of capital they can safely be aggregated into a 
larger sector. This implies that in constructing his two- or three
departmental model Marx tacitly assumed that all capital-good 
industries had the same value composition of capital, which was 
different from that of wage-good industries, which were also 
identical with each other in their value composition. Under this 
assumption PI is proportional to A1 and Pn to An with different 
proportionality factors; accordingly it contradicts (25). Hence 
Marx would not accept the second escape route we have offered, 
although it is applicable to his analysis in volume I, where it is 
assumed that all industries are homogeneous in value structure. 

The third justification for Marx's result has been proposed by 
Samuelson. He justifies Marx's formula of conversion of the rate 
of exploitation into the rate of profits by restricting the produc
tion processes and the market basket of goods so as to satisfy 
Samuelson's condition of equal internal compositions of capital. 
But this is an extremely special (and even odd) case which does 
not usually happen in the actual world, and moreover the condi
tion is never satisfied in Marx's system, where wage goods are 
not directly used in the production of commodities and capital 
goods are not directly consumed by workers. Therefore 
Samuelson's proposal should also be rejected. 

The resolution which I recommend here does not impose any 
stringent restriction on technology and worker's consumption. 
It only proposes to weight the constant and variable capitals of 
individual industries by the characteristic vectors y1, Ym instead 
of weighting the constant and variable industrial capitals by 
actual outputs. However, as long as we confine ourselves to the 
analysis of static equilibrium, there is no reason why com
modities should be produced in the same proportion as y1 and 
Yn· Thus we are inclined to conclude at the outset that Marx 
would reject this resolution too; but it will later be seen that by 
reinterpreting y as the 'golden age' or von Neumann output 
vector, (24) is accepted as the relationship to be realized along 
the 'golden' equilibrium growth path. This means that the 
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problem of justifying Marx's formula, 7T = SJ(C +V), can be 
solved only by coupling the system of value and price determina
tion with the dynamic system of output determination. It may 
thus be worth emphasizing that the resolution of the problem 
requires a full recognition of the von Neumann duality between 
production and valuation. In view of the fact that since the von 
Neumann revolution the 'golden age' equilibrium prices and 
output proportions have often been used as the reference prices 
and output proportions,15 it is not particularly surprising that 
Marx's formula can be fully rehabilitated in this way. Finally, 
it is added that irrespective of whether the 'golden age' is 
realized or not, (24) is always valid as a relationship for a hypo
thetical hybrid (or standardized) industry which produces all 
commodities in the von Neumann proportions. 

The final paragraph is devoted to showing that wage-prices 
are greater than the corresponding values if all industries earn 
positive profits. It is easy to prove this. As every industry earns 
profits, we have 

so that 

for capital-good industries because (/- A1) -l > o. Hence we 
have 

Pn,w > Pr,wAn +Ln > ArAn +Ln = An 

for wage and luxury-good industries. It is noted that these in
equalities hold even if rates of profit are not equalized since the 
equal rate of profit plays no part in the proof. 

15 See, for example, my Theory of Economic Growth. It is noted that Marx's produc
tion prices are no more than the 'golden age' equilibrium prices. 



PART Ill 

The Transformation Problem 

CHAPTER 7 

The static traniformation problem 

Marx's transformation problem consists of two subproblems: one 
is the problem of converting the rate of surplus value into the rate 
of profit, and the other the problem of converting the values of 
commodities into their production prices. The former was dis
cussed in the last chapter, where it was seen that Marx's rather 
confusing formula- that the equilibrium rate of profit equals the 
surplus value divided by the value of constant and variable 
capitals- is always valid, with no restrictive assumptions, pro
vided that the surplus value and the value of constant and vari
able capitals are evaluated in the equilibrium state of balanced 
growth. However, in this chapter, which is devoted to an exami
nation of the second subproblem, we arrive at a completely 
different conclusion. We do not obtain the results which Marx 
derived by his peculiar algorithm of calculating production 
prices from values, even if we assume equilibrium balanced 
growth, unless an extra condition is satisfied. Although this addi
tional condition required for the validity of Marx's algorithm is 
weaker than the traditional condition of equal value-composi
tions of capital and the condition of' equal internal compositions 
of capital' newly proposed by Samuelson, it is still very restric
tive, since it implies that industries are 'linearly dependent' (in 
the sense defined later) on each other. Therefore we must con
clude that Marx's algorithm does not generally convert values 
into production prices correctly. 

Before proceeding to a detailed examination of the trans
formation problem, let us first summarize Marx's conclusions. 
The following five conclusions are particularly important: 

(i) 'the sum of the prices of production of all commodities 
produced in society- the totality of all branches of production
is equal to the sum of their values.' (m, pp. 15g-6o.) 

(ii) 'It remains true, nevertheless, that the cost-price of 
a commodity is always smaller than its value.' (m, p. 165.) 
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(iii) 'Surplus-value and profit are identical from the stand
point of their mass.' (m. p. 167.) 

(iv) 'Aside from possible differences in the periods of turn
over, the price of production of the commodities would then 
equal their value only in spheres, in which the composition [of 
capital] would happen to be [the same].' (m, p. 163.) 

(v) 'The value of the commodities produced by capital [of 
higher value composition] would, therefore, be smaller than 
their price of production, the price of production of the com
modities [produced by capital of lower composition] smaller 
than their value.' (m, p. 164.) 

From these, particularly from (iv) and (v), it is evident that 
Marx was aware that under a capitalist system of production 
the' law of value' was not in force in its pure and simple form and 
that prices of commodities would deviate from their values. On 
the other hand, it is also clear from (i), (ii) and (iii) that he often 
confused an account in terms of values with the corresponding 
account in terms of price, in spite of the obvious fact that price 
and value are dimensionally different; the former is measured 
in terms of money or some other commodity taken as numeraire, 
the latter in terms oflabour-time. Therefore a rigorous treatment 
of the transformation problem is possible only by normalizing 
prices so that they are dimensionally identical with values. 

The problem of normalization is not difficult at all. If prices 
are measured in terms of labour they can be compared with 
values. The price of commodity i in terms oflabour, denoted by 
Pi,w = Afw, expresses the amount of labour which can be 
obtained by offering a unit of commodity i, or the amount of 
labour which commodity i can command in exchange. Then the 
price Pi. wand the value .Ai are both measured in terms oflabour, 
so that propositions concerning their equality or inequality 
become meaningful. As has been seen in chapter 6, the price 
Pi, w is greater than the value .Ai for any commodity i when all 
industries earn positive profits. It follows, therefore, that 
Pi,w = .Ai, i = 1, ... , h, if and only if the uniform rate of profit 1T is 
zero. On the other hand, it was also seen in chapter 6 that the 
uniform rate ofprofits 1T is zero if and only if the uniform rate of 
exploitation e is zero. 

From these one might be inclined to conclude that the labour 
theory of value is only true in the trivial case of e = 1T = o. In fact 
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Samuelson writes: 'I have not the space to deal with the defen
sive argument that volume r's labour theory is a (needed or 
unneeded?) simplifying first approximation ... to my mind, the 
only legitimate first approximation would be that of Smith and 
Ricardo in which the labour theory is first introduced with zero 
surplus value or profits ... but is then to be dropped as unrealistic. 
Volume r's first approximation of equal positive rates of surplus 
values, Si/V;,, is not a simplifying assumption but rather- to the 
extent it contradicts equal profits rates Si/ (V;,+ Ci)- a compli
cating detour.' 1 However, this view of Samuelson's ignores 
Marx's intention of generalizing the classical labour theory of 
value. As will be made clearer at the end of this chapter, Marx 
extended it not primarily in order to verify the (exact or approxi
mate) equality between prices and values, but to show how and 
why prices deviate from values under capitalist production; 
Marx was motivated by a desire to reveal the deceptiveness of 
capitalist accounting in terms of prices. 

Thus the production prices of commodities in terms oflabour 
are greater than the corresponding values, as long as the equi
librium rate of profit is positive. It is therefore impossible to have 
Marx's conclusions (i) and (iii), except in the trivial case where 
the rate of exploitation and the rate of profit are zero. They are 
meaningless unless we interpret them as asserting that the total 
outputs in terms of prices and the total profits are proportional 
to the total 'value' of outputs and the total surplus value. Simi
larly part I of volume m of Capital, where Marx was concerned 
with the case of profit and surplus value having the same 
numerical magnitude, should be interpreted as treating the case 
where the profits of all individual sectors are proportional to 
their surplus values. 

Let us now show that profits and surplus values are propor
tional throughout the economy, if and only if all industries have 
the same value-composition of capital. Let Ci and V;, be the value 
of constant capital and the value of variable capital required for 
1 Samuelson, 'Wages and Interest', pp. 8g1-2. It must be pointed out again that 
Samuelson erroneously defines constant capital C;, variable capital V; and surplus 
valueS; in terms of prices, so that the uniform rate of profits contradicts the uniform 
rate of exploitation, unless very restricted conditions are satisfied. If he had defined 
C;, V;, S; correctly in terms of values and had calculated the rate of profit from the 
price-determining equations, then equal exploitation rates would not contradict 
equal profit rates, as we have seen in chapter 6. 
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producing one unit of output of industry i, i = r, ... , m, whilst the 
corresponding accounts in terms of prices are denoted by GiP 
and V;_P. Evidently, 

n 

GiP = ~ piaii• 
j=l 

(r) 

where aii and li represent material and labour-input coefficients, 
bi the quantity of wage goodj consumed by a worker per day, 
and w the reciprocal of the working hours per day; it is noted that 
labour inputs are measured in terms of man-hours. Also, let Si 
and Tii be the surplus value and the profit per unit of output i 
respectively. Then the proposition we are now tackling may be 
stated as follows: nl, ... , nm are proportional to sl, ... , sm, if and 
only if 

First we show the necessity. We have 

Ai-(Ci+V;,)=Si (i=r, ... ,m), 

A-(CiP+V;_P) = ni (i= I, ... ,m). 

(3) 

(4) 

Since Si =ani (where a stands for the proportionality factor), 
we obtain, in view of the definitions of ci, V;,, GiP and V;_P, 

where2 

(A-ap) (I-M)= S-aD= o, 

M- [ Ar 
- wBL

1 

An ] 
wBL11 • 

(5) 

(6) 

We can show that I- M is not singular, because A1 is productive 
and exploitation is positive. Therefore (5) implies A = ap; in 
other words prices are proportional to values. Then we obtain 
ci = aCiP and V;,= aV;_P, i = I, ... , m. We now have 

2 In the following, S, C, V denote m-dimensional vectors and should not be confused 
with the same symbols in the last chapter. 
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where e represents the rate of exploitation. As the rate of profit 
is equalized throughout the economy, the m ratios given by (7) 
are equal to each other, so that we obtain (2); that is to say, every 
industry must have an identical value composition of capital. 

Next let us deal with the sufficiency. The equal value com
position of capital (2) implies 

( 2') 

Write this common ratio as JT; then the value equation (3) can 
be written as 

(I +JT) (Ci + ~) = ,\ (i = I, ... , m). (8) 

Asci= aCiP and~= a~P, i = I, ... , m, for p fulfilling A= ap, 
(8) implies that the law of equal rates of profit holds at those 
prices which are taken so as to be proportional to values: 

(I +JT) (CiP+v:v) =Pi (i =I, ... ,m); (g) 

and we can prove the uniqueness of the equilibrium prices. 
Since si = JT(Ci + ~) from (8) and rri = JT(CiP + ~P) from (g), 
we obtain Si= aiJi, i = I, ... , m, in view of Ci = aCiP and 
~ = a~P; that is, profits are proportional to surplus values. 

Now we turn to Marx's discussion in part 11 of volume m. 
He was concerned there with the transformation of values into 
prices under the assumption that the profits determined by the 
equilibrium price-cost equations are not proportional to the 
surplus values, so that the equations of the value-compositions 
of capital (2) are not assumed. In this case, as was seen in the 
last chapter, the prices are calculated by the following corrected 
Marxian algorithm: first outputsyi, i =I, ... , m, in the equi
librium state of balanced growth are calculated; then the total 

m 
surplus value acquired in the equilibrium state, ~ S1y1, is 

j=l 

divided by the corresponding total value of constant and variable 
m 

capitals, ~ (Ci + Tj) yi, to obtain the equilibrium rate of profit 1r; 
j=l 

and finally the production prices are calculated by the formula: 

qi = (I +JT) (Ci + ~) (i = I, ... , m). (IO) 

These Marxian prices q1, •.. , qm, however, may still deviate from 
the true equilibrium prices, p1, ..• ,pm, which are determined 
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by (g). In fact although the rate ofprofit in (Io), which is given 
as 1r = '2:.S1 yJL. ( C1 + Tj) yi, equals the equilibrium rate of profit 
in (g) as we saw in the last chapter, (GiP+ ~P)'s are not equal or 
proportional to (Ci +~)'sunless some additional conditions are 
satisfied, so that qis are not equal or proportional to pis. As was 
pointed out in the previous chapter, Marx knew this, so that he 
himself regarded his algorithm as the formula for obtaining first 
approximations to the true equilibrium production prices.3 

However there are some special cases where the first approxima
tions give the true prices precisely. 

It is clear from (8) and ( IO) that the Marxian prices equal 
values if all industries are identical in the value-composition of 
capital. In this case, they are also equal to the true equilibrium 
prices, since q = A = (I + 1r) AM, because C + V= AM. Thus 
the equations ( 2) are sufficient (but not necessary) for the correct
ness of the Marxian algorithm. As the equations (2) are 
equivalent with4 

Ci+~ (i=I, ... ,m), (I I) 

the condition of identical value-composition of capital may be 
weakened into 

JT(C+V)M=SM or (JT(C+V)-S)M=o, (I2) 

in view of 1T = 'J:.Sj Yi(L.( cj + Tj) Yi· (I 2) implies the singularity 
of M, i.e. !M! = o, 5 but not vice versa. 

Column i of the matrix M has capital-input coefficients 
a1i, ... , ani and labour-feeding input coefficients wbn+Ili, .. . , wbmli> 
of industry i as its components. The condition, !M! = o, im
plies that one of the columns of M can be expressed as a linear 
3 It is noted that the matrix (1 +11)M is a Markov matrix. The true production 
prices are ergodic solutions to the Markov-chain problem 

Pt = PH( 1 + 11)M. 

Marx started the iteration process with the initial position p0 = A and obtained the 
the first-round solution, p, = q. He stated that the iteration should be continued. 
• Equations (1 1) at once follow from (2'), as Si = eVi. 
5 If11(C+ V) -S =I= o, then IMI = o. If11(C+ V) -S = o, the value composition of 
capital is equated throughout the economy, so that C = kV, where k is a scalar. As 
C = (A1 Ab A1 Arr) and V= (wAnBL1, wAnBLu), we have 

C-kV =(AI> -kAu)M = o; 

hence IMI = o, because A1 =I= o and An =I= o. In any case we thus have IMI = o 
if (12) holds. 
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combination of the other columns. In spite of the fact that the 
singularity of M does not imply (I 2), the latter is, for the sake of 
convenience, referred to as the assumption oflinearly dependent 
industries. It is seen that in the case of the economy having only 
two industries, the condition of linearly dependent industries is 
reduced to the traditional condition of the identical value com
position of capital, while if the number of industries is greater 
than two, the former is weaker than the latter. It is also seen that 
Samuelson's singular case of equal internal compositions of 
capital which he proposed in order to justify Marx's algorithm 
(like the traditional case of identical value-composition of 
capital) is no more than a special case of the case of industries 
being linearly dependent. That is to say, if all industries have 
equal internal compositions of capital in Samuelson's sense, so 
that every column of M is proportional to every other, then 
industries are 'linearly independent' ;6 but on the contrary, the 
linear independency (I2) does not require Samuelson's condi
tion. Thus the linear dependence of industries is weaker than 
Samuelson's condition of equal internal composition of capital, 
and we can show that though the condition (I 2) is still 

6 Samuelson, 'Understanding the Marxian Notion of Exploitation', p. 4I5. 
Whereas Marx assumed that capital goods and wage goods were distinct, 
Samuelson assumes that every good may be consumed by industries as well as 
workers. Samuelson then defines the case of equal internal compositions of capital 
as the case of (ali, a2;, 00 • , am;), i = I, 00 • , m, and ( b1, b2, • 00, bm) being proportional 
to the equilibrium balanced growth outputs (y1, y,, ... , Ym), so that the matrix M 
(modified by Samuelson) can be written as M= y(a,+fl), where y is the column 
vector with elements Y; and a, and fJ are m-dimensional non-negative row vectors. 
As rr equals the equilibrium rate of balanced growth (by the von Neumann 
theorem), we have 

y = (I +rr) My = (I +rr) y(a,+fl) y, 

so that (a,+ fl) y = I/ (I + rr). On the other hand, the value-determining equations 
may be written as 

A= AM+S = Ay(a,+fl)+S. 

Therefore, AM= Ay(a,+fl)y(a,+fl)+SM = -I-AM+SM. 
I+rr 

Hence SM= _!!_AM. 
I+rr 

Also we have 

rr(C+ V) M= rrAMM = rr(A-S)M = rr (AM-_!!_AM) =_!!_AM. 
I+rr I+rr 

Therefore SM = rr(C+ V) M; 

that is to say, industries are linearly dependent. 
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restrictive, it is necessary and sufficient for the correctness of 
Marx's algorithm.7 

We are now in a position to be able to examine Marx's main 
results, (i)-(v), concerning the conversion of accounts in terms 
of value into accounts in terms of prices. If labour is taken as 
numeraire (prices in terms of labour are the only prices which 
can be numerically compared with values), it is found that the 
first three conclusions ofMarx are all wrong. First, as the price of 
commodity i in terms oflabour, A, w• is greater than its value, ,\, 
for all i, it is at once seen that the sum of the prices of production 
of all commodities is greater than the sum of their values. 

n 
Secondly, the cost-price of commodity i, ~Pi w aii + li, is greater 

j~l ' 
n 

than its value Ai = ~ \aii + lJor the same reason; and similarly, 
j~l 

the total profit that is the total price of the surplus outputs in 
terms of labour, is greater than their total value, i.e. the total 
surplus value. Unfortunately, it is evident that these three 
results all destroy the validity of Marx's (i), (ii) and (iii), stated 
earlier in this chapter. 

This implies that Marx did not measure prices in terms of 
labour so as to compare them with values. Instead he normalized 
prices so that the costs of production could remain unaffected by 
the conversion of values into prices. Such a procedure is possible 
only under the assumption of linear dependence of industries 
(I2). Then, as has been seen above, the equilibrium prices 
p1, .. . ,pm are proportional to the q1, ... , qm determined by Marx's 
algorithm, i.e. p = aq. Therefore the cost-prices evaluated at p, 
GP+ VP' are proportional to the cost-prices at q, Gq + vq, so that 
GP+ VP = a( Gq + Vq). Hence the equilibrium conditions (g) 
yield 

qi =(I +JT) (Giq+v;q) (i =I, ... ,m), (I3) 

7 Necessity. Substituting q = (I+rr)AM into q = (I+rr)qM and dividing by 
(I +rr), we obtain AM= (I +rr)AMM. Hence 

(C+V+S)M= (I+rr) (C+V)M 

because A= C+ V+S and AM= C+ V. Therefore SM = rr(C+ V) M. 
Sufficiency. From the last equation we obtain 

AM= (I +rr) AMM, 

which may be written as q = (I +rr)qM, where q = (I +rr) AM. 
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and therefore we have 

( 14) 

from ( 10). Thus we find that if the linear dependence of 
industries is assumed in order to normalize the equilibrium 
prices, so that they equal the prices calculated according to 
Marx's algorithm, q, then the cost of production of each com
modity remains unchanged in spite of the transformation of 
values A into prices q. 

Because m I m 
1T = .2: Siyi 2: (Ci + Tj) Yi, 

1=1 i=l 

we now have from ( 1 3) and ( 14) 

m m m 

2: qiyi = 2: (Ci+T:+Si)Yi = 2: AiYi, (IS) 
i=l i=l i=l 

which leads to a revised version of Marx's result (i); that is, the 
sum of the prices of outputs, in terms if the Marxian prices q, in the 
equilibrium state of balanced growth is equal to the sum of their 
values. Secondly, as /o..i > Ci + T:, it immediately follows from 
(14) that the cost-price of a commodity in terms of q is always 
smaller than its value-this is no more than a revised version of 
Marx's (ii). Finally, from (14) and (IS), we have at once 

m m m 

2: IliqYi = 2: (qi-Ciq-T:q)Yi = 2: SiYi· 
i=l i=l i=l 

Therefore we obtain a revised version of (iii); that is, the total 
surplus equals the total profits in terms of q, in the state of balanced 
growth. Thus we find that Marx's results (i)-(iii), which are all 
negated when labour is taken as numeraire, are all rehabilitated, 
with some revisions, by taking qi, i = 1, ... ,m, as prices. However 
it must be remembered that this is possible only under the 
restrictive assumption that industries are 'linearly dependent'; 
otherwise the Marxian prices q would deviate from (i.e. would 
not be proportional to) the true equilibrium prices p and Marx's 
results would be nullified. 

Next we examine Marx's results (iv) and (v). It can be shown 
that even if the assumption of linearly dependent industries is 
made, (iv) and (v) cannot be verified, so that some revisions of 
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them are inevitable. Assume that industries are linearly depen
dent. Let the average value composition of capital be defined as 

which is compared with the composition of capital of individual 
industry i, ki = GifT:. As 

1T = Z.SiYi = e Z.T:yi = e-1 -

Z.(Ci + T:) Yi Z.(Ci + T:) Yi k +I' 

we have from ( 10) 

because Si =eT:. Therefore we have revised Marxian rules: 
(iv') The price of production of commodity i, qi, equals its 

value, /o..i, only in the sphere in which the composition of capital 
happens to be equal to the average composition. 

(v') The value of the commodities produced by capital of 
higher (or lower) value composition than the average is smaller 
(or larger) than their price of production. 

These are not the only possible revisions of results (iv) and (v). 
They may alternatively be corrected, again under the assump
tion oflinearly dependent industries, into other forms: 

(iv") The prices of commodities are proportional to their 
values only in spheres in which the value composition of capital 
happens to be the same. 

(v") The price of commodity i relative to that of commodity j, 
A/P1 ( = Pi,w!hw = qifq1), is greater (or less) than the relative 
value of i to j, /...if /...1, if commodity j is higher (or lower) than 
commodity i in the value-composition of capital. 

In order to prove these propositions we divide equation ( 10) 
for industry i by the same equation for industry j. Considering 
the relationship Pi = flqi (where f3 stands for the proportionality 
factor) which we obtain under the assumption oflinear depend
ence ofindustries, we get 

A fJi = ci + r: = (ki + 1) r: 
Pi qj Cj+Tj (kj+I)Tj' 
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On the other hand, from the value-determining equation, 
Ai = Ci+V,:+Si = (ki+I +e) V,:, i =I, ... ,m, we have 

V,: _ k; + I + e Ai 
~ - ki + I + e A/ 

Hence, 1!..J: = [ki +I] [k; +I + e] Ai 
P; k1 + I ki + I + e A;· 

We can now see at once that p ·lP. = A ·/A. if k. = k. Bearing in 
' 1 ' 1 ' 1" 

mind that the rate of exploitation e is positive, we can also show 
that AlP; > (or < ) Ai/ A; if ki > (or < ) k1• Therefore the revised 
Marxian results (iv") and (v") are established. 

It has so far been seen, under the stringent assumption of 
linearly dependent industries, that Marx's algorithm for calcu
lating equilibrium prices can be justified and that all of Marx's 
results (i)-(v) can be derived with some alterations. If this 
assumption is removed, then the Marxian prices q1, ... , qm are 
no longer proportional to the true equilibrium prices, so that the 
results (i)-(v), or their revised versions, are not necessarily ob
tained. However, even though industries are not linearly depen
dent, the revised Marxian laws (iv")-(v") may still remain valid 
between the relative values and the true equilibrium relative 
prices of commodities. 

This is seen as follows. Let us assume that any two industries 
classified as capital-good industries have the same value com
position of capital, ki, i.e. 

cl c2 
~=r-;= ( I6) 

This condition will be seen in chapter 8 below to be a necessary 
and sufficient condition for aggregating n capital-good industries 
into one capital-good department. It is clear that it does not 
necessarily imply the linear dependence of industries if some of 
the wage-good industries are different from the capital-good 
industries in the value-composition of capital. We can establish 
(iv") and (v") on the assumption ( I6) in the following way. 

Let us now put 
PI,w = aiAI, 

and consider whether (I 7) can be a solution to 
determining equations of capital-good industries. 

PI= (I +rr) (PJAI+wLI)· 

the price-

( I8) 
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ai is a scalar to be determined; if (I 7) is found to be a solution to 
(I 8), the equilibrium prices of capital goods in terms of labour 
are proportional to their values. Substituting for PI, w from (I 7), 
(I8) may be written as 

aiAI =(I +rr) (aiAIAI+LI), (Ig) 

which expresses n equations, 

aiAi =(I +rr) (aiCi+li) (i =I, ... ,n), 

in matrix form. These n equations are, however, reduced to a 
single equation, 

and 

since the n capital-goods industries have the same value
composition of capital. 

On the other hand, we have the value-determining equation 

A1=C~+~+S1, (22) 

by which we can eliminate A1 from (2o); we can write 

I+7T 
ai = I -rrCI/l/ (23) 

since ~ + Sl = [1. ( 20) and hence (I 9) hold for the a I determined 
as (23); consequently (I7) is a solution to the price-determining 
equations. We can show that rrC1/l1 is less than one for allrr not 
exceeding the maximum rate of profit 'if which is realized when 
the real wage rate is zero, and that ai approaches one when 
1T approaches zero. From (I7) and (23) we find that the higher 
the rate of profit, the more the prices of capital goods will deviate 
from their values. We can also see that the relative prices of 
capital goods equal the corresponding relative values. 

For non-capital (wage or luxury) good i, letA,w = aiAi; then 
its price-determining equation can be written as 

aiAi =(I +rr) (aiCi+li), 
8 Thus the equality of the value composition of capital throughout the capital good 
industries implies that these industries have the same productivity of labour A;/l; 
and the same capital-labour ratio, C;/l;. The first set of equations of (21) follows 
from A;= C;+ V;+S;, S;/V; = e, C;/V; = k1, V;/l; = wAuB, i = r, ... , n, whilst 
the second follows directly from C;/l; = k1wAuB. 
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from which we obtain, by taking its value-determining equation 
and (23) into account, 

- 7T(I+7T)(I+t)(t-~) 
ai - aj + (I - 7T ~~) (I + ~i) (I + ~) 

between two wage or luxury goods i andJ; it follows that ai ~ a1 
according to Cdli ~ C1jl1• It is now clear that we have the revised 
Marxian rules of transformation (iv") and (v"). These rules 
enable us to conclude that under capitalist production with 
e > 7T > o, (a) it is impossible to obtain prices in terms oflabour 
with no deviations from values and (b) it is nevertheless possible 
to obtain relative prices which are equal to relative values, if the 
commodities are produced by techniques or processes which are 
identical in the value-composition of capital. 

We conclude our investigation of the transformation problem 
as follows. Many of Marx's propositions are found to be correct 
with some revisions and under some additional assumptions. 
But as these assumptions are rather restrictive, one might think 
that Marx was unsuccessful in solving the transformation 
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problem. For example, Samuelson wrote: 'This mathematical 
fact [that prices of commodities will not be proportional to their 
values when there is exploitation] will not be of comfort to one 
looking for a labour theory of value as a base point for a theory 
of labour exploitation; the proportionality of market price to 
labour content applies validly only when surplus value is zero 
and not worth talking about! '9 'And even had Marx lived to 
write a fourth or fortieth volume of Capital, he could not have 
altered his arithmetic obstacle to the relevance of his labour 
theory ofvalue.' 10 However, in the transformation problem Marx 
did not intend to establish a proportionality between values and 
prices but, on the contrary, to show that individual exploitation 
and individual profit are disproportional unless some restrictive 
conditions are imposed. We consider that Marx wanted to 
establish the following two positive and one negative proposi
tions; the first is e > 7T, concerning the conversion of the rate of 
surplus value into the equilibrium rate of profit, the second 
Pi. w > ;\, i = I, ... , m, concerning the conversion of values into 
equilibrium prices in terms of labour, and the third Tii 9= aSi, 
i = I, ... , m, concerning the conversion of surplus values into 
profits. And we have seen in the previous chapter and in this 
chapter that the first two hold true without any reservation and 
any extra assumption, while the third is subject to only one 
exception, which is obtained when all industries are identical in 
the value-composition of capital. 

Marx thought that he had successfully removed the mask of 
capitalism. He wrote: 'the rate of profit is from the very outset 
distinct from the rate of surplus value ... But ... this serves, also 
from the outset, to obscure and mystify the actual origin of 
surplus-value, since the rate of profit can rise or fall while the rate 
of surplus-value remains the same, and vice versa, and since the 
capitalist is in practice solely interested in the rate of profit.' (m, 
p. I 67.) 'The transformation of values into [different] prices of 
production serves to obscure the basis for determining value 
itself.' (m, p. I 68.) 'The individual capitalist (or all the capitalists 
in each individual sphere of production), whose outlook is 
limited, rightly believes that his profit is not derived solely from 

9 P.A. Samuelson, 'Wages and Interest: A Modern Dissection of Marxian Eco
nomic Models', American Economic Review, vol. XLVII, December 1957, p. 888. 
10 Ibid., p. 888. 
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the labour employed by him, or in his line of production. This is 
quite true, as far as his average profit is concerned. To what 
extent this profit is due to the aggregate exploitation oflabour on 
the part of the total social capital, i.e. by all his capitalist col
leagues- this interrelation is a complete mystery to the individual 
capitalist; all the more so, since no bourgeois theorists, the 
political economists, have so far revealed it.' (m, p. I7o.) 

Thus it is clear that the transformation problem has the aim of 
showing how 'the aggregate exploitation of labour on the part 
of the total social capital' is, in a capitalist economy, obscured 
by the distortion of prices from values; the other aim is to show 
how living labour can be the sole source of profit. We may say 
that although Marx was often confused, he was very successful 
in the transformation problem, because his third conclusion, 
Tii =l= aSi, which holds except in the trivial case of identical value 
composition of capital, implies a disproportionality between 
individual exploitation and individual profit, while the first, 
e > rr, implies the necessity of aggregate exploitation of labour 
by capitalists for the existence of positive profit. 

However it must be remembered that this victory ofMarx was 
brought about by making the assumptions (a)-(f), listed in 
chapter r. It remains for us to remove these assumptions so as to 
examine whether Marx's conclusions are valid under more 
general conditions. We shall see in chapter 14 that some of the 
assumptions can safely be removed, while the removal of others 
is fatal. 

CHAPTER 8 

The aggregation problem 

As we have seen, Marx was concerned with microeconomics 
when he discussed the problem of the determination of values 
and prices of commodities in volumes I and m of Capital. At the 
very beginning of volume I he wrote: 'The wealth of those 
societies in which the capitalist mode of production prevails, 
presents itself as "an immense accumulation of commodities" 

' its unit being a single commodity. Our investigation must there-
fore begin with the analysis of a commodity.' (I, p. 35.) 

On the other hand, in volume rr, especially in part Ill where 
he was concerned with the problem of determination of outputs, 
a counterpart to the problem of determination of values or prices, 
he appeared as a macroeconomist and developed the famous 
two-sector model of' reproduction and circulation of the aggre
gat~ social capital'. Marx began the description ofhis model by 
saymg: 

'The total product, and therefore the total production, of 
society may be divided into two major departments: 

I. Means of Production, commodities having a form in which 
they must, or at least may, pass into productive consumption. 

11. Articles of Consumption, commodities having a form in which 
they pass into the individual consumption of the capitalist and 
the working-class. 

All the various branches of production pertaining to each of 
these two departments form one single great branch of produc
tion, that of the means of production in the one case, and that of 
articles of consumption in the other. The aggregate capital 
employed in each of these two branches of production constitutes 
a separate large department of the social capital.' (rr, p. ggg.) 

However it is true that Marx did not discuss the problem of 
aggregating many primitive sectors (or' branches of production' 
or industries) into two major departments, or the more general 
problem of reducing a microeconomic model consisting of many 
sectors to a quasi-macroeconomic model with a smaller number 
of sectors. There are basic questions concerning the relationships 
between disaggregated and aggregate systems. First, under 
what conditions do the results obtained from the disaggregated 
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value-determining system coincide with the corresponding 
results from the aggregate value-determining system? (Or, if it 
is impossible to avoid errors due to aggregation, how can we 
minimize them?) Secondly, we may ask the same question con
cerning production prices and outputs; that is to say, under what 
conditions can an aggregation of the price-determining (or out
put-determining) system be correct, so that the prices (or out
puts) determined by the aggregate system are not distorted from 
the true prices obtained from the disaggregated system? Thirdly, 
are the conditions for correct (or 'non-distorting') aggregation 
of values, production prices and outputs consistent or compatible 
with each other? Marx was concerned with none of these 
problems; in fact, he was not even aware of their existence. 
Nevertheless, it is clear that, in his analysis of the reproduction 
schemes, he aggregated the output-determining system in terms 
of values. It is also clear from the quotation below that Marx 
would not have supported Keynes in aggregating microeconomic 
variables, such as consumption of various commodities and 
industrial outputs in terms of wage-units, by using the ratios of 
their market prices to the wage rate as weights of aggregation. 
(However, it will be seen at the end of this chapter that there 
would be no significant differences between the Marxian and 
Keynesian methods of aggregation, if Keynes had taken the 
equilibrium production prices, instead of the market prices in 
termsoflabour, as aggregators.) Marxwrote: 'Exchange-value ... 
presents itself as ... a relation constantly changing with time and 
place. Hence exchange-value appears to be something accidental 
and purely relative, and consequently an intrinsic value, i.e. an 
exchange-value that is inseparably connected with, inherent in 
commodities, seems a contradiction in terms.' (I, p. 36.) Thus 
Marx's view of aggregation is relatively clear, though not 
explicit. 

Being distinguished from market prices in terms oflabour, the 
values which Marx used as weights of aggregation remain un
altered, so that they are intrinsic to commodities as long as there 
are no changes in the methods of production adopted in society. 
In this chapter we examine Marxian aggregation in terms of 
values in relation to the problems stated above; that is to say, 
we clarify the conditions under which an aggregation of primi
tive sectors (industries) into hybrid sectors (departments) in 
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terms of values does not give rise to any distortion; that is, the 
conditions under which the values, prices and outputs calculated 
from the aggregate value-determining, price-determining and 
output-determining equation systems coincide with the corre
sponding true ones, which are obtained by aggregating those 
determined by the original micro-systems. By doing so, we try 
to build a bridge between Marx's microscopic analysis of values 
and prices and his macroscopic analysis of the determination of 
outputs. We also compare Marx's aggregation with Keynes' in 
terms of wage-units, to see in what ways Marx's is more satis
factory than Keynes'. We shall see that Keynes' aggregate input 
coefficients will fluctuate when prices in terms of labour (or 
'wage-prices') change, unless they are not mere market wage
prices but the equilibrium production prices, which are in a 
definite relationship to values; whereas Marx's aggregate input 
coefficients are not influenced by a change in prices and the wage
rate as long as it induces no change in the production techniques 
utilized and the Marxian conditions for non-distorting aggrega
tion are satisfied. Thus values are more solid and firmly founded 
aggregators than market wage-prices; and this is the most 
important analytical rationale for the labour theory of value. 

Let us begin by formulating (but not solving) the general 
problem of aggregating a model ofmany sectors into a model of 
fewer sectors. We consolidate m industries into r departments in 
the following way: 

Industries 

I, 2, ... , n1 * 
n2, n 2 + I, ... , n 2 * 

n + I , n + 2, ... , ns+l * 
ns+2' ns+2 + I' · · ·' ns+2 * 

--+ 

--+ 

--+ 

--+ 

--+ 

--+ 

Department 

} 2 for capital goods, 

s 

s+ '} s+2 for wage and 
luxury goods, 

r 

where ni* is the numeral for the last industry of department i, 
which is less by one than ni+1,the numeral for the first industry of 
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department i+ I. We have, at the level ofthe original m indus
tries, the equations for value, price and output determination, 

AI= AIAI+LI, } 

An = AI An+ Ln, 

Pr = (r +1r) (PrAI+wLI), } 

Pn = (I + 1r) (Pr An+ wLn), 

(r) 

(3) 

respectively, where AI is the n x n matrix of industrial capital
input coefficients of capital goods and LIthe n-dimensional row 
vector of industrial labour-input coefficients for capital goods; 
A11 and L11 are similarly defined as the n x (m- n) matrix of 
industrial capital-input coefficients and the (m- n)-dimensional 
row vector of industrial labour-input coefficients, both for wage 
and luxury goods, respectively; AI and PI are the vector of values 
and the vector of prices of capital goods respectively; An and 
p11 are the corresponding vectors of wage and luxury goods; 
1T represents the rate of profit and w the wage rate per hour. 
Equation (3) expresses that the industrial demands for capital 
goods are equated with their supplies.1 xi stands for the n-dimen
sional column vector of the industrial outputs of capital goods 
which have already been produced and are available in the 
economy; xi is the n-dimensional column vector of the industrial 
outputs of capital goods which are going to be produced and 
x11 the (m- n)-dimensional column vector of the industrial out
puts of wage and luxury goods to be produced. The industrial 
demands for capital goods by the capital-good industries amount 
to Aixi and those ofwage and luxury-good industries to A11 x11• 

While we have already discussed the equations of value-deter
mination ( r) and the equations of price-determination ( 2) in the 
preceding chapters concerning Marx's labour theory of value, 
his theory of production prices and the transformation problem, 
the input-output equations (3) are the subject of Marx's theory 
of reproduction, which will be examined in chapter g below and 
subsequent chapters. 
1 It is noted that the demand-supply equations for wage and luxury goods are 
missing in (3). Aggregation of them will be discussed in the next chapter for the 
simplest case of aggregating m-n wage and luxury goods into one commodity. 
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After the aggregation of m industries into r departments we 
also have three sets of equations for value, price and output 
determination, which are the departmental counterparts of 
equations (I), ( 2) and (3) respectively. Let H1 be the matrix of 
departmental capital-input coefficients for capital goods, that is, 
of s by s; H 11 the matrix of departmental capital-input coefficients 
for wage and luxury goods, that is, of s by r- s; MI the s-dimen
sional vector of departmental labour-input coefficients for capital 
goods, and M 11 the (r-s)-dimensional vector of departmental 
labour-input coefficients for wage and luxury goods. We may 
then write the departmental equations as 

<PI = <I>IHI + Mr, } 
<I>n = <I>IHn +Mu, 

qi = (r +1r) (q1H 1 +wM1), } 

qn = (r +1r) (qiHn+wMu), 

fir = HIYI + HnYn· 

(5) 

(6) 

The aggregate value-determining equations (4) determine the 
departmental value vectors, <1>1 = (1;1, ... , if>s) of capital goods 
and <1>11 = ( if>s+l' ... , (Pr) of wage and luxury goods; the aggregate 
price-determining equations (5) determine the departmental 
price vectors, 

of capital goods and 
qll = (qs+l' · · ., qr) 

of wage and luxury goods; 2 and finally the aggregate input
output equations (6) determine the departmental output vector 
YI of capital goods, provided that the departmental availability 
of capital goods fir (an s-dimensional column vector) and the 
departmental outputs of wage and luxury goods Yn (an (r-s)
dimensional column vector) are given. 

We may now state our problems precisely: (i) Under what 
conditions are the values of the departmental outputs calculated 
by means of the aggregate valuation system (4) equal to the true 

2 The prices qt should not be confused with the prices q in the last chapter, which 
are the prices of the individual commodities calculated according to Marx's trans
formation algorithm. 
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values obtained by aggregating the values of elementary corn
modi ties, determined by (I), according to the corn position of 
departmental outputs? (ii) Under what conditions does the 
departmental price system (5) give,jor all possible values of the rate 
of profit TT specified, the same prices qi and q11 as the true prices of 
departmental outputs obtained by aggregating the prices of 
elementary commodities, determined by the disaggregated price 
system ( 2), into departmental prices according to the composi
tion of departmental outputs? (iii) Under what conditions does 
the departmental input-output system (6) give, for all possible 
availability vectors of capital goods xi and output vectors of wage and 
luxury goods x11 specified, the correct departmental outputs ob
tained from the basic industrial input-output equations (g)? 
Finally, (iv) are the conditions for non-distorting aggregation 
which are found in regard to the above three questions consistent 
with each other? 

In the aggregation, one unit of output of department i is so 
constituted that it contains on; units of output of industry ni, on;+l 

units of output of industry ni +I, and so on up to on;• units of 
output of industry ni*, for each i = I, ... , r; values of com
modities per unit of output are utilized as weights of aggregation. 
We then find, first of all, that with no special conditions on 
technological coefficients, AI, A11, LI and L11, and independently 
of the intradepartmental composition of industries, the values of 
departmental outputs <I>I and <1>11 determined by the aggregate 
system are always equal to the true values of departmental 
outputs, which are given as 

i\n; on;+ i\n;+l On;+l + ... + i\n;• on;• ( i = I' ... 'r)' 

so that no conditions are required for the non-distorting aggrega
tion of the value equations. We also find that the prices of out
puts of industries which belong to the same department are pro
portional to their values if those industries which are blockwise 
identical in the value composition of capital are aggregated into 
one department. It is, moreover, seen that aggregation according 
to the same criterion does not give rise to any distortion in the 
determination of departmental outputs; that is to say, the aggre
gate input-output system (6) with !li = i\n;xn; + ... + i\n;•xn;• 

for all capital-good departments, i = I, ... , s, and 

Yi = i\nj xnj + ... + i\nj* Xnj* 
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for all wage and luxury-good departments,j = s +I, ... , n yields 
departmental outputs of capital goods which are exactly equal 
to the true values, 

i\n; Xn; + ... + i\n;• Xn;• ( i = I, ... , S), 

where xks are the industrial outputs determined by the industrial 
input-output equations (g), provided that industries are classi
fied into departments so that those in each department have the 
same value-composition of capital. It is therefore found that the 
blockwise (or department-wise) identity of the value-composi
tion of capital is the common condition under which we have no 
distortion in the aggregation of values, prices and quantities of 
outputs. 

Obviously Marx knew none of these conditions for non
distorting aggregation, but we may say that he was near to 
finding them. As evidence we may quote the following sentence 
from volume m again: 'Aside from possible differences in the 
periods of turnover, the price of production of the commodities 
would then [be proportional to] their value only in spheres, in 
which the composition [of capital] would have to be [the same].' 
(m, p. I6g.) It is evident that if the prices of outputs of some 
industries are always proportional to their values, these industries 
can safely be aggregated into one department in terms of values, 
and that the prices of individual commodities are obtained by 
multiplying their values by the corresponding proportionality 
factors, which are determined, as prices of departmental outputs 
of unit values, by the aggregate price-determining equations. 

The rest of this chapter is devoted to establishing these aggre
gation rules. We first concentrate our attention on the case 
Marx dealt with, i.e. the simplest case of aggregating all capital 
good industries into one department and all wage and luxury
good industries into another department. The resulting two
department equations, particularly those of output-determina
tion, are the subject of volume n, part Ill, so that the following 
argument would build a bridge between the microeconomic 
analysis of values and prices in volumes I and m on the one hand, 
and the macroeconomics of reproduction and accumulation in 
volume n on the other. 

Let us consider two kinds of composite commodities, which are 
referred to as commodities I and II; one unit of commodity I 
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contains 81 units of capital good I, 82 units of capital good 2, ... , 

and 8n units of capital good n, while one unit of commodity II 
consists of 8n+1 units of wage or luxury good n +I, ... , and 8m 
units of wage or luxury-good m. We define column vectors 

and 

Obviously, the true values of the composite commodities are 
calculated according to the formulas: 

AI= A111n and An= An11n. (7) 

The total value of capital goods required per unit of commodity I 
amounts to A1 A1 111, which is equivalent to 

(8) 

units of commodity I in value. Similarly, the capital goods 
required for producing one unit of commodity II are equivalent 
to 

hu = ArAn11n/Ar11r (g) 

units of commodity I in value. Production of commodities I and 
II requires, per unit of output, direct labour of the amounts 

and 
respectively. 

( IO) 

As h1 and hn may be considered as capital-input coefficients 
and m1 and mu as labour-input coefficients with regard to com
posite commodities I and II, we may consider the following 
formal aggregate value-determining equations: 

c/Jr = c/Jr hr + mr, } 

c/Jn = c/Jr hn +mu, 
(Ir) 

on the basis ofwhich we may calculate the value of commodity I 
at c/J1 and the value of commodity II at c/Jn· The question (i) 
stated above asks under what condition ifJ1 and c/Jn are equal to 
the true values, A1 and An, respectively. 

It is easy to answer this question. From the microeconomic 
value-determining equations we have 

AI11r = A1 A1 111 +L1 111, 

An11n = A1An11n +Ln11n. 
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Considering the definitions of the coefficients ( 8), (g), (I o), these 
equations can be written 

A1 111 = A1 111h1 +m1, } 

An11n = Ar11rhn+mn. 
(I 2) 

Comparing these with (I I), we at once find that cp1 = A1 111 and 
c/Jn = An11n; that is to say, without any additional condition, 
the aggregate value equations determine the values of composite 
commodities correctly. 

Next we turn to question (ii), concerning the production 
prices of composite commodities. We confine ourselves here to 
showing that the aggregation into two departments I and II 
brings forth no distortion of the prices of composite commodities 
obtained from the aggregate price-determining equations from 
their true prices, if all capital-good industries form a group of 
industries, within which the value-composition of capital is 
equalized from industry to industry. The fact that this condition 
is also necessary for non-distorting aggregation into the two 
departments is not discussed here; it is merely noted that it is 
a corollary of the general necessary and sufficient conditions for 
non-distorting aggregation of m industries into r departments, 
which will be discussed later in this chapter. 

Let us write constant capital and variable capital per unit of 
goodj as n 

C1 = ~ Aiaii and Tj = (wAn B) 11, 
i=l 

and assume that all capital-good industries have an identical 
value-composition of capital, k1, which may be different from the 
value-compositions of capital of the wage or luxury-good 
industries. Note that at this stage of the discussion wage and 
luxury-good industries may be different from each other in the 
value-composition of capital, though it is shown later that their 
identity is required for the non-distorting aggregation of the 
input-output equations of wage and luxury-good industries into 
one departmental equation. Thus we have 

cl c2 en k Ji = ~ = ... = T: = I• 

Then, as was seen in the last chapter, values and prices are 
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proportional to each other within the capital-good department, 
that is 

(j=I, ... ,n). 

Therefore, we have, in view of definition (8), 

PJAr~I = arArAr~I = Pr~rhr. 

Similarly, from (g) 
fiAn~n = h~rhn. 

We now postmultiply the two sets of industrial price-cost 
equations (2) by ~1 and ~11 respectively; taking (I5) and (I6) 
into account, we then have 

fi~I =(I +7T) (prAr~r+wLr~r) } 
=(I +1r) (PI~1 h1 +wm1), 

( 17) 
Pn~n =(I +1r) (PIAn~n+wLn~n) 

=(I +1r) (PI~1 h11 +wm11), 

which are no more than the two-departmental price-cost equa
tions. Thus, in the case where all capital-good industries are 
identical in the value-composition of capital, it is seen that PI ~1 
and p11 ~11 are the solutions, q1 and q11, to the departmental 
price-cost equations. 3 That is to say, the aggregation into the 
two departments is accurate and the prices of the departmental 
outputs are correctly calculated on the basis of the aggregate 
equation system, with no distortions. 

Concerning question (iii), let us introduce an additional 
assumption that wage and luxury-good industries form another 
group of industries, as they are identical with each other in the 
value-composition of capital, i.e. 

cn+l = cn+2 = ... =cm= ku. (I3') 
v.,+l v.,+2 vm 

As equations ( 2 I) in the last chapter show, values t\ and constant 
capitals Ci are proportional to each other within each of the two 
groups of commodities, if all industries belonging to the same 
group are identical in the value-composition of capital; that is, 
assumptions (I3) and (I3') imply 

Ci=flri\i (!= I, ... ,n), } (I8) 

Cj = flui\j (j = n +I, ... , m). 

3 We may normalize the units of departmental outputs so that A1 ~1 = r and 

A11 ~u = 1. Then a 1 = PrA1 = q1 and an = PnAn = qu. 
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It is then obvious that A1 A1 x1/A1 x1 and A1 A11 x11/Anxn are 
independent of x1 and x11 respectively, so that 

ArArxi = ArAI~I = flr 
Arxr Ar~I 

and ArAuxn = ArAn~n = fln· 
Auxu An~n 

In view of the definition of(8) and (g) we at once find that/31 = h1 

and flu= huAr~r/Au~n·4 
Now, by aggregating the industrial input-output equations (3) 

in terms of value, we obtain 

Hence 

Ar.Xr = ArArxr+ArAuxu 

ArArXrA ArAuxuA 
A rXr + nXn 

rXr Auxn 

h Ar~I A = hrArxr + n~ nXn. 
nun 

Ar.Xr h Arxr 1 Auxn -- = ~--+,zu--A-, 
Ar~r Ar~I Auun 

where A1 x1/A1 ~1 may be taken as the quantity index of output 
of department I, since its outputs are measured in terms of the 
composite commodity which consists of 81 units of commodity I, 

... , and 8n units of commodity n, so that outputs x1 are equivalent 
in terms of value, to A1 x1/A1 ~1 units of the composite com
modity. Comparing (Ig) with the aggregate input-output 
equations, (2o) 

we find that the aggregation gives rise to no error in calculating 
the output y1 of department I; that is y1 from ( 20) equals the true 
output A1 x1/A1 ~1, provided that 

Yr = Ar.Xr/Ar~I and Yn = Auxu/An~n· 

The above investigation makes it clear that industries may be 
aggregated, as a first approximation, with respect to prices and 
outputs as well as values, into two major departments, if we may 
ignore the differences in the value composition of capital among 

• If we set A1 ~1 and An~u at one, then Pr = h1 and Pu = hu. Pr and Pn are 
denoted as c1 and cu. respectively, in chapter g and the subsequent. 

4 MME 
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capital-good industries and among wage and luxury-good 
industries. Marx did not known this rule of aggregation, but by 
virtue of it he could be considered a two-sector macroeconomist 
in his output theory as well as a microeconomist in his value 
theory. (As he observed in volumes n and m a difference in the 
value-composition of capital between the capital-good and the 
wage and luxury-good industries, he could not agree to one
sector economists aggregating all industries into one giant 
national firm, although he was concerned with a one-sector 
model in the later part of volume I. 5) However, it is obvious that 
the conditions (I 3) and (I 3') for the two departmental aggrega
tion are very stringent; in the following, therefore, we are con
cerned with more general conditions for aggregating m industries 
into several, say r, departments, which are still given in terms of 
the Marxian concept of the value-composition of capital. 

For the sake of simplicity, let us confine ourselves to the aggre
gation of capital-good industries; the same result mutatis mutandis 
is derived for wage and luxury-good industries as well. Let E be 
an s x n matrix whose ith row consists of ni-l* zeros followed by 
ni *-ni-l* unities and then n- ni * zeros, where ni * is the 
numeral for the last industry of department i; then 

r 
I . . . I 0 0 . . . 0 . . . Ol 

E= 0 ... 0 I ... 0 .•. 0 . . . . .. 
0 • • • • 

• 0 • • • 

0 0 0 0 I 

Let AI denote the diagonal matrix whose diagonal elements are 
A1, A2, ••• ,An, and U the r-dimensional row vector with elements 
which are all unities. We can then easily verify the following 

form~~'~ r;l ;nl• A:2 A;2. oo ... ~ l' (2I) 
0 0 0 0 Ans ... ~n 

(22) 

Next, we suppose that one unit of output ofdepartmentfis so 
constituted that it contains on

1 
units of the n1th capital good, 

5 Marx's one-sector model has been developed, for example, by L. R. Klein, 
'Theories of Effective Demand and Employment', Journal of Political Economy, 
April, 1947, pp. 108-31. 
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on/+1 units of the (n1 +I )th capital good, ... , and ont• units of the 
n1*th capital good; then the value of output of department!, per 
unit of output, amounts to 

e1 = An1on1 + ... +An!* on1• = .L: Ai oi. ( 23) 
tE/ 

By defining /1' as 

/1' = ? · · · ~ ?n2 ~n2• 0 .... 0 , 

r
ol . . . onl• 0 0 0 ... 0 l 
. . 
~ ~ 0 0 on, ... . on 

and the transposition of /1' as 11 as usual, we obtain 

EAI/1 = tJI or EAI/1tJI-l =I or t11- 1EA1 !1 =I, (24) 

where (}I is the diagonal matrix with el, e2, ... , es On the diagonal. 
Let us first examine the aggregation concerning outputs. Pre

multiply the industrial input-output equations (3) by EA1 ; then 

which is compared with the departmental input-output 
equation, 

As in the previous case of the aggregation into two departments, 
the aggregate output vectors, y1 and y11, are measured in terms 
of the composite commodities, so that their elements are equal to 

L;AixijL;Aioi (f= I, •.. ,s), 
iE/ iE/ 

if there are no aggregation errors; similarly, the elements of y1 

are the ratios of L: Aixi to L: Aioi,J = I, ... , s. Therefore, in view 
iE/ iE/ 

of the definition of e1, (23), we find that tllff1 and t11y1 are com
parable with EA1x1 and EA1 x1 respectively. Similarly t11 H11y11 is 
comparable with EA1A11 x11• 

We may now ask what are the necessary and sufficient condi
tions for t11y1, calculated from the aggregate system (26), to be 
identical, for all possible XI and x11 specified, with EA1 x1, 

obtained from the input-output system (3) at the industrial 
level, provided that there are no errors in aggregating x1 and 
A 11 x11, that is, 

tllff1 = EAIXI and t11H11y11 = EA1 A11 x11• (27) 
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As (27) is assumed, (25), together with (26) multiplied by ()1, 

0cl~ () -rHrYr = EArArxr, 

so that 

if the aggregation is accurate with respect to y1• Equation ( 28) 
must hold for all x1 and Xn and hence for all x1 ; so we obtain 

()1H1 ()1- 1 EA1 = EA1 A1 (29) 

as the necessary condition which may be written as 

H1 ()1- 1 EA1 = ()1- 1 EA1 A1 . (go) 

It is also easy to show that (29) is sufficient for accurate aggrega
tion concerning Yr· 

Next, we turn to the aggregation of the price-determining 
system. Let us define M 1 = L1 !1. Then we can show that solutions 
q1 to q1 = (r +1r) (q1 H1 +wM1) (gr) 

satisfy q1 = Prl1 (32) 

if the aggregation condition ( 29) for outputs is satisfied. To prove 
this, we first write the value-determining equations as 

UEA1 = UEA1 A1 + L1 (33) 

since we have (22). This is further re-written as 

UEAr = u()IHI()I-lEAr+Lr 

from (29). Hence, 
L1 = U(f-()1H1 ()1- 1)EA1• (34) 

By definition, () () M 1 = L1 11 = U( 1 - 1H1) 

from (24). Substituting this into (gr), we have 

ql = (r +7T) [qi()I-l()IHI+wU(()r_(JIHr)J. 

Postmultiply this by ()1- 1 EA1 and considering (29) and (34) 
again, we finally obtain 

q1 ()1- 1 EA1 = (r +1r) (q1 ()1- 1 EA1 A1 +wL1), 

which is no more than the industrial price-determining equation 
for capital goods; therefore, 

Pr = qr(Jr-IEAr. (35) 
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Hence, Pr 11 = q1 because of ( 24). Thus, if the aggregation of the 
input-output system of capital goods is non-distorting, then so is 
the aggregation of the price-determining system. As for the 
value-determining system, as has been seen in the case of aggre
gation into two departments, aggregation is always non
distorting without any additional condition; so that we may now 
conclude that the condition (29) is necessary and sufficient for 
the entire system, consisting of value, price and output deter
mining systems of n capital-good industries, to be aggregated 
accuratcly into a smaller system of s capital-good departments. 

The above argument holds mutatis mutandis for wage and 
luxury goods. The necessary and sufficient condition for con
sistent, non-distorting aggregation of wage and luxury goods is 
found to be exactly parallel to (29). It is seen that these condi
tions are extensions of the Marxian condition for two-depart
mental aggregation in terms of the value-composition of capital. 
To show this, we partition the matrix of capital-input coefficients 
of the original, primitive industries into the s x s departmental 
blocks: 

Bearing ( 2 I) in mind, we see that the (j, j) element of matrix 
EA1 A1 represents the total value of those capital goods classified 
as bclonging to department f which are required per unit of 
primitive industry j. Dividing it by the labour-input coefficient 
of industry j, we obtain the capital-labour ratio of industry j (in 
terms of value) with respect to the capital goods produced by 
department f This is further divided by wAn B to yicld the 
coefficient k1i, expressing the departmentwise value composition 
of capital of industry j; that is 

where Q represents wAn B, Cfi the value of the capital goods 
produced by department! which are used by industry j per unit 
of its output and 1ij the variable capital of industry j. As Cfi is the 
(j,j) element of EA1 A1, the aggregation condition which is 
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equivalent to (29) states that c,js are departmentwise propor
tional to the values of commodities, that is, for all g = I, ... , s, 

(f = I, ... , s), (36) 

and vice versa. If (36) holds for all f and g, it follows from the 
value-determining equations that values An;s are department
wise proportional to labour-input coefficients, so that we have 

c,ng: c,ng+l : ... : c,ng• = v.,g : v.,g+l : ... : v.,g. 
forallfandg, (37) 

which means that the industries classified in the same depart
ment g are departmentwise identical in the value composition of 
capital. Conversely, if industries are departmentwise identical 
in capital composition, it is seen that values of commodities are 
departmentwise proportional to their labour-input coefficients, 
so that we have, from (37), the condition (36), equivalent to 
(29) or (30). Thus the condition of non-distorting aggregation 
is reduced to the condition of the departmentwise identity of the 
composition of capital. It is important to see that the latter is 
evidently independent of the composition of outputs ~ within 
each department, as well as the rate of profit 7T and the real wage 
rate w; it is given only in terms of values and technical production 
coefficients, which are intrinsic to the commodities. 

Finally, the above Marxian aggregation in terms of values is 
compared with the Keynesian aggregation in terms of wage
units. 6 Keynes took the ratios of the market prices of the com
modities to the wage rate as the aggregators. As was pointed out 
by Marx, relative market prices fluctuate with time, so that they 
affect the coefficients of the macroeconomic model in terms of 
wage-units, on the basis of which macro-analyses are made in 
order to explain market prices and other things that happen in 
the market. This obvious circularity is the Achilles heel of ortho
dox economics pointed out by Joan Robinson,7 which Marx 

6 SeeJ. M. Keynes, The General Theory qf Employment, Interest and Money (London: 
Macmillan, 1936), pp. 37-45. 
' Joan Robinson, 'The Production Function and the Theory of Capital', Review of 

Economic Studies, xxi (2), 1953-4, pp. 81-106. 
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could avoid because he was concerned with the transformation 
problem, a 'pointless' problem according to Samuelson, 
whereas Keynes and post-Keynesians could not because they 
were not. As Marx aggregated production coefficients in terms 
of values, he could determine the aggregate outputs and their 
prices by a system of equations with aggregate production coeffi
cients which were independent of market prices. Thus, apart 
from ideologir:al reasons, values are necessary in Marxian eco
nomics, not because they are first approximations of prices, but 
because they are more fundamental than prices and enable us 
to get rid of the circularity. 

It must be noted that the value system is not the only system of 
weights according to which industries can be aggregated without 
causing the circularity. The equilibrium production prices, 
which are the 'transformed' values, can also play a role in the 
aggregation problem equivalent to that of values. IfKeynes had 
been interested in the problem of production prices, he would 
have used production prices in terms of labour, Afw or Pi,w, 
instead of market prices in terms of labour, as the aggregators. 
He would then have obtained the departmentwise identity of 
the composition of capital in terms of production prices as a 
necessary and sufficient condition for consistent non-distorting 
aggregation of output and price determining systems; that is, for 
all departments g, 

(f= I, ... ,s), (38) 

where C1iv = ~ aiih. w· He would also have obtained the depart
iEt 

mental capital-input coefficients, H1P, fulfilling the conditions 
for non-distorting aggregation, 

(39) 

whereP1,w is then x n diagonal matrix withPI,w, ... ,pn,w on the 
diagonal and Q1 the s x s diagonal matrix with 

on the diagonal. He could have shown that the conditions (38) 
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imply a departmentwise proportionality between prices and 
values, so that "' " () -QI-1 EPI,w = I-lEAl. 

Therefore H1P = H1, from (30) and (39); that is to say, Keynes 
could have agreed with Marx on the aggregation problem. He 
could have proceeded with his macroeconomic analysis on the 
basis of solid aggregate production coefficients. This shows the 
importance of production prices as well as values. 

PART IV 

The Reproduction Scheme 

CHAPTER 9 

Simple reproduction 

The existence of Quesnay's Tableau economique gave French 
economists advantages in the search for a theory of general equi
librium. Having been profoundly influenced by Quesnay, Marx 
was among the vanguard in this greatest adventure in economics 
and formulated his models of general equilibrium as early as 
Walras. In fact the second volume of Capital in which the relevant 
discussion appears, though at first appeared in r885 after Marx's 
death, was written almost at the same time as Walras' Elements 
d'economie politique pure was published. 1 In spite of the disastrous 
hostilities between their followers, which continue nearly a 
century after the great master's death, Marx's models are very 
similar to Walras' in many aspects; Marx's scheme of simple 
reproduction, or reproduction on the same scale, corresponds to 
Walras' static general equilibrium system of production, and 
Marx's scheme of reproduction on an extended scale is a counter
part of Walras' dynamic general equilibrium system of capital 
formation and credit. It is of course true that there are some other 
aspects in which they are very different. For example, Marx's 
scope is broader than Walras', because in his theory of reproduc
tion he was concerned not only with the usual problem of repro
duction of commodities, but also with 'the reproduction (i.e. 
maintenance) of the capitalist-class and the working-class, and 
thus the reproduction of the capitalist character of the entire 
process of production.' (n, p. 396.) However, if a substantial 
identity is recognized, it must be admitted that the differences 
are not sufficiently important to justify a hundred years of cold 
war. 

Marx's models have two unique characteristics which are 
related to each other. First, like every modern system of general 
equilibrium, his models consist of sub-systems which are 'duals' 
of each other; but unlike other systems, they have, in addition to 

1 See Engels' preface to Capital, vol. u, pp. 1-5. 

[ 105] 
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a price-determining sub-system which is a dual of the output

determining sub-system, a value-determining sub-system which 

is also a dual of the output sub-system, so that they have dual 

dualities. Secondly, the duality between the value and output 

sub-systems enabled Marx to aggregate his models in terms of 

values into two departments by assuming, as a first approxima

tion to reality, that the value structure of the industries is similar 

within each of the two major departments. Our attention will 

be focused on these peculiarities of Marx's system. 

We are concerned in this section only with Marx's static model, 

postponing the examination of the more interesting dynamic 

model to the next section. Let xi be the output vector of capital

goods and Xrr that of the wage and luxury-good industries. They 

are n and m- n dimensional column vectors. It is assumed in the 

simple reproduction model that workers spend their whole 

income on wage goods and capitalists also do not save, so that 

their income is entirely devoted to consumption of wage goods

to the extent that they are necessities oflife- and luxury goods. 

Let d, denote the consumption of wage good i of a worker per 

unit oflabour-time, andf. the total quantity of wage or luxury 

good i consumed by the capitalist-class. D and F represent 

column vectors: 2 

r dn+l] r fn+l] 
n~lt, F~lt'. 

When industries produce outputs in the amounts xi, Xrr, they 

require capital goods of the amounts AI xi, Auxrr respectively. 

They employ workers amounting to Lixi +Luxm measured in 

labour-time, so that their consumption of wage goods is given as 

The equations between demand and supply of commodities may 

now be written as 

xi= Aixi+Auxrr for capital goods, (I) 

Xrr = D(Lixi+Luxrr) +F for wage and luxury goods. (2) 

2 Note that D = wB when workers may not choose between goods. 
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On the other hand, we have two valuation sub-systems which 

are duals of the above output-determining sub-system: One of 

them is the price-determining sub-system: 

PI= (I +1r) (PrAI+wLI), (3) 

Prr =(I +1r) (PrArr+wLu), (4) 

while the other is the value-determining sub-system: 

AI= AIAI+LI, (5) 

An= AIArr+Lu, (6) 

In addition to these, we have budget equations, 3 

w = PuD for each worker, (7) 

and IT = PnF for capitalists as a whole, (8) 

where IT represents the total amount of profit given as 

IT = 1T L~ (PrAI + wLi) xi]. (g) 

Also, premultiplying (I), ( 2) by AI, An, and postmultiplying 

(5), (6) by xi, Xrr respectively, we get 

i~I Lixi =AnD c~ Lixi) +AuF. (Io) 

Therefore by considering the definition of the rate of exploita
tion,4 

e= (I-ArrD)/ArrD, (II) 

we obtain ( I2) 

which implies that the consumption of the capitalist-class, in 

terms of values, equals the total surplus value acquired by 

exploiting workers, while, as (8) shows, in terms of prices, it 

equals the total amount of profit earned. 

3 
As is so in Walras' system, one of the equations in the system ( 1 )-(4) and (7)-(g) 

follows from the rest. 

• Note that D denotes a worker's consumption of wage goods per unit of labour

time,. so that he consumes TD amounts of wage goods per day, where T represents 

working hours per day. The daily rate of exploitation is defined as 

e = (T-AuTD)/(AuTD), 
from which ( II) follows. 
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These twelve equations complete Marx's static, general equi
librium model, whose first sub-system, consisting of ( 1) and ( 2), 
examines the process of reproduction from the point of view of 
the flow of commodities, while the second, of (3), (4) and ( 7)-(9), 
examines the same process from the point of view of the circula
tion of money, and the third, of (5), (6) and ( 10 )-( 1 2), examines 
it from the point of view of the replacement of value. 

Marx wrote: 'The circular movement of capital takes place in 
three stages .. . First stage. The capitalist appears as a buyer on 
the commodity- and the labour-market; his money is trans
formed into commodities ... Second stage. Productive consump-
tion of the purchased commodities by the capitalist ... Third 
stage. The capitalist returns to the market as a seller, ... ' (n, 
p. 25.) 'The wage-labourer lives only by the sale of his labour
power. Its preservation- his self-preservation- requires daily 
consumption. Hence payment for it must be continually 
repeated ... ' (n, p. 35.) 'a) Articles of consumption, which enter 
into the consumption of the working-class, and to the extent that 
they are necessities oflife- even iffrequently different in quality 
and value from those of the labourers- also form a portion of the 
consumption of the capitalist class ... b) Articles of luxury, which 
enter into the consumption of only the capitalist class and can 
therefore be exchanged only for spent surplus-value, which never 
falls to the share of the labourer.' (n, p. 407.) Obviously, these 
transactions are actually made not in terms of values but in terms 
of prices. Equations (3) and (4) describe accounts, per unit of 
each output, of industries, ( 7) describes the accounts of a worker 
per unit of labour-time, and (8) the family expenditures of the 
capitalist class. 

He also wrote: 'For our present purpose this process of repro
duction must be studied from the point of view of the replacement 
of the value as well as the substance of the individual component 
parts of[commodities].' (n, p. 397.) 'So long as we looked upon 
the production of value and the value of the product of capital 
individually, the bodily form of the commodities produced was 
wholly immaterial for the analysis, whether it was machines, for 
instance, corn, or looking glasses. It was always but a matter of 
illustration, and any branch of production could have served 
that purpose equally well ... This merely formal manner of 
presentation is no longer adequate in the study of the total social 
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capital and of the value of its products. The conversion of one 
portion of the value of the product into capital and the passing 
of another portion into the individual consumption of the 
capitalist as well as the working-class form a movement within 
the value of the product itself in which the result of the aggregate 
capital finds expression; and this movement is not only a replace
ment of value but also a replacement in material and is therefore as 
much bound up with the relative proportions of the value
components of the total social product as with their use-value, 
their material shape.' (n, p. 398, my italics.) Thus for the reproduc
tion and circulation of the aggregate social capital, commodities 
have to be produced in definite proportions, which are deter
mined by demand-supply equations ( 1) and ( 2). There is no 
commensurability between capital goods, since each capital 
good is materially different from the others; the demand for each 
capital good has to be equated with its supply. It is evident that 
the outputs of capital goods thus determined by n simultaneous 
equations ( 1) depend, as is seen in ( 2), on workers' and capitalists' 
demands, D and F, reflecting the use-values of the wage and 
luxury goods. 

The replacement of value was studied by Marx in a two
department macroeconomic model. If it were the sole purpose 
of the construction of the model, aggregability would be an 
unnecessary specification. In fact Marx wrote: 'What is arbitrary 
here is the ratio of the variable to the constant capital of both 
I and 11 and so is the identity of this ratio for I and 11 and their 
sub-divisions.' (n, p. 41 1.) However the two-department model 
has another objective, for which the aggregability or constancy 
of the coefficients of the model is vital. That is to say, Marx had 
the intention of applying the model, as he did in the chapter 
succeeding that on simple reproduction, to the explanation of 
dynamic movement of the economy, by putting it in the form of 
a difference-equation system. It is true that there is no non-trivial 
movement in the state of simple reproduction, so that the model 
at this stage need not concern itself with the aggregation condi
tion. However, Marx constructed the model of simple repro
duction not for its own sake, but as an introduction to the 
dynamic model of' reproduction in an extended scale', of which 
it is a special case, with the steady rate of growth being zero. 
Therefore I believe the theory of aggregation discussed in the 
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last chapter should be applied to the model of simple reproduc
tion too, to see how it can be reduced to a two-department model 
with constant structural coefficients. 

Although we gave a full explanation of the aggregation of 
capital-good industries into one department in the previous 
chapter, we discuss it again here, together with the remaining 
problem of aggregating wage and luxury-good industries into 
the second department. As has already been seen, the condition 
for aggregating all capital-good industries into one sector (called 
department I) is that the ratio of the variable to the constant 
capital is identical throughout the industries producing capital 
goods and also throughout the industries producing wage and 
luxury goods. It will be seen below that the same condition 
implies that all wage and luxury-good industries may be aggre
gated into another sector (called department 11) with no errors 
due to aggregation. 

This aggregation condition implies that within each depart
ment there prevails the same proportion between the labour
input coefficient and the value of capital per output throughout 
its component industries; therefore labour-input coefficients and 
values of commodities are proportional within each of the two 
departments;5 that is to say, 

zp._i = ... = lnfA.n; ln+I/A.n+I = ... = lm/A.m- (13) 

Multiply li/A.i, i = 1, ... , n, by the value of labour-power, AnD, 
and multiply the products thus obtained by the rate of exploita
tion e; then we get, by definition 

[. ~ [. s. 
AnD~· = ~· and eAnD ~· = ~' (i = 1, ... , n), (14) 

/li /li /li /li 

where ~ and si represent the variable capital and the surplus 
value per unit of commodity i. The ratio~/ A.i is further multiplied 
by the value composition of capital of department I, k1 ; we get, 
again by definition, 

k ~ _ ci (. ) 
1--- z = I, ... ,n, 

A.i A.i 
( 15) 

where ci denotes the constant capital required for the produc
tion of a unit of commodity i. We have similar equations for the 

6 As we find from equations (13) and (18) in chapter 8. 
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industries in department 11. As AnD and e are the same for all 
industries and k1 (or kn) is common among the industries in 
department I (or 11), (13) implies the following six sets of 

equations: C1/ ~ 1 = ... = Cn/ ~ n•} 
V,f:, : ... : V,./;., 
S1/A.1- ··· - Snf/o..n, 

Cn+IfA.n+I = ··· = Cmf/o..m,} 

~+1/An+l : · · · : ~.f/o..m, 
Sn+IfA.n+I - ··· - Smf/o..m. 

( 16) 

(I 6') 

Let the common ratios of ( 1 6) be denoted by c1, v1, s 1 respec
tively, and those of ( 16') by en, vn, sn. Also, denote the two 
common ratios of ( 1 3) by l1 and ln. Then, under the aggregation 
conditions, Marx's macro-reproduction model may be given in 
terms of these eight fundamental coefficients li, ci, vi, si, i = I, 11. 
First of all, we evidently have 

c1 +l1 = c1+v1+s1 = 1, } (q) 
en+ ln =en+ Vn +sn = I, 

by definition. (17) means that departments I and 11 are so com
posed of their elementary industries that the value of the com
posite commodity produced by each department is unity per 
unit of its output; that is to say, in the notation of the last 
chapter, 8is are taken such that 

n 

~ Ai8i = I 
i=l 

m 

and ~ /o..i8i = 1. 
i=n+I 

Second, outputs of industries are aggregated into depart
mental outputs in the following way. Premultiply ( 1) by the 
value vector A1 and consider proportionalities ( 1 3) and ( 1 6) 
derived from the aggregation condition; then we get 

Y1 = ciyi+cnYn, (18) 

where y1 denotes the value of outputs of department I and Yn the 
value of outputs of department 11; i.e. 6 

YI = Aixi and Yn = Anxn. 
6 These definitions of departmental outputs are the same as those given in chapter 8 
above. Yr = A1 x1 /A1 6.1 and Yu = Auxu/An6.n because A1 6.~ = An6.n = 1. It is 
seen that c1 and cu here are h1 and hu there. 
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Similarly, by premultiplying (2) by An and taking (I 2) and ( 14) 
into account, we obtain7 

(I 8) and (I g) constitute the output-determining sub-system of 
Marx's two-department model of simple reproduction, whose 
dual sub-system consists of equations, 

Yn = CnYn + VnYn + SnYn, 

(2o) 

( 2 I) 

which are equivalent to the value-determining equations (5) 
and (6), or (17). 

Marx analysed the value of output into constant and variable 
capitals and surplus value, as (20) and (21) show, and then he 
argued that the equilibrium conditions (I 8) and (I g) should be 
established in the following way. 

'(1) The soov [vnYn in our notation], representing wages of 
the labourers, and soos [i.e. SnYn], representing surplus-value 
of the capitalists, in department II, must be spent for articles of 
consumption. But their value exists in articles of consumption 
worth I ,ooo [i.e. ( vn + sn) YnJ, held by the capitalists of depart
ment II, which replace the advanced soov [i.e. Vn Yn] and repre
sent the soos [i.e. SnYnJ· Consequently the wages and surplus
value of department II are exchanged within this department 
for products of this same department. Thereby articles of con
sumption to the amount of (soov + soos) II = I,ooo [i.e. 
vn Yn + sn Yn] drop out of the total product. 

' ( 2) The I ,ooov plus I ,ooos [i.e. v1 y1 plus s1 y1] of department 
I must likewise be spent for articles of consumption; in other 
words, for products of department II. Hence they must be 
exchanged for the remainder of this product equal to the constant 
capital part, 2,oooc [i.e. CnYn]· Department II receives in return 
an equal quantity of means of production, the product of I, in 
which the value of I,ooov + I,ooos [i.e. v1 y1 + s1 y1] of I is incor
porated. Thereby 2,ooollc and (I,ooov + I,ooos) I, [i.e. CnYn 
and v1 y1 + s1 y1] drop out of the calculation. 

1 It is of course true that (I g) can alternatively be obtained directly from (IS) in 

view of (I 7). But the problem here is not to establish (I g) but to show that it is the 

aggregate version of the demand-supply equations of the wage and luxury goods (2). 
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'(3) There still remain 4,ooolc [i.e. c1 y1]. These consist of 
means of production which can be used only in department I to 
replace its consumed constant capital, and are therefore disposed 
of by mutual exchange between the individual capitalists of I, 
just as the (soov+ soos) I [i.e. VnYn+snYn] by an exchange 
between the labourers and capitalists, or between the individual 
capitalists ofii.' (n, pp. 401-2.) 

As Marx saw in ( 2) above, and as we can more directly confirm 
algebraically by using (18) and (2o), 'on the basis of simple 
reproduction, the sum of the values of v + s of the commodity
ea pi tal ofl (and therefore a corresponding proportional part of 
the total commodity-product ofl) must be equal to the constant 
capital lie, which is likewise taken as a proportional part of the 
total commodity-product of department II; or l<v+sl = lie-' 
(n, p. 406.) The last equation is written in our notation as 

(vi +si) YI = CnYm 

which obviously determines the ratio of equilibrium outputs of 
both departments, or, more mathematically, the eigenvector 
associated with the largest characteristic root of the matrix of 
Marx's coefficients of simple reproduction,8 

(22) 

We have so far followed Marx in measuring the total output of 
each department in terms of value by aggregating the elementary 
industries of the respective departments in terms of values. 
Under our aggregation conditions, however, the production 
prices relative to the wage rate, or the long-run equilibrium 
wage-prices, fifw or A,u, are proportional to values, ,\, within 
each department, as was seen in the previous chapter, so that it 
is clear that we may alternatively aggregate industries into the 
same two departments in terms of equilibrium wage-prices (or 
production prices in terms oflabour). In a way parallel with the 
above procedure, that is, by premultiplying (I) and ( 2) by h, w 

8 As the matrix is of the Markov type, the largest characteristic root is one. The 

other root is calculated at e1 - en, which is negative if and only if department II is 

more capital intensive than I, i.e. e1/v1 < eufvn. The eigenvectors associated with 

these roots are 

[ en J [ I] . and respectively. 
v1 +s1 -I 
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and Pn. w respectively, and taking the proportionalities, 
PI,w = aiAI andp11,w = a 11 A11 into account, we obtain, under 
the aggregation conditions, the two departmental equilibrium 
conditions, 

because of (7), (8), (g), where 

YI = PI,wxifPI.w!:ii = AixifAI!:ii, 

Yn = Pn, w xifPn. w !:in = An Xn/ An !:in, 

which are identical in terms of value with the departmental out
puts of the reproduction system, (2o) and (2I), because of 
AI6.I = I and A11 6.11 = 1. It is at once seen that equation (23) 
is exactly the same as the corresponding equation (20) of the 
value reproduction system, whereas equation (24) is prima facie 
different from ( 2 I). Since the price-determining equations (3) 
and (4) may be put, under the aggregation conditions, in the 
form, 

we have 

These are equal to 

I - CI = VI+ SI and I - Cn = v11 + s11, 

respectively, if ai = am that is, if all capital, wage and luxury 
good industries have the same value-composition of capital, so 
that the prices of all commodities are proportional to their 
values.9 The other case in which the coefficients of (24) are 
identical with those of (Ig) is the trivial case of no exploitation. 
In this case we obtain rr = o (because exploitation is necessary 
for positive profits), so that the coefficients of (24) are reduced to 

• In this case, c1 = c1b so that we have v1+s1 = vn+sii too. Therefore, matrix (22) 
is singular, and hence (23) and (24) leave y1 and Yn indeterminate. The system 
should be aggregated into a one-sector model. 
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lifa11 and l11/a11 , while those of (I g) reduce to v1 and v11 ; and we 
have10 

(i = I, II). 

Thus the coefficients ofthe second equation of the reproduction 
system aggregated in terms of the equilibrium wage-prices are 
different from those of the corresponding equation aggregated in 
terms of values, except in the two very special cases which had 
very little interest for Marx. However the equations are identical 
with each other, in spite of the different coefficients. This is easily 
seen from (8), (g) and (I2). In fact, from (8) and (g) we get, 
under the aggregation conditions, 

Pn, wF = an An F = rr[(aici + li) YI + (aicn + ln) Yn], 

while from (12) A11 F = s1y1 +snYn· 

Therefore, 

This, together with ( 25), enables us to find that equation ( 24) is 
identical with (I g), despite the differences in their corresponding 
coefficients. 

The rest of this chapter is devoted to a comparison of Marx's 
view of simple reproduction with the view of some of the orthodox 
economists. We take Dorfman, Samuelson and Solow's as an 
authoritative view. They write:11 'In a long-run competitive 
equilibrium we may put prices equal to unit costs.' 'Relative 
prices of commodities will depend only on their direct and 
indirect labour content.' 'The total value of net output is just 
imputed as wages to the scarce factor labour.' These quotations 
imply that (i) the rate of profit is zero, i.e. rr = o; (ii) there is no 
deviation of prices from values, i.e. Pi, w = 1\ for all i, and 
(iii) there is no share for capitalists in the net output; everything 
is eaten by workers so that there is no accumulation of capital 
stocks. 

This view ofDorfman, Samuelson and Solow contrasts greatly 

10 AsPn, 111 D = r, we have 

l; = (Prr.wD)l; = rxiiAnDl; = rxrrv; (i =I, 11). 
11 R. Dorfman, P. A. Samuelson and R. M. Solow, Linear Programming and 
Economic Analysis (New York: McGraw-Hill, 1958), pp. 224, 227 and 229. 
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with Marx's. According to him, only the abstract and imaginary 
society of simple commodity production can be characterized by 
these three features. Marx insisted on the prevalence of a positive 
rate of profit in the state of simple reproduction in a capitalist 
society, because if it were zero no capitalist would be interested 
in his enterprise, so that the capitalist character of the entire pro

cess of production would not be reproduced. In Marx's view, 
1T > o and hence A, w > ;\i for all i, 12 but the society is in a 
stationary state since capitalists do not save. Of course, as he 
recognized, 'Simple reproduction, reproduction on the same 
scale, appears as an abstraction, inasmuch as ... the absence of 
all accumulation or reproduction on an extended scale is a 
strange assumption in capitalist conditions ... ' (n, pp. 398-g.) 
But he was interested in it as a convenient base for tackling the 
more realistic problem of extended or expanding reproduction; 
by removing the assumption of no capitalists' savings his model 
can easily be put into motion. 

12 See chapter 7 above. 

CHAPTER 10 

Extended reproduction 

In order for a transition from simple to extended reproduction to 
take place, a positive portion of the surplus value must remain 
after capitalists' consumption, which may be spent on the acqui
sition of new constant and variable capitals. In fact, as Marx 
wrote, he 'assumed in the analysis of simple reproduction that 
the entire surplus-value of [departments] I and 11 is spent as 
revenue. As a matter of fact, however, one portion of the surplus
value is spent as revenue, and the other is converted into capital. 
Actual accumulation can take place only on this assumption.' 

(n, p. 507.) Consequently, reproduction on an extended scale is 
not possible in a society where it is technically and biologically 
infeasible to exploit workers so as to yield a total surplus value 
greater than the value of the necessities of life which the capi
talists require. 

There is another precondition. For an expansion of the eco
nomy to be possible, there must be a sufficient supply of labour
power from the working-class, which presupposes among other 
things, 'a development of all the circumstances which produces 
a relative surplus population among the working-class'. (n, 
p. 518.) Marx also wrote as follows: 'We have explained at great 
length in book I that labour-power is always available under the 
capitalist system of production, and that more labour can be 
rendered fluent, if necessary, without increasing the number of 

labourers or the quantity of labour-power employed. We there
fore need not go into this any further, but shall rather assume that 
the portion ofthe newly created money-capital capable of being 
converted into variable capital will always find at hand the 

labour-power into which it is to transform itself.' (n, p. 505.) 
Thus he assumed, as von Neumann did,1 that the labour force 
could be expanded at a rate which was higher than the maximum 
rate of growth of capital, or at least that the supply of labour 
could adjust itself quickly and smoothly to demand. 

Under these fundamental assumptions, Marx's analysis pro
ceeded in terms of numerical examples. He presented two main 

1 J. von Neumann, 'A Model of General Economic Equilibrium', Review of 

Economic Studies, xm, I945-6, pp. I-g. 

[ I I 7 ] 
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illustrations of the same kind, the first of which assumed the fol
lowing structural coefficients: 2 The rate of exploitation is I for 
both departments I and II; the value-composition of capital is 
4 for department I and 2 for department II. Let the ratios of the 
constant and variable capitals used by department i to the total 
value of its output be denoted by ci and vi, and the ratio of surplus 
value produced by i to the total value of output i by si. As 
ci +vi+ si = I fori = I, II, the rate of exploitation and the value
compositions of capital which Marx assumed for the purpose of 
illustration imply, in view of their definitions, the following 
values of the coefficients: 

Department I 
Department II 

The accumulation of capital may start from an arbitrary initial 
point which Marx took as y1(o) = 6,ooo and Yu(o) = 3,ooo, 
where Yi( o) represents the value of output of department i in 
year o. Then we have the following 'Initial Scheme for Repro
duction on an Extended Scale 

I 4,oooc + I ,ooov + I ,ooos = 6,ooo 

II I,sooc+ 75ov+ 7sos=3,ooo 
Total g,ooo.' (n, p. 514.) 

Marx then introduced his very peculiar investment function, 
such that (i) capitalists of department I devoted a constant pro
portion of their surplus value to accumulation, (ii) it was 
reinvested in department I so that it was converted into constant 
and variable capitals in the proportion k1 : I and (iii) capitalists 
of department II adjusted their investment so as to maintain the 
balance between the supply and demand for capital goods. In his 
example, one half of surplus value I, i.e. soo, is assumed to be 
accumulated. Then 400 of the sooi8 are to be converted into 

2 In this chapter, for the sake of simplicity and also with the intention of later 
revising or generalizing Marx's analysis of the process of accumulation, in a way 
suggested by van Neumann, we deliberately confine ourselves to the simplest case 
of one period of turnover of constant and variable capitals, although Marx was 
concerned with a more general case. It is therefore assumed throughout the 
following discussion that' the constant capital is everywhere uniformly and entirely 
transferred to the annual product of the capitals' (m, p. 154). 
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constant capital, and IOO into variable capital. This makes 
a total demand for capital goods of department I ofthe amount 
4,oooc + 40oc, which would imply an excess supply of the amount 
I oo = 6,ooo- 4,400- I ,soo if there were no investment demand 
from department II. In his model, however, capitalists of depart
ment II have been assigned the role of adjuster, so that there 
must be an additional investment demand of IOOc due from 
department II. This means that out of their surplus value 75os 
capitalists of department II accumulate I 50 = I ooc + sov, since 
the value-composition of capital II is assumed to be 2. 

We now have a demand for wage and luxury goods from the 
workers recurrently and newly employed in department I of the 
amount I,Ioo = I,ooov+ Ioov, from the workers in depart
ment II of the amount 8oo = 750v + sov and from the capitalists 
ofboth departments demand of the amount I,Ioo = soos + 6oos, 
the amount remaining for their consumption after the surplus 
value of soos + I sos has been spent for accumulation. The total 
demand for products of department II amounts to 3,ooo, which 
is equal to their supply. Since demand is equated with supply in 
each department, goods are distributed as they are demanded. 
Actual accumulation will take place exactly as it has been 
scheduled by capitalists. Capitals are augmented in the two 
departments in the following way: 

I 4,oooc--+4,400c, I,ooov--+ I,Ioov, 

II I,sooc--+ I,6ooc, 75ov--+ 8oov. 

If production goes on with these augmented capitals and capi
talists maintain the same rate of exploitation as before, we shall 
obtain at the end of year I: 

I 4.4ooc+ I,Ioov+ I,Ioos = 6,6oo, 

II I,6ooc+ 8oov+ 8oos = 3,200. 

In year 2, accumulation in department I continues at the 
same rate as in year I, so that surplus value of the amount ssos is 
accumulated and the other ssos is spent for personal consump
tion. The accumulated part is invested for department I and 
divided into 440c and I IOV, according to the value-composi
tion of capital of I. The total demand for capital goods of 
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department I, which includes both replacement and net invest
ment demands, amounts to4,84oe, which in turn, together with the 
replacement demand of department II, produces an aggregate 
demand of 6,44oe, so that capital goods of r6oe can be used for 
the expansion of department II. Capitalists of department II 
have to save 240s = r6os + 8ov out of their surplus value Boos. 
The products of the wage and luxury goods industries, of the 
value 3,200, are all sold to workers and capitalists, because they 
demand these goods in the amounts I, 2 I OV + 88ov and 5505 + 560s 
respectively. If reproduction is carried on at the same rate of 
exploitation as before without any structural change, we obtain 
at the end ofyear 2: 

I 4,84oe+ r,2rov+ r,2ros = 7,260, 

II r, 76oe + 88ov + 88os = 3,520. 

It is now seen that the rate of growth of output of department I 
is ro per cent from year o to year r and from year r to year 2, 
while that of department II is 6.67 per cent from year o to year r 
and ro per cent from year r to year 2. Therefore we have only one 
year of unbalanced growth before year 2, when both depart
ments expand at the same rate, ro per cent. Thus the figures at 
the end of year 2 are exactly the same as those at the end of year r 
multiplied by the common number r. r. Year 3 is no more than 
a repetition of year 2 on an extended scale, and so forth for ever. 
It is thus seen that in Marx's economy there prevails a tendency 
towards balanced growth, which is much stronger than the con
vergence claimed by neoclassical economists such as Solow, 
Meade, and U zawa, 3 because any state of unbalanced growth 
will disappear in Marx's economy in a single year. 

It can easily be shown that such a strange conclusion is not 
specific to the numerical illustration used by Marx, but is a 
logical implication of his investment function. Let a1 and an be 
the rates at which the surplus values of departments I and II, 
respectively, are accumulated; a1 is kept constant while au is 

3 R. M. Solow, 'A Contribution to the Theory of Economic Growth', Quarterly 

Journal cif Economics, LXX, I956, pp. 65-94; J. E. Meade, A Neoclassical Theory of 

Economic Growth (London: George Allen and Unwin, Ltd, Ig6I); H. Uzawa, 'On 
a Two-Sector Model of Economic Growth', Review cif Economic Studies, xxix, I g6 I, 
pp. 40-7. R. Sato has shown that about one hundred years are required for a neo
classical economy to settle in a balanced growth state. 
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adjusted. The accumulated surplus value a1s1y1 ( o) is divided 
into 

and 

the former being added to the constant capital of department I 
in year o, e1 y1 (o), to make its constant capital in year r. There 
will be an excess supply of capital goods of the amount 

Yr(o)- [er +~arsr]Yr(o) -enYn(o) 
er +vr 

if no net investment is made by the capitalists of department II. 
The adaptive rate of accumulation in year r, an( r ), is determined 
such that 

au (I) [ en sn] Yn ( o) 
Crr+vn 

= Yr(o)- [er +-e_r- arsr] Yr(o) -enYn(o). (r) 
er +vr 

From year o to year r, the rate of growth of department I is 
given as 

( ) 
a1s1 

gr o =er +vr' (2) 

and that of department II as 

gn(o) =an(r)sn=.2...[r-er-~arsr]Yr(o) -r (3) 
en+ Vn en e1 + v1 Yn( o) 

because of ( r). 
In e~ac~ly the same way, the rate of growth from year r to 

year 2 IS given as 

and 

( ) ar sr 
gr I = e +v 

I I 
for department I, 

au(2) Sn r [ e1 J YI(I) 
gn(r) = en+vn =en I -er- er+vr arsr Yn(I)- I 

for department II. 
On the other hand, we have 

and 

(from (3)). 

(5) 
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Substituting these into (5) we can easily verify g11 (1) = g1(o). 

As g1 ( o) = g1 ( 1) because of the constancy of a1, we have 

g1(1) = g11 (1), so that the outputs of departments I and 11 grow 

in balance from year 1 to year 2 and thenceforth. 

This strange conclusion has been derived from Marx's special 

investment function, which is not only unnatural but conflicts 

with his reasonings on the formation of the equilibrium rate of 

profit. He wrote as follows: 'the rates of profit prevailing in the 

various branches of production are originally very different. 

These different rates of profit are equalized by competition to 

a single general rate of profit.' (m, p. 158.) Therefore, as long as 

the rate of profit is equalized between departments I and 11, 

capitalists of one department will be interested in investing their 

profits in the other department as well. Thus their investment 

activities will not be confined within their own department. 

We now propose to replace Marx's assumptions concerning 

investment behaviour by the following more reasonable assump

tions. We assume that (i) capitalists of departments I and 11 have 

the same propensity to save, a, and (ii) they are interested equally 

in investment opportunities in both departments, because the 

same equilibrium rate of profit prevails in both. Then 

a[s1y1(t) +s11y11(t)] is devoted to accumulation, a part of which, 

c1 !:iy1 ( t) + c11 !:iy11 ( t), is invested in capital goods by the capitalists 

of both departments, while the rest is spent on variable capital. 

Because the workers' propensity to save is assumed to be zero, 

the investment in variable capital (i.e. real wages spent for new 

employment) equals the consumption of wage goods by the 

newly employed workers. The demand-supply equations for 

outputs of the two departments may be written as 

YI(t) = CIYI(t) +cnYn(t) +ci!:iyi(t) +cnt1Yn(t), (6) 

Yn(t) = V1Y1(t) +vnYn(t) +vi!:iYI(t) 

+ v11 !:iy11 ( t) + bs1y1 ( t) + bs11 y11 ( t), ( 7) 

where b = 1 -a stands for the capitalists' propensity to consume. 

By definition, 
!:iyl(t) = YI(t+ I)-YI(t) 

and 
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therefore, ( 6) and ( 7) can be written more simply as 

[ YI(t)]-[cl Cn][y1(t+I)]+[o O][y1(t)] (8) 
Yn(t) - vi Vn y11(t+ 1) bs1 bs

11 
y

11
(t) ' 

which in turn may be rewritten as 

by putting 
[ YI(t) J _ [Mn M 12] [y1(t+ 1) J 
Yn(t) - M21 M22 Yn(t+I) (g) 

MF = c,. and M2. = bsici +vi 
• • , b ( i = I, 11). ( 1 o) 

I- s11 

The simultaneous difference equations (g) may be described as 

the fundamental equations ofthe theory of reproduction whose 
solutions may be written as ' 

YI(t) = 111mn(1 +g1)t+112m21(1 +g2)t,} 
Yn(t) = 111m12(1 +g1)t+172m22 (I +g

2
)t, (II) 

where 111 and 112 are constants determined by initial outputs, 

Y1 ( 0 ) and Yn ( o); I + g1 and I + g2 are the reciprocals of two latent 

roots, f.l1 and J.L 2, of the characteristic equation, 

I Mn-f.l M12 I= o· 
M ' (12) 

21 M22- f.l 

and the ms are obtained by solving the two sets of equations 

( Mn- J.li) mi1 + M12 mi2 = o} 

M (M 
(i = I, 2). (13) 

21 mi1 + 22 - J.li) mi2 = o 

The solutions ( 1 1) have the following properties. It is first 

noted t~at all Mi1s are positive, because both the capitalists' 

propensity to save, b, and the surplus value per unit of output of 

department 11, sn, are positive and less than one. The charac

teristic equation ( 1 2) has roots, 

f.l1 = Mn +M22+.J[(Mu-M22) 2+4M12M21] 
2 

= Mn +M22 + IMn -M22I +u 
2 

f.l2 = Mn +M22-.J[(Mn-M22) 2+4M12M21] 
2 

= Mn +M22-IMn-M22!-u 
2 
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where u is a positive number because M 12 M 21 > o. It is seen that 
p,1 is greater than either Mu or M 22, while p,2 is smaller~haneither 
of them. Obviously p,1 is positive but p,2 may be negatiVe. When 
it is positive, we have p,1 > p,2, of course. When it is negative, its 
absolute value is smaller than p,1.4 Thus, in any case, # 1 > \;t2\, 
so that 

Next, as Mu< p,1, the first equation of (13), fori= 1, implies 
that mufm

12 
is positive; so both mu and m12 may be taken as 

positive. On the other hand, as Mu > ;t2, we find, by exactly the 
same method, that m21/m22 is negative; so m21 may be taken as 
positive and m22 as negative. Moreover we can show that ;t1 < 1, 

because adding the second equation of ( 1 3) fori = 1, multiplied 
by 1 - bsn to the first for i = 1 and bearing definitions ( 10) and 
ci +vi +si= 1, i =I, 11 in mind, we obtain 

p,1[( 1 - bs1) mu+ ( 1- bsn) md = (c1 + v1) mu+ (en+ vn) m12 
= (I-s1)mu+(I-sn)m12' 

which implies p,1 < 1, as 1- bsi > 1 -si > o, for i =I, 11, 
mu > o, and m12 > o. Finally, subtracting the second equation 
of ( 1 3) fori = 2, multiplied by c1 ( 1 - bsn) from the first fori = 2 

multiplied by v1, we get 

p,2[ ( v1 + bs1 c1) m21 - c1( I - bsn) m22] = (cnvi- Vn cl) m22· 

On the left-hand side of this equation, the part in square brackets 
is positive because of the assumed signs of m21 and m22. On the 
other hand, the right-hand side is negative if and only if 
cnfvn > c1jv1• Hence p,2 is negative if and only if cnfvn > c1 jvp 

As p,1 is positive and less than one, g1 is positive. If the initial 
position (y1 (o), Yn(o)) is given so as to make 172 = o, then y1(t) 
and Yn(t) grow in balance at the common positive rate g1. If the 
initial point is displaced from the balanced growth path, then 
172 cannot be zero. As ;t1 > \;t2\ implies I+ g1 < \I+ g2\, the non
balanced growth parts 172m2i(1 +g2)t, i = 1, 2, will become the 
dominant parts in the general solutions ( 1 1) for large t. Further
more, if p,2 < owe have 1 + g2 < o, which implies that the second 

4 Proof: Suppose the contrary, that is JL2 < o and JL1 < IJL2 1 = -JL•· Then 

Mu +M2a+ I Mu- M ,.I+ u .Mu+ M22-IMu- M 22 l-u 
~~~~~~--~-- < . 

2 2 

Therefore, Mu+ M 22 < o, a contradiction. 
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terms of the solutions ( 1 1) change their sign every period. There
fore we may now conclude as follows: The balanced growth is 
unstable and an economy starting from an initial point away 
from the balanced growth path will diverge from it as time goes 
on. In more detail, we have explosive oscillations (of period 2) 
around the balanced growth path, if department 11, producing 
wage and luxury goods, is higher in the value composition of 
capital (or more capital-intensive) than department I, producing 
capital goods, i.e. kn = cnfvn > k1 = c1 jv1• Otherwise we have 
monotonic divergence from the balanced growth path.5 

Obviously this instability result is the very opposite of what 
Marx derived from the numerical analysis of his Scheme of 
Reproduction. But we can adduce evidence to show that the 
model Marx originally intended to examine does not differ very 
much from ours. In fact, he began the section on the 'Schematic 
Presentation of Accumulation' by studying reproduction of 
commodities under the assumption 'that both I and 11 accumu
late one half of their surplus-value' (n, p. 511, my italics), and 
later changed this reasonable assumption into the unnatural one 
which we have already discussed, because he was unsuccessful, 
in spite of every effort, 6 in solving simultaneous difference equa
tions as simple as (g) under the original assumption. The un
natural adjustment of the rate of accumulation by capitalists of 
department 11 to the exogeneously determined rate of accumula
tion in department I was invented by Marx merely as a deus ex 
machina. However we should not be too surprised that Marx 
performed so poorly in this case. Even Walras could not properly 
solve the simultaneous differential (or difference) equations 
describing the process of tatonnement. Remembering that Marx 
5 It is interesting to compare these results with those which are popular among 
contemporary economists. Formulating the process of reproduction in terms of 
differential equations: 

Y(t) = PY(t) + Q dYfdt, 

where p = [ er en J and Q = [er en] 
v1 + bs1 vu+ bsn v1 vu ' 

Shinkai, for example, has found that the balanced-growth path is stable if and only 
if department 11 is more capital-intensive than I. I prefer our formulation in the 
text to Shinkai's because, as we shall observe in a later section, our model can more 
easily be merged into von Neumann's, so that it can be extended to a more general
ized system where capital goods may be used for a number of periods and the 
production period is different from commodity to commodity. 
6 SeeK. Marx, Matiematitzieskie Rukopisi, Moscow, 1968. 
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had begun his academic career as a philosophical student and 
learned mathematical economics by himself, we should be 
greatly impressed by his model, which may be taken as the proto
type of the present-day Leontief-von Neumann models. In 
mathematical economics, like other sciences, the most important 
thing is to pose fundamental problems. Once models have been 
formulated, their solution may be relegated to assistants or even 
to computers. 

Marx was unable by the use of his model of reproduction to 
explain the 'course characteristic of modern industry, viz., a 
decennial cycle (interrupted by smaller oscillations), of periods 
of average activity, production at high pressure, crisis and stagna
tion.' (1, pp. 632-3.) However, it is not very difficult to graft the 
modern theory of the trade cycle onto his model (8) or (g). In 
fact, by premultiplying (8) by ( v1, - c1), we can eliminate 
YI(t +I): 

( v1 + bs1 c1) y1(t) = c1 (I - bs11) YnU) + (c11 V1 - v11 c1) YnU + I), 

which enables us to eliminate y1(t) and y1(t + 1) from the first 
equation of (8). The result is: 

where 
aoyu(t+2) +a1YnU+ 1) +a2yn(t) = o, (14) 

a0 = c11 v1-vnc1, a1 = c1(1 -bs11 ) +v11 +bs1 c11, 

a2 =-(I-bs11). (15) 

Similarly, by premultiplying (8) by ( v11, - c11), we can eliminate 

YuU): c11 ( 1- bs11 ) y11 (t) = (v11 + bs1 c11 ) YI(t) 

+ (c11 v1 -c1v11) y1(t+ 1). 

Substituting for y11 from this, the first equation of (8) becomes 

a0y1(t + 2) + a1y1(t + 1) + a2 y1(t) = o. ( 16) 

We now define the net output of the society in terms ofla bour-
time as y(t) = y11 (t) + [y1(t)- c1y1(t) -CnY11(t)], 

which is consumption plus net investment. Then we obtain from 
( 14) and ( 16) an equation of the same type concerning net 

output, i.e. aoy(t+2) +aly(t+ I) +a2y(t) = o, (17) 
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which may be compared with Hicks' basic difference equation 
of the theory of the trade cycle and which can be handled as 
Hicks did his.7 

First, the general solution to ( 17) is obtained in the usual way. 
Solving the characteristic equation, 

a0 v2+a1v+a2 = o, ( 18) 

we obtain v1 and v2• Then the general solution is given as 

y(t) = gl vl + S2 v2t, 

and constants g1 and s are determined by the initial conditions, 
i.e. the values of y in periods o and - 1. It can be shown that the 
characteristic equation ( 1 8) of the aggregated system ( 1 7) is 
identical with the characteristic equation ( 1 2) of the original 
two sector model (g). We can show vi= I/fli, i = 1, 2, so that we 
have v1 = 1 + g1 and v2 = 1 + g2• Then the particular solution 
g1 vl gives the steadily progressive moving equilibrium, which is 
unstable because tt1 > ltt21 or 1 + g1 < I 1 + g2 l, as has been shown 
before. Also, we have explosive oscillations around the moving 
equilibrium if department 11 is higher in the composition of 
capital than I, and explosion without fluctuations in the converse 
case. 

If he is provided with all the arrangements which he requires, 
Hicks can guide Marx further. We may complicate the simple 
model (17) by introducing the 'Full Employment' ceiling with 
an upward trend, autonomous investment increasing at a regular 
rate, the asymmetry of the working of the accelerator on the 
downswing and upswing, and so on. These elaborations, together 
with the fundamental result from the original free system, that 
the moving equilibrium is unstable if no ceiling is set, enable us 
to derive constrained cycles. If the initial position of the economy 
is given off the equilibrium growth path, output diverges from it, 
either by tracing out oscillations or in a monotonic way. The 
expansion in output will finally hit the ceiling at some point; then 
the path will bounce off it, after a little while during which the 
7 J. R. Hicks, A Contribution to the Theory of the Trade Cycle (Oxford, 1950), p. 6g. 
In its simplest form, his equation can also be written as (17) with a0 = I, 

a1 =- (c+ v), and a0 = v, where c and v are Hicks'; that is, c is the marginal pro
pensity to consume and v the investment coefficient, i.e. the ratio of the induced 
investment to the change in output. Hicks assumed time lags of one period in 
consumption and investment decisions. 
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economy creeps along the ceiling. In the down~ard ~ovement 
the strong acceleration which we had on the upswmg will cease to 
work. We shall have a multiplier process towards the floor, corre
sponding to the level of autonomous investment. The floor 
inclines upwards because of the assumed trend of autonomous 
investment. Along the floor output will be increased, so that the 
acceleration principle will start to work again- a second upswing 
is inevitable. 

This Hicksian view might not satisfy Marx, because our equa
tions (8) and (I 7) do not take Marx's view o~ crisis properly i?to 
account. Marx was unsuccessful in formulatmg a mathematical 
model of the trade cycle, but he was quite explicit about how he 
viewed industrial fluctuation. In his words, 'a crisis could ... be 
explained as the result of a disproportion of production in various 
branches of the economy, and as a result of a disproportion 
between the consumption of the capitalists and their accumula
tion. But as matters stand, the replacement of the ea pi tal invested 
in production depends largely upon the consuming power of the 
non-producing classes, while the consuming power of the workers 
is limited partly by the laws of wages, partly by the fact that they 
are used only as long as they can profitably be employed by the 
capitalist class. The ultimate reason for all real crises always 
remains the poverty and restricted consumption of the masses as 
opposed to the drive of capitalist production to develop the pro
ductive forces.' (m, p. 485.) However, Hicks' theory could be 
extended, by replacing the second equation of (8) a_nd by an 
inequality, so as to allow over-production of consumptiOn goods. 

CHAPTER I I 

The reserve army and the falling rate of profit 

It is evident that the rate of employment is the ratio of the popula
tion oflabourers actually employed to the total number of people 
who want to work; therefore its movement is investigated by 
comparing the rate of increase of employed workers to the rate of 
increase of the total population (if a constant fraction of the total 
population remains 'unproductive' through time). However, it 
is not clear what Marx assumed about the absolute or propor
tional increase in the labouring population, or about the natural 
rate of growth of the labour force. Leaving this unclear, he con
centrated his attention on the relative surplus population or 'the 
varying proportions in which the working-class is divided into 
active and reserve army'. He affirmed: 'every special historic 
mode of production has its own special laws of production, 
historically valid within its limits alone'; and he claimed to have 
found 'a law of population peculiar to the capitalist mode of 
production' (I, p. 632). 

What Marx assumed about the population growth is vague, 
but his model of reproduction is clearly distinct from the model 
which Samuelson called 'von Neumann-Malthus',l though 
very similar to the one that I have called 'Marx-von N eumann '. 2 

In the von Neumann-Malthus model, Samuelson assumes that 
the rate of growth of population is a rising function of the real 
wage rate which takes on a value of zero when the real wage rate 
is fixed at the subsistence level; so we have a persistent balanced 
growth of capital and labour, or a von Neumann-Malthus 
golden age, only at an equilibrium real wage rate above the 
subsistence level. It is, however, clear that Marx rejected such a 
view, that a simultaneous equilibrium of capital and labour 
could be established by adjusting the real wage rate. He wrote: 
'According to them [i.e. the dogmatic economists] wages rise in 
consequence of accumulation of capital. The higher wages stimu
latetheworkingpopulation to more rapid multiplication, and this 
goes on until the labour-market becomes too full, and therefore 

1 P.A. Samuelson, 'Understanding the Marxian Notion of Exploitation: A Sum
mary ... ', Journal of Economic Literature, Ix, June 1971, p. 406. 
2 See my Equilibrium, Stability and Growth (Oxford, 1964), eh. 5· 
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capital, relatively to the supply oflabour, becomes insufficient. 
Wages fall, and now we have the reverse of the medal. The 
working population is little by little decimated as the result of 
the fall in wages, so that capital is again in excess relatively to 
them, or, as others explain it, falling wages and the corresponding 
increase in the exploitation of the labourer again accelerates 
accumulation, whilst, at the same time, the lower wages hold the 
increase of the working-class in check. Then comes again the 
time, when the supply oflabour is less than the demand, wages 
rise, and so on. A beautiful mode of motion this for developed 
capitalist production!' (I, p. 637.) 

It is of course true that Marx was a subsistence-wage theorist. 
In his words, the 'value of labour-power [hence, the real wage 
rate] is determined by the value of the necessaries oflife habitu
ally required by the average labourer. The quantity of these 
necessaries is known at any given epoch of a given society, and 
can therefore be treated as a constant magnitude.' (I, p. 5Ig.) 
Thus, 'there enters into the determination of the value oflabour
power a historical and moral element' (I, p. I7I). He also 
admitted that for the majority of the working-class life at the 
subsistence wage level was tragic and horrible. He wrote: 'in this 
"Paradise of Capitalists" there follows, on the smallest change 
in the price of the most essential means of subsistence, a change in 
the number of deaths and crimes!' (I, p. 672.) 'The minimum 
limit of the value oflabour-power is determined ... by the value 
of those means of subsistence that are physically indispensable. 
If the price of labour-power fall to this minimum, it falls below 
its value, since under such circumstances it can be maintained 
and developed only in a crippled state.' (I, p. I 73·) 'The owner 
oflabour-power is mortal. If then his appearance in the market is 
to be continuous, ... the seller oflabour-power must perpetuate 
himself, "in the way that every living individual perpetuates 
himself, by procreation". The labour-power withdrawn from 
the market by wear and tear and death, must be continually 
replaced by, at the very least, an equal amount of fresh labour
power. Hence the sum of the means of subsistence necessary for 
the production of labour-power must include the means neces
sary for the labourer's substitutes, i.e., his children, in order that 
this race of peculiar commodity-owners may perpetuate its 
appearance in the market.' (I, pp. I7I-2.) 
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On the other hand, however, Marx wrote: 'The over-work of 
the employed part of the working-class swells the ranks of the 
reserve, whilst conversely the greater pressure that the latter by 
its competition exerts on the former, forces these to submit to 
over-work and to subjugation under the dictates of capital. The 
condemnation of one part of the working-class to enforced idle
ness by the over-work of the other part, and the converse, 
becomes a means of enriching the individual capitalists and 
accelerates at the same time the production of the industrial 
reserve army on a scale corresponding with the advance of social 
accumulation. How important is this element in the formation of 
the relative surplus-population, is shown by the example of 
England. Her technical means for saving labour are colossal.' 
(I, pp. 636-7.) 'We have explained ... that labour-power is 
always available under the capitalist system of production, and 
that more labour can be rendered fluent, if necessary, without 
increasing the number of labourers or the quantity of labour
power employed. We ... assume that the portion of the newly 
created money-capital capable of being converted into variable 
capital will always find at hand the labour-power into which it is 
to transform itself.' (II, p. sos.) Thus, from the evidence of these 
statements we may say that Marx assumed, though not explicitly, 
a high rate of growth of the labour force (that is, high in relation 
to the rate of growth ofthe demand for labour) even at the sub
sistence-wage rate, for biological, sociological, technical and 
other reasons, i.e. the natural increase in the labour force, the 
arrival of new-comers from the backward areas or the non
capitalistic sectors, technical improvements of the labour-saving 
type. Therefore the economy can grow at the minimum real wage 
rate, producing a relative surplus population which is ever 
growing. It is a Marx-von Neumann golden age! 'Accumula
tion of capital is, therefore, increase of the proletariat.' (I, p. 6 I4.) 

Throughout the following, we are concerned with an economy 
where the natural rate of growth of the total population or the 
labour force is kept unchanged; we explicitly assume that it is a 
positive constant. Under this assumption, we shall confirm in 
this chapter the following three propositions concerning employ
ment which are stated by Marx: (i) Under the condition that the 
value composition of capital remains the same, growth of capital 
gives rise to a proportional increase in the employment oflabour, 

5-2 
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and 'their [the labourers'] relation of dependence upon capital 
takes on a form endurable'. 'Instead of becoming more intensive 
with the growth of capital, this relation of dependence only 
becomes more extensive.' (I, p. 6 I 7.) (ii) 'The course character
istic of modern industry, viz. a decennial cycle (interrupted by 
smaller oscillations), of periods of average activity, production at 
high pressure, crisis and stagnation, depends on the constant 
formation, the greater or less absorption, and the re-formation of 

the industrial reserve army or surplus-population.' (I, pp. 632-3.) 

(iii) '[The] change in the technical composition of capital, the 
growth in the mass of means of production, as compared with the 
mass of the labour-power that vivifies them, is reflected ... in its 
value-composition, by the increase of the constant constituent of 
capital at the expense of its variable constituent.' (I, p. 622.) 

'Since the demand for labour is determined not by the amount of 

capital as a whole, but by its variable constituent alone, that 
demand falls progressively with the increase of the total capital, 
instead of. .. rising in proportion to it. It falls relatively to the 
magnitude of the total capital, and at an accelerated rate, as this 

magnitude increases.' (I, p. 62g.) 

Marx derived these conclusions from a one-department model 
in volume I; in this chapter we shall try to re-establish them in 
the two-department model. These conclusions are important 
not only for their own sake but also because Marx derived from 
them his view of the breakdown of capitalism. In his words, along 
with the constantly or periodically increasing reserve army, will 

grow 'the mass of misery, oppression, slavery, degradation, 
exploitation; but with this too grows the revolt of the working

class, a class always increasing in numbers, and disciplined, 
united, organised by the very mechanism of the process of 
capitalist production itself. The monopoly of capital becomes 
a fetter upon the mode of production, which has sprung up and 
flourished along with, and under it. Centralisation of the means 
of production and socialisation of labour at last reach a point 
where they become incompatible with their capitalist integu
ment ... The knell of capitalist private property sounds. The 

expropriators are expropriated.' (I, p. 763.) 

The most important factor in the following analysis is, as Marx 

said, 'the composition of capital and the changes it undergoes in 
the course of the process of accumulation'. 'The many individual 
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capitals invested in a particular branch of production have, one 

with another, more or less different compositions. The average of 
their individual compositions gives us the composition of the total 
capital in this branch of production. Lastly, the average of these 
averages, in all branches of production, gives us the composition 
of the total social capital of a country, and with this alone are we, 
in the last resort, concerned in the following investigation.' 
(I, pp. 6I2-13.) 

We start again with our basic demand-supply equations for 
the outputs of the two departments: 

YI(t) = CIYI(t) +cnYu(t) +ci~YI(t) +cn~Yn(t), (r) 

Yn(t) = VIYI(t) +vnYu(t) +vi~YI(t) 

+vn~Yn(t) +bsiYI(t) +bsiyi(t) +bsnYn(t), (2) 

where y1 is the output of department I in terms ofvalue, for one 
unit of which c1 constant capital and v1 variable capital are 
required to yield s1 surplus value; similarly for department II; 
and b represents the ratio of the capitalists' consumption (in 
terms of value) to the total surplus value. Let the rate of growth 
of the total value of capitals utilized be defined as 

() (cr+vr)~yi(t)+(cu+vu)~Yn(t) gK t = ~-_c!!_..,...::..~:--~c!c.._---.!c7-~"+-'-
(cl+ vi) Yr(t) + (en+ vu) Yn( t) 

As ci+vi+si = 1, i =I, II, we have from (I) and (2) 

SrYr(t) +snYn(t) = (cr+vr) ~Yr(t) 

+ (cu+vu) ~Yn(t) +b[srYr(t) +snYn(t)], (4) 

which implies that the total surplus value equals the value of 
investment plus the value consumed by the capitalists' families. 
This can be further rewritten in the familiar form of the equality 
between savings and investment, 

a[srYr(t) + SnYn( t)] 

= (cr+vr)~Yr(t)+(cu+vu)~Yn(t), (5) 

where a = I - b denotes the ratio of the value of investment in 
constant and variable capitals to the total surplus value, which 

is called the rate of accumulation and is assumed to be constant 
unless otherwise stated. As s1 = ev1 and sn = evu, where e is the 
rate of exploitation, we obtain from (5) by dividing it by the 
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value of total capital, ( ci +vi) YI(t) +(en+ vn) Yn(t), and bearing 
the definition of the rate of growth of capital in mind 

V(t) I 

gK(t) = ae C(t) + V(t) = ae k(t) +I, (6) 

where C(t) and V(t) denote the total constant capital and the 
total variable capital respectively, and k(t) the value-composi
tion of the total social capital in period t, that is C(t)JV(t). It is 
noted that as C(t) and V(t) are weighted sums ofyi(t) and Yn(t), 
the value-composition of the social capital may change when 
YI(t) and Yn(t) fluctuate from period to period, provided that 
departments I and 11 are different in the value-composition of 
capital. 

Next, let us define the rate of growth of the demand for 
labour as 

( 7) 

where li and ln are labour directly required per unit of YI and Yn 
respectively. Obviously, li = vi+si =(I +e) vi, i =I, 11; we 
have, therefore, 

gL(t) = vitl.yi(t) +vntl.Yn(t) = VIYI(t+ I) +VnYn(t+ I)_ I 
VIYI(t) +vnYn(t) VIYI(t) +vnYn(t) · 

Hence, 

{ 
V( t + I) } 

I+ gL(t) = C(t+ I)+ V(t+ I) [C(t+ I)+ V(t+ I)] 

-;-{c(t;~~(t) [C(t) + V(t)J} 

k(t) +I C(t+ I)+ V(t+ I) 
k(t+I)+I C(t)+V(t) 

k(t) +I 
k(t+ I)+ I (I +gK(t)), (8) 

which plays a role of fundamental importance in the following 
discussion. 

From (8) Marx's first result mentioned above follows at once. 
From the definition of k(t) as 

k(t) = C(t) = CIYI(t) +cnYn(t) (g) 
V(t) VIYI(t) +vnYn(t)' 
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it is seen that the composition of the total social capital remains 
the same, ifyi(t) and Yn(t) grow in balance.3 Then from (8) we 
have gL(t) = gK(t), since k(t) = k(t+ I). Thus, 'the demand for 
labour and the subsistence-fund of the labourers clearly increase 
in the same proportion as the capital, and the more rapidly, the 
more rapidly the capital increases' (I, p. 6I3). If the rate of 
growth of the demand for labour, gL(t), thus determined is equal 
to the natural rate of growth of the labour force p, the rate of 
unemployment will remain constant through time. In particular, 
if there is full employment at the outset it will persist forever. On 
the other hand, if gL( t) is greater than p, the economy will suffer 
from persistent shortage oflabour, while in the opposite case of 
the former being smaller than the latter, full employment growth 
becomes impossible. Of the last two possibilities Marx remarked 
as follows: 'In the first case, it is not the diminished rate either of 
the absolute, or of the proportional, increase in labour-power, or 
labouring population, which causes capital to be in excess, but 
conversely the excess of capital that makes exploitable labour
power insufficient. In the second case, it is not the increased rate 
either of the absolute, or of the proportional, increase in labour
power, or labouring population, that makes capital insufficient; 
but, conversely, the relative diminution of capital that causes the 
exploitable labour-power, or rather its price, to be in excess.' 
(I, pp. 6Ig-2o.) It must also be remarked that it is extremely 
difficult to keep the rate of unemployment constant. The steadi
ness of the rate of employment at a high level, however desirable 
it is for both workers and capitalists, may be realized only in a 
state of balanced growth; and vicious fluctuations or cumulative 
changes (in either direction) in the employment ratio will easily 
be generated by the slightest shock since, as we have seen in the 
last section, the balanced growth path is definitely unstable. 

Next we turn to Marx's second result. We assume now that the 
value-composition of capital is higher in department 11, pro
ducing wage and luxury goods, than in I, producing capital 
goods. Then we shall generally have oscillations around the 
balanced growth path; and moreover, they will be explosive. 

3 If departments I and 11 are identical in the composition of capital, k(t) remains 
unchanged even though y1 (t) and Yrr(t) do not grow in balance. However, the two
department model analysis excludes this case, because the two departments are 
assurnPd to be distinct in composition. 
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That is to say, the relative output, YI(t) fy 11 (t), oscillates around 
a stationary level which it takes on in the state of balanced 
growth and the amplitude of oscillations will become larger and 
larger as time goes on. Such fluctuations in relative output will be 
reflected in the movement of the value composition of the total 
social capital. As ki = cifvi and k11 = c11 jv11 , we have from (g) 

k(t) = kiVIYI(t) +knVnYn(t) 
VIYI(t) +vnYn(t) ' (IO) 

which means that k(t) is an average of the departmental compo
sitions of capital, with departmental variable capitals as weights. 
These weights fluctuate when relative output fluctuates; and as 
k11 > ki, oscillations of the relative output with growing ampli
tude bring about oscillations of k(t), with its eventual greatest 
and least values, k11 and ki. 4 

Let us now substitute (6) into the extreme right-hand side 
of (8); then we obtain 

(t) k(t)+I+ae () 
I + gL = k( t + I) + I or gL t 

k(t) -k(t+ I) +ae 
k(t+I)+I 

( 11) 

from which we find that oscillations of k(t) with growing ampli
tude generate similar oscillations of the rate of growth of the 
demand for labour, gL(t). If k11 differs sufficiently from ki so 
ki + ae < k11, then gL(t) will eventually take on negative values 
periodically, though it remains positive during the earlier part 
of the history, when the amplitude of oscillations of k(t) is small 
(i.e. less than ae). Thus we have alternate attractions and repul
sions of workers by capital, which become greater and greater in 
their extent with the progress of time. It is evident from the above 
analysis that the alternate contraction and expansion of the 
reserve army produced in this way should ultimately be ascribed 
to the periodic changes in industrial activities; and this view led 
Marx to the following conclusions: 'For Modern Industry with 
its decennial cycles and periodic phases, which, moreover, as 
accumulation advances, are complicated by irregular oscilla
tions following each other more and more quickly, that would 
indeed be a beautiful law, which pretends to make the action of 
capital dependent on the absolute variation of the population, 

• If we ignore the conditions for feasibility, y1(t) > o and Yu(t) > o, k(t) will 
oscillate in an explosive way. 
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instead of regulating the demand and supply of labour by the 
alternate expansion and contraction of capital, the labour 
market now appearing relatively under-full, because capital is 
expanding, now again over-full, because it is contracting. Yet 
this is the dogma of the economists. According to them ... ' This 
quotation is followed by the one quoted on p. I 29, from volume I, 

p. 637· 
We have so far assumed that the value-composition of capital 

remains the same in each department, so that changes in the 
value composition of the total social capital have only reflected 
changes in the relative output. We are next concerned with the 
effects on the rates of growth of capital and labour of a particular 
type of technical improvement in which Marx was interested. 
According to him, 'the degree of productivity of labour, in a 
given society, is expressed in the relative extent of the means of 
production that one labourer, during a given time, with the same 
tension of labour-power, turns into products'. 'The increase of 
some [means of production] is a consequence, that of the others 
a condition of the increasing productivity oflabour. E.g. with the 
division oflabour in manufacture, and with the use of machinery, 
more raw material is worked up in the same time and therefore 

' ' ' a greater mass of raw material and auxiliary substances enter 
into the labour-process. That is the consequence of the increasing 
productivityoflabour. On the other hand, the mass of machinery, 
beasts of burden, mineral manures, drain-pipes, etc., is a condi
tion of the increasing productivity of labour.' 'But whether 
condition or consequence, the growing extent of the means of 
production, as compared with the labour-power incorporated 
with them, is an expression of the growing productiveness of 
labour.' (I, p. 622.) 

Such changes in the technical composition of capital present 
themselves as changes in the technical coefficients, such as the 
capital-input coefficients aii and labour-input coefficients Z.. 
They also generally give rise to changes in the values of co~
modities, AT, r = I, ... , m, since they depend on the technical 
coefficients. However, an increase in ai. will bring about an 
increase in AT, whereas a decrease in[. will bring about a decrease· 

1 ' 
they may be compensated by each other, so that AT may remain 
unaffected. Throughout the following, we are concerned for the 
sake of simplicity only with such a class of changes in the technical 
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composition of capital, whose various effects on the values of 
individual commodities are neutralized. As ,\ is constant, a 
change in the technical composition of capital will be reflected 
correctly in its value-composition; therefore we assume that the 
value-composition of capital ki of each department rises from 
year to year. Marx called 'the value composition of capital, in 
so far as it is determined by its technical composition and mirrors 
the changes of the latter, the organic 'composition of capital' 
(I, p. 61 2). Thus a kind of neutral technical change is assumed by 
a rise in the value-composition. 

When ki increases, vi and si decrease if the rate of exploitation 
is kept constant, because we have by definition the identity: 
ci+vi+si = (ki+ I +e) vi= I, i =I, II. Now the rate of growth 
of capital is defined as 

(ci+vi)t+tYI(t+ I)+ (cn+vn)t+IYn(t+ I) 
- (ci + vi)tYI(t)- (en+ vn)tYn(t) (3') 

where (c1 + v1)t and (en+ vn)t represent the sums of the coeffi
cients for production of y1(t) and Yn(t); i.e. (c1)t+ (v1)t and 
(cn)t+ (vn)t respectively. Similarly, the rate of growth of the 
demand for labour (7) is rewritten as 

Furthermore, a similar amendment is made on the right-hand 
side of (5), which should now read: 

a[si,tyi(t) +sn,tYn(t)] = (ci+vi)t+tYI(t+ 1) 

+ (en+ vn)t+IYn(t + I) - (ci + vi)tYI(t) -(en+ vn)tYn( t) · (5') 

From these equations we derive the equations concerning the 
rates of growth of capital and labour in exactly the same way as 
before. 

As the composition of the total social capital k(t) is, needless 
to say, an average of the departmental compositions, it is between 
k1(t) and kn(t). Let us denote the larger and the smaller of k1(t) 
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and kn(t) by k*(t) and k*(t) respectively. We then have, from 
(6) and (8), 

ae 
gK(t) ~ k*(t) +I' (6') 

k*(t)+I [ ae ] 
I +gL(t) ~ k*(t+ 1) +I I+ k*(t) +I ' (8') 

Therefore, when k1(t) and kn(t) increase more or less propor
tionately, the ratio [k*(t) + I]/[k*(t) + 1] is reasonably stable, 
while k*(t) increases; hence, we find from (6') and (8') that both 
gK(t) and gL(t) are bounded by declining ceilings. Marx then 
derived his third conclusion under the assumption that changes 
in k1 and kn are accelerated with the advance of accumulation. 
In his words, 'This [assumed] accelerated relative diminution 
of the variable constituent, that goes along with the accelerated 
increase of the total capital ... produces ... a relatively redun
dant population oflabourers, i.e., a population of greater extent 
than suffices for the average needs of the self-expansion of capital 
and therefore a surplus-population.' (1, p. 630.) 

'Up to this point it has been assumed that the increase or 
diminution of the variable capital corresponds rigidly with the 
increase or diminution of the number of labourers employed.' 
(1, p. 635.) Marx then made the assumption of wage adjustment: 
'the general movements of wages are exclusively regulated by 
the expansion and contraction of the industrial reserve army' 
(1, p. 637). Then an increase in the reserve army induces a 
decrease in real wages, so that capitalists are now exploiting 
workers at a greater rate. It is therefore seen from (6) and (8) 
that the decrease in the rate of growth of capital will be miti
gated and some reserve forces will be mobilized. However, such 
a lull cannot prevail over a long period. As long as k1 and kn have 
an inherent tendency to increase, or as long as cyclic fluctuations 
of outputs are unavoidable and explosive, a large reserve army 
will sooner or later be formed and wages will tend to diminish 
again. The real wage rate will at last reach its minimum level, 
below which it is impossible to maintain capitalist production 
because there will be a rebellion of organized workers. There is 
thus an upper bound to the rate of exploitation. Similarly an 
increase in the rate of accumulation, a, will encourage the rate 
of growth of ea pi tal and hence the rate of growth of the demand 
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for labour; but this too is no more than a temporizing policy, 

because a is bounded by one. The means adopted to overcome 

crises diminish the means whereby crises can be prevented. At 

last, capitalists will be at the end of their tether; 'we have the 

expropriation of a few usurpers by the mass of the people' 

(I, p. 764). And 'capitalist production begets, with the in

exorability of a law of Nature, its own negation. It is the 

negation of negation' (I, p. 763). 
I should now draw the reader's attention to the fact that the 

rate a at which capitalists reserve the surplus value for accumula

tion has so far been assumed to be determined exogenously. This 

is, however, a very unrealistic assumption, because in any eco

nomy where commodities are traded through the medium of 

money no capitalist makes a decision about accumulation in 

terms of the surplus value measured in labour-time. Marx wrote: 

'By the conversion of the commodity-capital into money the 

surplus product, in which the surplus-value is represented, is also 

turned into money. The capitalist reconverts the so meta

morphosed surplus-value into additional natural elements of his 

productive capital. In the next cycle of production the increased 

capital furnishes an increased product.' (n, p. 493.) Thus 

capitalists can at best decide a proportion of the profit or' the so 

metamorphosed surplus-value' which is re-invested in the pro

cess of annual reproduction of society. Let se be the ratio of 

capitalists' savings to the total amount of profit. The assumption 

that se is a constant fraction which is determined by the capi

talists' propensity to save is economically meaningful and might 

be accepted (or at worst refutable) as a first approximation to 

reality, but the parallel assumption concerning the rate of accu

mulation a in terms of value could not claim such a commanding 

position, even in Marx's system, as the constancy of se occupies 

in the orthodox theory. The ratio a is not a directly' operationally 

meaningful' concept in the sense of Samuelson's definition. 5 

If it is thus illegitimate to assume that the rate of accumulation 

a is given, we must expand the system so as to be able to determine 

it endogenously. Assume that capitalists exploit workers as much 

as possible, as Marx thought they really were doing in the 

Victorian era. Then the actual length of the working day T is 

5 P.A. Samuelson, Foundation of Economic Analysis (Harvard University Press, 

1947), pp. 3-5· 
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prolonged to the maximum T, so that the rate of exploitation 

takes on its maximum value e. Also, assume that the depart

mental composition of capital k1(t) and kn(t) change in an 

autonomous way. Then the identities, 

ci(t) = ki(t) vi(t), si(t) = evi(t), 

cJt) +vi(t) +si(t) =I (i =I, 11) 

fully determine all the parameters of Marx's reproduction scheme 

except the rate of accumulation a. Now if we could extend the 

model so that it could determine outputs YI(t) and Yn(t) and 

their growth rates independently of a, then gK(t) and k(t) would 

be determined by (3) and (g) respectively. Therefore, (6) con

tains only one unknown variable a to be determined. The crux 

will thus be resolved if we succeed in determining departmental 

outputs and growth rates outside the reproduction model in 

terms of value. This problem is not so difficult; by re-stating the 

equations between the demand and supply of commodities, not 

in terms of value but in terms of physical quantities and the 

capitalists' propensity to save out of profits, we can determine 

departmental outputs and growth rates, as we shall see in the 

next chapter, without any reference to the rate of accumulation 

defined in terms of value. 
There is one more problem, which is postponed to the next 

chapter. In the above analysis of the effects of an accelerating 

increase in the value-composition of capital, we have assumed 

that the values of commodities remain unaffected in spite of 

changes in capital and labour-input coefficients. It is evident 

that this assumption is non-vacuous, but there are of course some 

technical improvements which bring forth changes (perhaps 

decreases) in the values of commodities and result in a higher 

composition of capital. If values of wage goods decrease, there 

will be a decrease in the value of labour-power and hence an 

increase in the rate of exploitation, the latter in turn having 

a favourable effect on the rate of growth of the demand for labour, 

through its favourable effect on the rate of growth of capital. 

Thus if an upward shift of the exploitation curve may accom

pany technical improvements, it may be possible for a capitalist 

society to avoid the crises pointed out by Marx. Then we must 

ask: Can technological development play the role of the saviour 

of the regime? 
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Before going on to discuss this problem in the next chapter, the 
rest of the present chapter is devoted to a brief examination of the 
'law of the tendency of the rate of profit to fall'. Marxwrote: 'the 
average rate of profit in the various branches of production is 
determined not by the particular composition of each individual 
capital, but by the average social composition' (m, p. 220). 
Although it is clear that he took the average social composition 
as the actual one, it should in fact be interpreted as the average 
of the industrial compositions weighted by the golden equi
librium industrial outputs yi, i = I, ... , m. We have the Mori-
shima-Seton formula, m 

e ~ V;,yi 
1T = _ __::_:i=::..:I~--

m 
(I 2) 

~ (Ci +V;,) Yi 
i=I 

which is one of the conclusions of the transformation problem. 
As all the followers of Marx as well as his critics have discussed 
the falling rate of profit by taking the average social composition 
as the actual average, the following treatment based on the true 
formula (I 2) may be claimed as the first rigorous proof of the law. 
Nevertheless, it is true that there is no significant difference 
between the previous proofs by other authors and our new proof, 
except that we have the golden-equilibrium total constant capital 
and the golden-equilibrium total variable capital in place of 
their actual total constant capital and actual total variable 
capital.6 

For the sake of simplicity, we proceed in terms of the two
departmental model. Let y1 and Yn be the golden-equilibrium 
outputs of departments I and 11. Then the departmental 
equivalent of the formula (I2) may be written as 

1T = e VrYr +vnYn = e-I- (I 3) 
(cr+vr)Yr+(cn+vn)Yn k+I' 

where k is the average of the departmental value-composition 
of capital: 

k = CIYI + CnYn = krVrYr + kuVnYn 
VrYr + VnYn VrYI + VnYn · 

Now we assume that there is an increase in the capital-input 
coefficients aii' i = I, .. 0' n, in each industry J, which is accom

• See Morishima and Seton, 'Aggregation', po 2090 
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panied by a decrease in the labour-input coefficient li, so as to 
have no effect on the values,\, i = I, 000, m. We also assume that 
before and after the technical change industries within each 
department are identical in the value composition of capital. 
Marx did not specify the technical change in such a restrictive 
way, but the following weak specification made by Marx is 
i~sufficient for deriving the law of the falling rate of profit 
ngorously. He wrote: 'owing to the distinctive methods of pro
duction developing in the capitalist system the same number of 
labourers, i.e. the same quantity oflabour-power set in motion 
by a variable capital of a given value, operate, work up and pro
ducti~ely consume in the same time span an ever-increasing 
quantity of means oflabour, machinery and fixed capital of all 
sorts, raw and auxiliary materials-and consequently a constant 
capital of an ever-increasing value. This continual relative 
decrease of the variable capital vis-a-vis the constant, and 
consequently the total capital, is identical with the progressively 
higher organic composition of the social capital in its average.' 
~m, p. 212.) This 'gradual change in the composition of capital 
IS not confined only to individual spheres of production, but 0 0 0 

it occurs more or less in all, or at least in the keyspheresof produc
t~on, so that it involves changes in the average organic composi
tiOn ofthe total capital of a certain society.' (m, p. 2I2.) 

By the assumpt~ons c1 and c11 increase, while v1 and Vn decrease, 
so that k1 and k11 mcrease at some rate which may possibly differ 
from each other. As y1 and y11 are the golden-equilibrium out
puts, we have 

Yr = (I +g) (crYr + CnYn) } 
(IS) 

Yn =(I +g) (vrYr+VnYn), 

where g is the golden equilibrium rate of growth, which is equal 
to the rate of profit 1T. Therefore, (I 4) and (I 5) together yield 

k = J!.l.. = CrYr + CnYn 
Yn VrYr + VnYn' 

from which we obtain 

Since it is assumed that each coefficient of this equation decreases, 
its positive solution k must increase. Thus the technical change 
induces a change in the average equilibrium (but not necessarily 
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the actual) organic composition of the total capital of the society. 
We may then conclude from (I3), as Marx did: 'the gradual 
growth of constant capital in relation to variable capital must 
necessarily lead to a gradual fall of the general rate of profit, so long 
as the rate of surplus-value, or the intensity of exploitation of 
labour by capital, remain the same' (m, p. 2 I2; italics by Marx). 
'The immediate result of this is that the rate of surplus-value, at 
the same, or even a rising, degree of labour exploitation, is 
represented by a continually falling general rate of profit' 
(m, p. 2I3). 

Finally, it is noted that the growth paths discussed in chapters 
I o and I I (and also those which will be obtained in chapter I 2) 

are no more than 'warranted' growth paths, if we may use 
Harrod's terminology. Marx, like Harrod, was also concerned 
with temporary or more persistent deviations of the actual path 
from the corresponding warranted path. However, it is very 
difficult to formulate these parts of Capital in a rigorous way by 
means of simple mathematical models, though they supply 
interesting and important material. 

CHAPTER I2 

The dynamic transformation problem 

One of Marx's main purposes in Capital was to examine the 
conditions of production and exchange corresponding to the 
capitalist mode of production. In the theory of exchange, 
Marx's purpose was to recognize the social character ofhuman 
labour, or the relation of each individual's labour to the aggre
gate labour of society, behind the exchange ratios between com
modities. Blind citizens in society, however, are not aware of this 
fundamental condition, or its inevitable consequences, and 
demand commodities simply because of their perceptible pro
perties-values in use. When individuals make an exchange, 
their practical concern is with the proportions in which com
modities are exchanged. At first sight the ratio appears to reflect 
the natural usefulness of commodities, but eventually the 
scientific conviction arises that the labour-time socially necessary 
for the production of commodities ultimately regulates the ratios 
of exchange. As has been made clear by the static transformation 
problem, it is of course true that the law of value asserts itself in 
a capitalist economy only in an extended form, allowing some 
deviations of prices from values; but what is important is that the 
law in the extended sense has been fulfilled, in spite of the fact 
that the members of society are ignorant of it. 

Similarly, in the theory of reproduction, Marx's purpose was 
to study the process of reproduction from the point of view of the 
replacement of value. In Marx's words, the problem is:' How is 
the capital consumed in production replaced in value out of the 
annual product and how does the movement of this replacement 
intertwine with the consumption of the surplus-value by the 
capitalists and of the wages by the labourers?' (n, p. 397.) This 
problem was discussed by Marx, for the case of simple reproduc
tion in a form more or less similar to chapter 9 above, and for the 
case of extended reproduction in a form more or less similar to 
chapters IO and I I above. In the latter case the rate of accumula
tion, i.e. the ratio of the value of investment to the total surplus 
value, is one of the central concepts of the theory. It is defined in 
terms of value and is regarded as given exogenously. (In literary 
terms, Marx assumed that the rate of accumulation of the 

[ 145] 
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capitalists of department I was an exogenous fa~tor, to which 
that of the capitalists of department 11 was adjusted.) In an 
actual economy, however, capitalists are not aware of the 
scientific law of reproduction; capitalists' decisions about invest
ment are made as are traders' decisions about exchange, not in 

' terms of value, but in terms of prices. Why does 'the general law 
of capitalist accumulation' forcibly assert itself like a .law of 
Nature, in spite of the fact that all the members of the soCiety are 
ignorant of it? Marx asked the same question about the law of 
value and was led to extend it. Similarly, as will be seen below, 
in a society where capitalists are responsive to prices bu~ not ~o 
values the law of capitalist accumulation cannot assert Itself m 
its ori~inal version; it is transformed into a more realistic law, 
just as values are transformed into prices in the static transforma
tion problem. 

Let us reformulate the theory of reproduction under the new 
assumption that capitalists spend a portion of their profits for 
consumption and the rest for investment. Obviously the new 
version is expected to have many parts in common with the 
previous theory developed in chapters 10 and I I, but we shall 
repeat some of our description, so that this chapter can be self
contained. The most fundamental equations in the theory of 
reproduction are those describing the physical repla~ement of the 
constant and variable capitals which are consumed m the process 
of reproduction; they are the demand-supply equations for 
capital, wage and luxury goods. Let xi(t) an~ x11 (t) ?e the output 
vectors of capital, wage and luxury-goods mdustnes produced 
at time t. They are n and m- n dimensional column vectors. As 
the production processes are assumed to be of unit time dur~tion, 
the production processes of xi ( t + I) and x11 (t + I) start at t1~e t. 
It is also assumed that capital goods last only for one penod. 
Then, to produce outputs xi(t +I) and x11 (t +I) capital goods of 
the amounts Aixi(t+ I) and A11 x11 (t+ I) are demanded, at 
time t, by the capital-good industries and wage or luxury~good 
industries respectively. As outputs of capital goods are avmlable 
in the amounts xi(t), the equations between demand and supply 
of capital goods are written as: 

x1(t) = Aix1(t+ I) +A11 x11(t+ I). (1) 

As for workers, let us assume that each worker is paid wages at 

THE DYNAMIC TRANSFORMATION PROBLEM I47 

a level at which he can purchase only the minimum amounts of 
goods biologically required for subsistence for one period. As 
before, let B represent a column vector of necessities of life in 
these amounts. If a worker is not capable of choosing com
modities and has to work T hours per period, then by working 
one hour he is enabled to consume only w ( = I/T) units of B. 
As LI xi(t +I) + Ln x11 (t +I) man-hours of labour are employed 
by industries at time t, workers' demands for wage goods 
amount to 

wB[Lixi(t+ I) +L11 x11 (t+ I)] 

at time t, since it is assumed that wages are paid before work and 
that there is no consumption lag. 

Next, F(t) denotes a column vector of the quantities of wage 
or luxury goods consumed by capitalists at time t. As capitalists 
spend cc x 100% of their income (i.e. profits) on wage or luxury 
goods, we have 

p11 F(t) = Cc7T[(PJA1 + wL1 ) xi(t) 

+ (p11 A11 + wL11 ) x11 (t)], (2) 

where PI and p11 are price vectors of capital goods and wage or 
luxury goods respectively, 7T is the rate of profit, w the wage rate 
per man-hour, and cc the capitalists' average propensity to 
consume. We assume that cc is constant through time. Capitalists' 
demands for wage and luxury goods F( t) must be fulfilled at every 
point of time. Although cc (like the rate of accumulation a in the 
last two chapters I o and I I) is an exogenous factor to be deter
mined subjectively by capitalists, this assumption is more admis
sible than the previous one. Capitalists can decide the value of 
cc by themselves, even though they live on the surface of the 
capitalist society, so that they are unconscious of 'values' and 
are interested only in prices, whilst they do not pay any attention 
to the value of a, unless they are well-trained Marxists! As will 
be seen later, the constancy of cc does not imply that of a. 

We now have the equations between demand and supply of 
wage goods and luxury goods. They are written as 

x11 (t) = wB[Lixi(t+ I) +L11 x11 (t+ I)] +F(t). (3) 

These, together with (I), form a Leontief-like dynamic input
output system in physical terms. If 'final demands' F(t) are 
known for all t and initial outputs x1 ( o) and xu( o) are given, then 
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physical industrial outputs are obtained by solving these differ
ence equations. However, it has to be noticed that the consump
tion function (2) can determine only the aggregate value (in 
prices) of capitalists' consumptionpuF(t); it is unable to specify 
the elements of F(t). In the case where a time profile is not 
available for each element of these vectors, the physical input
output system is unable to provide a determinate path of physical 
outputs. Thus the system is incomplete, unless it is supplemented 
by detailed consumption functions. Marx did not know the 
Walrasian idea of micro-behavioural functions. He did not want 
to develop a theory which might be subject to the casual pro
perties of capitalists' demands for individual wage and luxury 
goods. So he was content to establish an aggregate theory which 
was invariantly true, so long as capitalists' individual demand 
functions fulfilled condition ( 2). 

We now introduce Marx's aggregation conditions: All the 
industries producing capital goods are identical in the value
composition of capital, as are all those producing wage or luxury 
goods. Then the capital-goods industries may be aggregated into 
one department and the wage and luxury-goods industries into 
another. We also have a proportionality between prices and 
values within each department, i.e. between PI and AI and 
between Pn and An, so that we may write 

PI= aiAI, 

Pn = anAn, 

where ai and an are scalars which are referred to as the prices of 
the aggregate outputs of the departments. Throughout the fol
lowing, we assume that the rate of exploitation is constant and 
that long-run equilibrium prices always prevail. The former 
implies that w remains unchanged, so that from the factor-price 
frontier we obtain 7T, which corresponds to w. Prices PI and Pn 
are the long-run equilibrium prices associated with 7T thus 
determined. 

Let us now aggregate industries in terms of value; i.e., pre
multiply (I) by AI, and add (3) premultiplied by An. We then 
obtain 

YI(t) = CIYI(t+ I) +cnYnU+ I), (6) 

Yn(t) = VIYI(t+ 1) +vnYnU+ I) +AnF(t), (7) 
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where, as before, YI(t) = Aixi(t), Yn(t) = Anxn(t); and 

n 

ci = ~ Aiaii/Ai 
i=l 

n 

en= ~ Aiaii/Ai 
i=l 

(j= I, ... ,n), 

(j = n+ r, ... ,m), 

(8) 

It is noted that equations (8) result from the aggregation condi
tion that the organic composition of capital is the same for all 
industries belonging to the same department. Taking w = wpn B 
into account and considering (2), (4) and (5), we can further 
rewrite ( 7) in the form, 

Yn(t) = VIYI(t+ I) +vnYnU+ r) 

+cc 'TT (~er +vi) Yr(t) +cc 'TT (~en +vu) Yn(t). (g) 
an an 

We now have simultaneous difference equations (6) and (g), 
which determine the path of aggregate outputs in terms of 
value, YI(t) and Yn(t). 

Equations (6) and (g) above are mathematically of the same 
family as equations (6) and (7) in chapter IO. They are different 
only in the coefficients of capitalists' consumption. In equation 
(g) these coefficients are 

whereas in equation (7) of chapter ro they are bsi and bsn. 
Therefore the path determined by (6) and (g) has the same 
properties as the one which we examined in that chapter. That 
is to say, there is a ray of outputs along which both YI(t) and 
Yn(t) grow at the same rate. This balanced growth path is 
definitely unstable, so that if the economy is initially moved off 
the balanced growth ray it will diverge further from it as time 
goes on; we have explosive oscillations around the balanced 
growth ray if the value-composition of capital is higher in 
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department II than in department I, and monotonic divergence 
from the ray in either direction if the capital intensity condition 
is reversed. 

Let us now define K* as the aggregate total capital (including 
variable capital) measured in terms of prices and gK• as the rate 
of growth of K*. We then have 

() 
(cx1c1 + cxnv1) f:ly1(t) + (cx1c11 + cx11 v11) f:ly11 (t) ( g t - 10) 

K* - (a:Ici+cxnvi)YI(t) + (a:Icn+cxnvu)Yu(t) 

gK.(t) can easily be calculated. Multiply (6) and (g) by cx1 and 
cx

11 
respectively, and add them up. Considering the price-cost 

equations, 
cxiyi(t) = (1 +?T) (cx1ci+cx11 vi)Yi(t) (i = 1,11), 

and the definition of the average propensity to save, Se = 1 -cc, 
we obtain 

(cx1 c1 +cx11 v1) (y1(t+ 1) -y1(t)) 
+ (a:Icn +cxnvn) (yu(t+ 1) -Yn(t)) 

= sc1T[(cx1 c1 + cx11 v1) y1(t) + (cx1 c11 + cx11 v11) y11 (t)]. 

Hence, gK.(t) = sc1T. (1 1) 

This equation, recently confirmed by growth theorists, im
plies that the aggregate total capital K* increases at a constant 
rate, sc1T, irrespective of the initial point from which the economy 
starts to expand. When we have balanced growth, departmental 
outputs also grow at the same rate. On the other hand, if the 
initial point is set off the balanced growth ray, either y1(t) or 
y11 (t) grows at a higher rate than the other. The total capital 
consumed by one of the departments increases more rapidly 
than the total capital consumed by the other department, so 
that (1 1) means that total capital in the whole economy (aggre
gated in terms of prices) grows at a steady rate which is a product 
of capitalists' average propensity to save and the rate of profit. 

Now we transform the growth formula ( 1 1) into a formula in 
terms ofvalue. We aggregate the total capital in terms ofvalue 
and denote it by K = (ci + v1) y1(t) + (c11 + v11) y11 (t). The rate of 
growth of K is given by 
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To ~btain gK(t) we first aggregate the balance equation in 
~hysical terms, (I) .and (3), in terms of value. Adding (6) and (7) 
simply, we get the mvestment-saving equation in terms of value 

' 
( C1 + v1) f:ly1 ( t) + ( c11 + v11) f:ly11 ( t) 

= [siYI(t) +s11 yn(t)] -A11 F(t), (13) 
because of 

Yi(t) = (ci+vi+si)Yi(t) (i = 1,11). 

On the right-hand side of ( 13), the part in the first set of brackets 
represents the total surplus value, while the last term denotes 
the total value_ofwage and luxury goods consumed by capitalists. 
After subtractmg the latter from the former the rest is devoted 
to accumulation; therefore the rate of accum~lation is defined as 

a= SIYI(t) +sny11 (t) -AuF(t) 
S1Y1(t) +snYn(t) 

Then ( 1 3) at once yields 

(t) - a S(t) 
gK - C(t) + V(t)' 

( 14) 

where S(t) represents th~ aggregate surplus value and C(t) + V(t) 
the aggr_egat~ total capital K. On the other hand, bearing (2) 
and (5) m mmd, we may rewrite (14) in the form, 

a = [si- Cc1T (~cl+ VI)] YI(t) + [sn- Cc1T (~ c11 + v11)] y11 (t) 

SIYI(t) +snYn(t) 

which may further be rewritten as 

a= Se 

+cc [{si -1T (~cl+ vi)} YI(t) + {s11 -1T (~ c11 +v11)} y11 (t)] 

S1Y1(t) +snYn(t) 

since cc+ se = 1. 

We now have two transformation problems: one of trans
forming capitalists' average propensity to saves into the rate of 
accumulation a, and the other of transforming the rate of growth 
of the aggregate total capital in terms of prices gK.(t) into the 
corresponding rate in terms of value gK(t). The equation ( 16) is 
the formula for the first problem. It must, however be remem
bered that se is a parameter of our problem, on th~ prescribed 
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value of which the solutions y1(t) and Yn(t) to the dynamic 
system, (6) and (g), depend. In the general case where the 
coefficients of y

1(t) and Yn(t) in the numerator of the fraction on 
the right-hand side of (I 6) are not proportional to those in the 
denominator, the rate of accumulation a will not only differ 
from se, but will also change from period to period unless the 
departmental outputs y1(t) and Yn(t) grow proportionally. We 
have only three special cases where a is equated with se. 

First, it is obvious that when capitalists do not consume, the 
entire profit or the entire surplus value is saved for accumulation, 
so that the propensity to save in terms of prices equals the rate of 
accumulation in terms of values. In fact we get, from (I6), 
a = se = I if cc = o. Secondly, as has been seen, if there is no 
exploitation s

1 and sn are zero, and there are also no profits (i.e. 
1T = o), because exploitation is necessary for positive profits. 
Therefore the parts in the sets of curled parentheses on the right
hand side of (I 6) vanish, so that a = se is obtained formally. 
However, in this case there are no profits, no savings, and no 
consumption by capitalists. Thus no accumulation is possible, so 
that a and se are equated at zero. Finally, we have the case where 
the value-composition of capital is equalized between the two 
departments. We have in this case a 1 = a 11 and si = 'TT( ci +vi), 
i = I, 11. Then the parts in the curled parentheses on the right
hand side of (I 6) again vanish; hence a = se. 

For the second problem of transforming the rate of growth 
gK.(t) into gK(t), we have three sufficient conditions for identical 
transformation. First, when we have balanced growth of outputs 
bothgK.(t) andgK(t) are equal to !::.yi(t)fyi(t), i =I, 11, because 
they are weighted averages of the rates of growth of depart
mental outputs and weights are irrelevant in this case, since 
departmental outputs expand at the same rate. Secondly, no 
exploitation implies no deviation of prices from values. It is there
fore evident that the aggregate total capital in terms of values is 
identical with that in terms of prices, so that they grow at a 
common rate. Thirdly, if the two departments have the same 
value-composition of capital, all prices are proportional to the 
corresponding values, or a 1 =an. Accordingly, gK.(t) = gK(t) 
follows at once from (10) and (I2). 

We thus have three cases where a =se and three cases where 
gK.(t) = gK(t). As gK.(t) is the product of se and 1T and gK(t) is 
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the product of a and S(t) f[C(t) + V(t)], we now have the following 
three cases in which S(t) f[C(t) + V(t)] is identified with 'TT. Case (i): 
There is balanced growth in an economy with no capitalists' con
sumption. Case (ii): There is no exploitation. Case (iii): All 
industries are homogeneous in their value structure. The last 
two cases are familiar to us in the static transformation problem. 
One of these, case ( ii), does hold for all societies with 'simple 
commodity production' but is never realized in capitalist 
societies, whilst the other, case (iii), is possible under the 
capitalist mode of production, although it is a very restrictive 
case and contradicts Marx's idea of disaggregating the economy 
into two major departments. 

The condition of equal value composition of capital can be 
weakened into the 'linear dependence of industries' which has 
been discussed in chapter 7· As the latter is reduced to the former 
in the case of Marx's aggregation conditions into two depart
ments being fulfilled, we are concerned, in the following, with an 
economy whose industries cannot be aggregated into the two 
Marxian departments, so that there are at least two capital-good 
industries or two wage or luxury-good industries which are dif
ferent from each other in the value composition of capital. Let 

M= [AI An ] 
wBL1 wBLn ' 

then the 'linear dependence of industries' implies1 

7r(C+ V) M= SM, 

so that (1 +'TT) (C+ V) M= (C+ V +S) M= AM, 

where A is the vector of values ( A1, An), C the vector of constant 
capitals, V the vector of variable capitals, and S the vector of 
surplus values, all of them being per unit of output. As 
C+ V= AA1, we have 

(I +'TT) AMM =AM, 

which implies that AM gives a set of solutions to the price equa
tions, so that AM is proportional to the production-price vector 
P = (P1,Pn)· This in turn means that AM is proportional to pM 

1 See pp. 77~-8 _above. 
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because the production-price vector pis equal to (r +1r)pM, by 
definition. Hence we have 

AM!:1x(t) _ pM!:1x(t) 
AMx(t) - pMx(t) . 

As the left-hand side of this equation represents the rate of growth 
of the total capital in terms ofvalue, gK(t), and the right-hand 
side the one in terms ofprices,gK.(t), we thus havegK(t) = gK.(t). 

We also have, from the assumption of the 'linear dependence 
of industries' 

1r(C+ V)Mx(t+r) = SMx(t+I), 

which may be rewritten as 

1r(C+ V) (x(t) -F*(t)) = S(x(t) -F*(t)) 

because ofthe input-output equation, x(t) = Mx(t+ I) +F*(t), 
where F* ( t) stands for the column vector of capitalists' consump
tion of goods, so that their elements are zero for capital goods and 
F( t) for wage and luxury goods. Hence, if we additionally 
assume that the value composition of the capitals required for 
producing those goods which are consumed by capitalists is equal 
to the average value composition of capital along the golden, 
balanced growth equilibrium path, we obtain, from the above 

equation,2 S(t) 

7T = C(t) + V(t)' 

where S(t) represents the aggregate surplus value, Sx(t), and 
C(t) + V(t) the aggregate total capital used, (C+ V)x(t). We can 
nOW find a = Se easily from the formulas (I I) and (I 5), because 
gK(t) = gK.(t). 

Thus we have the identical transformation of se into a, pro
viding the industries are' linearly dependent' and the additional 
assumption mentioned above is satisfied. One might conclude 

z The additional assumption states 

CF*(t)fVF*(t) = CyfVy, 

where y represents the vector of the golden equilibrium relative outputs. This 

implies 
SF*(t) Sy 

(C+ V)F*(t) = (C+ V)y' 

because the uniform rate of exploitation prevails throughout industries, S = e V. 
The right-hand side of this equation equals the equilibrium rate of profit 1T, as we 
have seen in chapter 6. Hence we obtain the result. 
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from this ~act an~ t,h.e fact that the assumption of 'linearly 
dependent mdustnes IS necessary and sufficient for the validity 
of Marx's peculiar algorithm for calculating the production 
prices, 3 that Marx's static and dynamic transformation problems 
can be solved consistently under the assumption of 'linear 
dependence of industries', so that it should be regarded as one of 
his implicit assumptions. However, on the other hand, we must 
recognize that it is an assumption which is still very restrictive 
and unjustifiable, although it is weaker than the traditional condi
tion of the equal value composition of capital. 

The remaining case, case (i), is a new member of the team of 
solutions to the transformation problem. Clearly the condition 
of no capitalists' consumption can hardly be considered as 
realistic. But it may be legitimate, since capitalists' consumption 
is not only negligible in amount but also has to be neglected when 
we want to draw only a rough and hyperbolic picture of the 
capitalist economy. Marx wrote: 'Accumulate, accumulate! 
That is Moses and the prophets!'' Industry furnishes the material 
which saving accumulates." Therefore, save, save, i.e., reconvert 
~he grea~est possible portion of surplus-value, or surplus-product 
mto ~ap1tal!' (I, p. 595.) From this point of view, se is considered 
as bemg equal to one, at least approximately. Therefore Marx's 
model of reproduction is reduced to von Neumann's model that 
i~ the model of' accumulation for accumulation's sake, pr~duc
twn for production's sake', in Marx's words (I, p. 595); the state 
established in case (i) is no more than the von Neumann growth 
equilibrium discussed by many contemporary growth theorists. 
We obtain S: 

7T = (C+YV)y = k: I (I7) 

in case (i), where e is the rate of exploitation and k is the value
composition of capital for the entire economy. From (I 7) we can 
derive Marx's proposition that when e is constant and k rising, 
7T is falling. We might thus interpret Marx's proposition of a 
falling tendency in profits as a law of comparative growth
equilibria which would be obtained by comparing von Neumann 
equilibria established under different sets of techniques of 
production. 

It is seen that (I7) may be consistent with capitalists' 
3 Established in chapter 7 above. 
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consumption in some special cases. For example, assume that 
capital goods and wage and luxury goods are not distinct and 
that an identical proportion of each output is consumed by 
capitalists. 4 Then we have, in place of (I) and (3), 

x(t) = Ax(t+ I) +wBLx(t+ I) +yx(t), (I8) 

where x(t) denotes the vector of outputs of all commodities in 
period t, yx(t) the vector of capitalists' consumption (y being 
a scalar), and A and L are the matrix of capital-input coefficients 
and the vector of labour-input coefficients of all commodities. 
Premultiply (I 8) by the vector of the equilibrium production 
prices p and the vector of values A respectively, and we have 

px(t) = pAx(t+ I) +pwBLx(t+ I) +ypx(t) (I9) 

and Ax(t) = AAx(t+ I) +AwBLx(t+ I) +yAx(t). (20) 

Note that pwB = win ( I9)· Then, in view of the price and value 
equations px =(I +11) (pAx+wLx), 

Ax = AAx+AwBLx+S(x), 

for all x, where S(x) denotes the total surplus value ofx, we obtain, 
from (I9) and (20), 

pxo 
71 = g+y A 0 L 0 = g+y(I +11), (2I) p X +w X 

so AxO ( so ) 
eo+ V0 = g+y AAx0 +AwBLx0 = g+y I+ eo+ V0 (

22 ) 

in the state of balanced growth x(t) = x0(I +g)t; eo, V0 and S0 

in (22) represent constant and variable capitals and surplus 
value in the state of balanced growth. Therefore, from ( 2 I) and 
(22), we have so 

71=eo+vo• 

which implies that total profits equal total surplus value, pro
vided that the equilibrium production prices are normalized in 
such a way that the total costs are equal to the total value of 
capital, i.e. (pA+wL)x0 = (AA+AwBL)x0

• 

• As was noted in chapter 6, this assumption would not have been accepted by 
J\1arx, because he assumed that capital goods and wage and luxury goods were 
distinct and that capitalists as well as workers never consumed capital goods. 
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Thus Marx's formula for converting the surplus value into 
profits holds if capitalists consume an identical fraction of each 
output; hence sc=a from (n] and (I5). 

We are now in a position to assign to the dynamic transforma
tion problem the part which it has to play in Marx's theory of 
reproduction. To convince the reader of the importance of the 
subject, we begin by reminding him of the reason why the 
dynamic transformation problem is a problem in Marxian eco
nomics, in spite of the fact that Marx did not fully recognize it as 
such. Marx assumed that the rate at which capitalists reserved 
the surplus value for accumulation had already been determined 
at the outset of the reproduction process. It must be emphasized, 
~nfortunately, that this is a very unrealistic assumption, because 
m a?y economy where commodities are traded through the 
medmm of money no capitalist makes a decision about accumu
lation in terms of the surplus value measured in labour-time. 
On the other hand Marx himself wrote: 'By the conversion of 
the. commodity-capital into money the surplus-product, in 
which the surplus-value is represented, is also turned into 
mane~. The c~p.italist reconverts the so-metamorphosed surplus
value m to additiOnal natural elements of his productive capital.' 
~n, p. 493) 'One part o~the capitalists is continually converting 
Its potential money-capital, grown to an appropriate size, into 
productive capital i.e. with the money hoarded by the conver
sion. ~f surplus-value into money they buy means of production, 
additiOnal elements of constant capital. Another part of the 
capitalists is meanwhile still engaged in hoarding its potential 
money capital.' (n, p. 496.) These quotations are sufficient to 
show that Marx recognized that capitalists made their decisions 
on saving and investment in terms of money. Then the rate of ac
cumulation a Marx assumed in his reproduction theory must be 
founded on the actually observable propensity to consume se. 
The dynamic transformation problem asks: How is the ratio a 
determined? What relationship is there between a and se? 

. The accumulation rate a is determined in a roundabout way. 
First we assume that capitalists exploit workers as much as 
possible. Then the actual length of the working-day T is pro
longed to the maximum T, so that the rate of exploitation takes 
on its ~aximum value e, and the real wage rate is determined at 
w = I /T. The last enables us to find the rate of profit 7i, by 
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reading the ordinate of a point on the factor-price frontier corre

sponding tow. We are also provided with the values of vi, vn, si 

andsn, in addition to the values of c1 an den, which are taken as the 

coefficients of the Marxian input-output equations (6) and (g). 

Next we assume that capitalists save a constant proportion of 

total profits, whereas workers cannot save at all. We may then 

determine the rate of growth of the aggregate total capital 

(measured in terms of prices) by the growth formulagK.(t) =Se 'if, 

which is sometimes referred to as the Cambridge formula. 5 

gK.(t) is a weighted average of the rates of growth of the two 

departmental outputs, which are determined by the two depart

mental input-output equations. 
Here we have the dynamic transformation problem. As we 

know y1(t), Yn(t), D..y1(t) and D..yn(t), as well as the value coeffi

cients c1, en, v1 and vn, we can easily calculate the aggregate total 

capital in terms of value, C(t) + V(t), and its growth rate, gK(t). 

We can also calculate the total surplus value S(t). Therefore the 

formula ( 1 5) determines the rate of accumulation. It has been 

seen that without restrictive conditions on technology and 

capitalists' consumption, se can equal a only in the case where 

(i) capitalists do not consume and (ii) a balanced growth of 

outputs prevails in the economy. The condition (i) is not very 

harmful, at least in Marx's world, because the capitalists' pro

pensity to save may be considered to be very high. On the other 

hand, condition (ii) is problematic, because the balanced growth 

equilibrium has been proved to be unstable. We may thus con

clude as follows: Marx's transformation formula, that the ratio 

of the surplus value to the aggregate total capital equals the 

rate of profits, holds true as a relationship along the Marx-von 

Neumann golden equilibrium path, but it must be replaced in 

all other circumstances by the general relationship which is im

plied by the tWO growth formulas (I I) and (I 5), linked by the 

definitions of the two rates of growth, ( 1 o) and ( 1 2). 

However, this rather negative conclusion does not injure Marx 

much, because the theory of the relative surplus population, 

which may be considered one of the most important parts of 
5 L. Pasinetti extended the applicability of this formula to the case of the workers' 

propensity to save being positive. This invited the Pasinetti-anti-Pasinetti con

troversy, but we need not become involved in it here. Instead we confine ourselveii 

to the original simplest case with which Marx was concerned. See my Theory qf 

Economic Growth (Oxford, 1g6g), pp. 34-43. 
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Marxian economics, can be shown to hold true mutatis mutandis 

under the assumption of capitalists' propensity to save being 

constant .. This is evident and no independent argument is 

needed, si?c~ the system of equations (6) and (g) in this chapter is 

formally similar to that of ( 1) and ( 2) in chapter 1 1, from which 

Marx derived his 'law of population peculiar to the capitalist 

mode of production'. We can thus derive similar conclusions 

concerning growth of outputs and the movement of the relative 

surpl~s population _fr~m either of the two sets of reproduction 

e_quatwns, o_ne consistmg of the equations based on the assump

tiOn th~t a Is constant and the other based on the assumption 

that Se IS constant. The first system ought to be rejected because 

of its operational meaninglessness, while the second may be 

acceptable because it is refutable. Without the notion of values 

we may stil~ construct the second set of equations, which are 

~ggreg~ted m terms of the von Neumann equilibrium produc

twn-pnces (see the last part of chapter 8). Thus we finally obtain 

a Marxian growth theory without the labour theory of value. 

~ome Marxian economists may feel that this a deplorable conclu

siOn, but I venture to say that it is the most important conse

quence of the dynamic transformation problem. Moreover it is 

extremely important in Marxian economics to distinguish ;hose 

theories ~hich are independent of the labour theory of value from 

those whic~ cannot dispense with it. This is especially so because 

there are still ~any unso_lved problems relating the la hour theory 

of value, as will be seen m the last chapter of this book. 

There are two more points which must be discussed here 

First, we have so far assumed that the workers' position is ver; 

weak, so that each of them has to work for the maximum number 

of hours per period. When workers become sufficiently powerful 

to es~ape from Victo~ian conditions, they will no longer be 

exploited at the maximum rate e. Then the actual rate of 

exploitation will be less than e; and it is clear that Marx's 

theory will collapse, unless we have a theory which can satisfac

torily explain the prevailing level of the rate of exploitation. An 

e~sy way of getting out of this difficulty is to make a compromise 

With the neo-classical school. It is obvious that the solutions y (t) 

and Yn(t) to equations (6) and (g) depend on the actual rat~ of 

exploitation e, since their coefficients, v1, vu, c1
, c

11
, 'TT, a

1
, au, all 

depend on e. It then follows that the rate of growth of the demand 



r6o THE REPRODUCTION SCHEME 

for labour is a function of e. On the other hand, the rate of growth 
of the labour force (or the supply oflabour) may be considered as 
depending on the real wage rate, which in turn depends ?n the 
rate of exploitation. When full employment oflabour pers1sts for 
a long period, the growth rate of the demand for labour has to be 
equated with that of the supply. The rate of exploitation is deter
mined at the point where the two growth-rate curves intersect. 

But this compromised Marxian theory is no more than a paper 
tiger. It is incompatible with the theory of the relative surplus 
population, which is one of the mainstays of Marxian id:ology. 
Certainly, true Marxists will continue to struggle w1th the 
dilemma and will never submit to a solution based on the neo
classical principle. In any case, it is certain that models assuming 
some kind of wage rigidity6 form the subject-matter of non
neoclassical economics and provide conclusions about economic 
growth which are quite different from the optimistic predictions 
of the neo-classics. 

Finally, let us look at the problem which was raised at the end 
of the last chapter but held over for consideration here. In 
chapter r r we confirmed Marx's assertion of the mortality of 
capitalism, for a particular class of changes in the technological 
composition of capital which have no effects on the values of 
individual commodities. For the case of a technical improvement 
being non-neutral in the sense that it gives rise to a disturbance 
in the value system, nothing definite has yet been established. 
The rest of this chapter is devoted to showing that we can find 
a counter-example to Marx's 'breakdown' theory, when the 
assumption of neutral technical changes is removed. 

For the sake of simplicity, we assume that (i) there is only one 
capital good and one wage good; (ii) the two industries have the 
same capital-input and labour-input coefficients before the 
technical change, i.e. AI = A11 and LI = L11 (it is noted that 
As and Ls are not matrices and vectors but numbers), (iii) the 
working day is fixed at T, so that the real wage rate w is set at 
r JT; (iv) no technical change takes place in the capital-good 
industry, but the method of production of the wage-good 
industry is improved in such a way that its capital-input and 
labour-input coefficients decrease at a common, constant rate, 

• They might be called 'fixwage' models, imitating Hicks; see his Capital and 

Growth, pp. 76-127. Also see my Theory of Economic Growth, eh. 4· 
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I - r, per period. The AI and LI remain unchanged through 
time, but the capital-input and labour-input coefficients of the 
wage-good industry decay through time, according to the 
formulas rtAn and rtLn respectively. It is then seen that the 
value of the capital good is constant at AI and the value of the 
wage good decreases as rtAn.7 We then have the following 
coefficients of the reproduction equations: 

c1(t) = Al~I = c1(t- I), vi(t) = w(rtA1:) BLI = rvi(t- I) '1 
() _ AI(rtAn) _ ( _ ) () _ w(rtAn) B(rtLn) 

Cn t - (rtAn) - cu t I ' Vn t - (rtAn) 

= rvn ( t - I ) , J 
( ) LI ( rtLn 

li t =A = li(t- I), ln t) =~A = ln(t- I), 
I r 11 

(23) 

where B is the consumption coefficient at the subsistence level. 8 

As AI =An and LI = Ln, we have AI = An; therefore 

ci(t) = cu(t), vi(t) = Vn(t), li(t) = ln(t) for all t, (24) 

to the effect that the two industries have the same value composi
tion of capital. It is noticed that the value composition of capital 
is increasing through time in both industries. 

Now the departmental demand-supply equations are written 
as 

xi(t- I) = Aixi(t) +rtAnxn(t), 

xu(t- I) = wB[Lixi(t) +rtLnxn(t)] +F(t), 

where F(t) is the capitalist's demand for the consumption good. 
These equations are translated into value by multiplying them 
by AI and rt-IAn respectively. As the two industries are always 
identical in the value-composition of capital, prices are always 
proportional values. Therefore we have the capitalists' budget 
equation 

rt-IAnF(t) = Cc1T[(ci(t- I) +vi(t- I))yi(t- r) 

+ ( Cn ( t- I) + Vn ( t- I)) Yn (t- I)] 
7 An denotes the initial value of the wage good. 
8 It is noted that lu should not be confused with L11• r1Ln is the labour required 
for one physical unit of the wage good, while ln is the labour required for producing 
one unit of value of output of the wage good. 

6 MME 
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at the beginning of period t- I, where YI(t) = Aixi(.t), 
y11(t) = rtA11 xn(t), and cc is the capitalists' average propensity 
to consume, which is assumed to be constant through time. In 
view of this, the demand-supply equation can be written as 

y1(t- I) = c1(t- I)YI(t) +c11(t- I)y11(t), (27) 

YnU- I) = vi(t- I )yi(t) + vn(t- I) Yn(t) 

+ccJT[(ci(t- I) +vi(t- I))y1(t- I) 

+ (cn(t- I) +v11(t- I))y11(t- I)]. (28) 

It must be noticed that, because of the change in the value of the 
wage good, these equations have v1(t- I) and v11(t- I), instead 
of vi(t) and vu(t), as coefficients of YI(t) and y11(t).9 · 

On the other hand, we have 

I =ci(t)+vi(t)+si(t) (i=l,ll) 

from the value-determining equations, and 

a 1 =(I +JT) (a1 ci(t) +a11 vi(t)) (i =I, 11) (so) 

from the price-determining equations. In our particular case of 
the two departments having the same organic composition of 
capital, ai equals a 11, so that (29) and (so) yield 

si(t) = JT(ci(t) +vi(t)) (i =I, 11). 

Then we have from (11) and (I2), in view of gk.(t) = gk(t), 

[c1(t- I) +vi(t- I)]yi(t) +[c11(t- I) +v11(t- I)]yn(t) _ 
S 7T- I, 
c - [c1(t- I) +vi(t- I)]YI(t- I) 

+[c11(t- I) +v11(t- I)]y11(t- I) 

which is compared with the rate of growth of the demand for 

labour, 

9 (27) and (28) are derived from (25) and (26) by taking (23) into account. 
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We are now provided with a counter-example which excites 
'usurpers'. Because of the decrease in v1 and v11, the rate of profit 
JT is increasing from period to period, as we see from (so). Capi
talists are assumed to save a constant proportion of profits, so 
that se remains constant. Therefore (SI) tells us that the rate of 
growth of the demand for labour is increasing through time, 
a result which is contrary to :Niarx's prediction. This shows how 
difficult it is to investigate the effects of biased technological 
development. The greatness of Marx as an economist lies in the 
fact that he was one of the pioneers in this adventurous subject, 
which is now so popular among economists. His breakdown 
theory shows that he had imperfections as a philosopher of 
revolution, but he has bequeathed us a great academic problem. 

6-2 



PART V 

Capital and Value 

CHAPTER 13 

The turnover of capital 

The theory of reproduction developed in chapters 9-12 differs 
from Marx's own formulation in one important respect. I have 
made this modification deliberately. Our formulation, which is 
a special case of Marx's, is valid only when capital goods can 
serve for one period. At first sight it might be thought that this is 
an absurd treatment of capital, because capital goods which are 
non-durable are hardly considered as proper capital goods. But, 
as will be shown later in this chapter, this assumption, in spite of 
its prima facie inadequacy, has to be made in order to solve the 
problems which Marx :called 'peculiar difficulties' (n, p. 459) 
concerning the replacement of constant capital made necessary 
by wear and tear. 

'Only by treating capital goods at different stages of wear and 
tear as qualitatively different goods, so that each capital good 
newly defined can serve only for one period, can we adequately 
deal with the age structure of capital stock.'1 Marx almost came 
up with this' golden rule' way of treating depreciation of capital 
goods which was later developed by von Neumann, 2 but he did 
not follow through with it. Like neo-classical economists, he 
distinguished the part of the value representing the constant 

1 Morishima, Theory of Economic Growth, p. Sg. I hope the reader will read chapter VI 

of that book (on the von Neumann revolution) in parallel with this chapter. 

2 See von Neumann, 'General Economic Equilibrium'. Surprising as it may be, 

Marx was almost in a position to discover the von Neumann idea. He pointed out 
two alternative methods of accounting. One is the usual neoclassical accounting, 
according to which the item of constant capital includes the sum which the 

machinery loses by wear and tear in use, as well as the value of raw material and 

auxiliary material consumed; while the other is the von Neumann accounting, 
according to which the total value of the machinery employed is included in the 

item of constant capital and the remaining value, which remains in the machinery 
after the process, is included in the value of output (as a by-product of the process). 

See I, p. 2 I 3· Marx quoted the following sentence from Malthus: 'If we reckon the 

value of fixed capital employed as a part of the advances, we must reckon the 
remaining value of such capital at the end of the year as a part of the annual 

returns.' (I, p. 2I3.) But unfortunately Marx used the neoclassical accounting. 

[ I64] 
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capital consumed in production from the value of the constant 
cap~tal employed in production. Then he met the following 
capital age-structure difficulties. 'True, the materials of produc
tion are entirely consumed and their values completely trans
ferred to the product. But only a portion of the employed fixed 
capital is wholly consumed and its value thus transferred to the 
product.' (n, p. 400.) But 'an aliquot part of their value- equal 
to the wear and tear, or the value depreciation of the fixed capital 
that is to be replaced- must first be precipitated in the form of 
money that will not function any more as a medium of circula
tion during the current period of annual reproduction, which 
alone we are examining' (n, p. 458). Thus, after the sale of its 
products, department II, producing consumption goods 'would 
not reconvert an aliquot portion of [the value of its output] 
?uring the ~urrent period of annual reproduction from money 
m to the bodily form of fixed components of its constant capital' 
(n, pp. 458-9). 'But then we would have an over-production of 
means of production ... on the other side, the side of I [i.e. the 
department producing capital goods], and the basis of our 
scheme would be destroyed.' (n, p. 459.) 

. Marx resolved this dilemma by introducing 'the seemingly 
still more absurd hypothesis that II itself was throwing the 
money into circulation, by which that constituent portion of the 
value of its commodities is converted into money which has to 
compensate the wear and tear of its fixed capital' (n, p. 462). 
He wrote: 'But the absurdity is only apparent. Class II consists 
of capitalists whose fixed capital is in the most diverse stages of 
its reproduction. In the case of some of them it has arrived at the 
stage where it must be entirely replaced in kind. In the case of 
the others it is more or less remote from that stage. All the mem
bers of the latter group have this in common, that their fixed 
capital is not actually reproduced, i.e., is not renewed in natura 
by a new specimen of the same kind, but that its value is succes
sively accumulated in money. The first group is in quite the same 
(or almost the same, it does not matter here) position as when it 
started in business, when it came on the market with its money
capital in order to convert it into constant (fixed and circulating) 
capital on the one hand and into labour-power, into variable 
capital, on the other. They have once more to advance the 
money-capital to the circulation, i.e., the value of constant fixed 
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capital as well as that of the circulating and variable capital.' 
(u, p. 463.) The case of simple reproduction was examined by 
Marx along these lines, but the hypothesis is useless when the 
activities of the departments are expanding, so that :Marx left the 
case of extended reproduction unexamincd. 

Marx's failure was mainly due to the fact that he ignored the 
von N eumann 'golden rule'. If he had developed the idea of 
treating capital goods at different stages of wear as different 
goods, he could have solved the depreciation problem in a dif
ferent and more convenient way, like that developed by von 
Neumann. According to this treatment there can be no distinc
tion between the circulating and fixed elements of constant 
capital. The entire value of constant capital is transferred to its 
products. However, except in some special cases, the products 
are no longer single but multiple, because a production process 
using a fixed capital good at the stage of wear t produces the same 
capital good at the stage of wear t+ I as a by-product, at the end 
of the production period. Then the total cost of production, 
including the surplus value, must be distributed between the 
main product and the 'by-products'. \Ve can thus avoid the 
depreciation problem by reducing it to the' imputation' problem 
and continue to use the equations of valuation and reproduction, 
based on the unit period of production and the unit period of 
servicability of capital goods, which we used in chapters g-I2, 
although it is necessary to extend the output matrix so that it 
includes the by-products now legitimated. 

Thus Marx was tackling the same economic problems as von 
Neumann, but unfortunately he was not so mathematically 
able as von Neumann. The last part ofhis life was a series ofhard 
struggles with algebra, differential calculus and numerical 
examples. Engels was unable to refrain from adding an editorial 
note on Marx's behalf in Capital, volume n: 'Firmly grounded as 
Marx was in algebra, he did not get the knack of handling figures, 
particularly commercial arithmetic, although there exists a thick 
batch of copybooks containing numerous examples of all kinds of 
commercial computations which he had solved himself. But 
knowledge of the various methods of calculation and exercise in 
daily practical commercial arithmetic are by no means the same 
and consequently Marx got so tangled up in his computations.' 
(n, p. 287.) It is almost certain that he could not have solved 
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~athematica.l probl~ms of joint production, if he had got the 
rdea of treatmg caprtal goods left over for production in the 
future as by-products of the current production process. Never
theless, his analysis of the process of reproduction does him 
great credit, because it may be considered as a seedling of the 
von Neumann-type growth theory. If Marx had been more 
mathematical and had thought of the von Neumann golden rule, 
he could have developed the whole of the von Neumann model 
independently and a huge short cut might have been made in 
the history of economic theory. 

It has been emphasized by many economists that there are 
similarities between Marx and von Neumann. 3 But the formal 
similarities which economists have pointed out are not very 
interesting. In fact, it is not surprising to find that a model of 
economic growth is formally a special case of von N eumann' s 
because the latter is so general. What I want to establish here i~ 
a deeper or economic similarity between these two thinkers. 
I want to present literary evidence to support my assertion that 
Marx had a view of the structure of production which is now 
as~ri?ed to von Neumann. 4 I want to convince the reader of my 
opmwn, that manyvon Neumann-like ideas recognized by Marx 
could ?ave been well developed if he had stuck to his prototype, 
assummg that all capital goods are available only for one period 
and that all goods are produced in one period, and if he had 
decided to adopt the von Neumann accounting. He would then 
have obtained the model of reproduction which I called' Marx
von Neumann' in my Equilibrium, Stability and Growth. Although 
I was not aware of all of them when I wrote the book this model . ' rs supported by enough bibliographical justifications to be de-
scribed as a perfected mathematizationofMarx's theory of simple 
and extended reproduction. 5 

3 For example, see Andras Br6dy, Proportions, Prices and Planning, A Mathematical 
Resta.tement of the Labour Theory of Value (North-Holland Publishing Co., I970). 
4 It rs no wonder that von Neumann was an' Austrian', but it is rather surprising 
to find that Marx was one as well. 
5 One of the main results obtained by van Neumann is the equality between the 
rate of growth and the rate of profit. But the so-called l\1arx-von Neumann model 
has been constructed so as to extend the formula to: the rate of growth = the rate 
of profit multiplied by capitalists' propensity to save. (See my Equilibrium, Stability 
and Growth, Oxford, I 964, p. I 45.) Marx's analysis of simple reproduction is a special 
cas~ _of t.he capitalsts' propensity to save being zero, so that the rate of profit is 
posrtrve m spite of the absence of growth. 
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Let us begin by collecting the literary evidence. Marx first 
directed his attention to the durability of capital goods. He wrote: 
'in relation to the products toward the creation of which it con
tributes, a portion of the constant capital retains the definite use
form in which it enters into the process of production. Hence it 
performs the same functions for a longer or shorter period, in 
ever repeated labour-processes. This applies for instance to 
industrial buildings, machinery, etc. -in short to all things which 
we comprise under the name of instruments oflabour.' (n, p. I6I.) 
'If a machine worth £Io,ooo lasts for, say, a period often years ... 
[it] need not be renewed and continues to function in its bodily 
form until this period has expired.' ( n, pp. I 66-7.) 'The value
part of the productive capital, the part invested in fixed capital, is 
advanced in one lump sum for the entire period of employment 
of that part of the means of production of which the fixed capital 
consists. Hence this value is thrown into the circulation by the 
capitalist all at one time. But it is withdrawn again from the 
circulation only piecemeal and gradually by realising the parts 
of value which the fixed capital adds piecemeal to the commo
diti.es. On the other hand the means of production themselves, in 
wh1ch a component part of the productive capital becomes fixed, 
are withdrawn from the circulation all at one time to be em
bodied in the process of production for the entire period in which 
they function. But they do not require for this period any replace
ment by new samples of the same kind, do not require reproduc
tion. They continue for a longer or shorter period to contribute 
to the creation of the commodities thrown into circulation with
out withdrawing from circulation the elements of their own 
renewal. Hence they do not require from the capitalist a renewal 
of his advance during this period.' (n, p. I7L) 

Next, Marx noticed that the production period, i.e. the time 
during which capital was held fast in the sphere of production, 
might vary with the goods to be produced. In his words:' Let us 
take two branches of business with working-days of equal length, 
say, of ten hours each, one of them a cotton spinning-mill, the 
other locomotive works. In one of these branches a definite 
quantity_ of finished product, cotton yarn, is turned out daily or 
weekly; m the other, the labour-process has to be repeated for 
perhaps three months in order to manufacture a finished pro
duct, a locomotive. In one case the product is discrete in nature, 
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and each day or week the same labour starts over again. In the 
other case the labour-process is continuous and extends over a 
rather great number of daily labour-processes which, in their 
inter-connection, in the continuity of their operation, bring 
forth a finished product only after a rather long period of time. 
Although the duration of the daily labour-process is the same 
here, there is a very marked difference in the duration of the 
productive act, i.e. in the duration of the repeated labour
processes required to get out a finished product.' (n, p. 232.) 

The time structure of production was analysed in the same way 
by Marx as by the Austrian economists. On the assumption that 
the manufacture of a machine requires I oo consecutive separate 
ten-hour working days, Marx wrote: 'these IOO working-days 
form a continuous magnitude, a working-day of I,ooo working
hours, one single connected act of production. I call such a 
working-day which is composed of a more or less numerous suc
cession of connected working-days a working period [italicized by 
Marx]. When we speak of a working-day we mean the length of 
working time during which the labourer must daily spend his 
labour-power, must work day by day. But when we speak of a 
working period we mean the number of connected working-days 
required in a certain branch of industry for the manufacture of 
a finished product. In this case the product of every working-day 
is but a partial one, which is further worked upon from day to day and 
only at the end of the longer or shorter working period receives its finished 
form, is a finished use-value.' (My italics, n, p. 234.) Thus at the 
beginning of every working-day workers operate on products at 
some intermediate stage with the help of machines as well as raw 
and auxiliary materials, and at the end of the day produce inter
mediate products which are nearer to the final products. 'One 
layer oflabour after another is piled up on the product. It is not 
alone the value of the extended labour-power that is continually 
being transferred to the product during the labour-processes, but 
also surplus-value. This product, however, is unfinished, it has 
not yet the form of a finished commodity, hence it cannot yet 
circulate.' (n, p. 235·) 

Marx was thus concerned with capitalist production, under 
the assumption that it took a number of periods to produce com
modities by using capital goods which were serviceable for 
several periods. As the above quotations prove, he analysed every 

7 MME 
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complete production process oflonger duration into elementary 
production processes of unit duration, in the same way as 
von Neumann did, by introducing intermediate products as 
additional goods. On the other hand, Marx differed from von 
Neumann in his treatment of durable capital goods. Instead of 
treating capital goods at different stages of wear and tear as 
different goods and reckoning the remaining value of such 
capital goods at the end of the year as a part of the annual 
returns, Marx included only the value of the portions of the 
capital goods which were worn out, in the price of the product. 
He wrote: 'by the wear and tear of the instruments of labour, 
a part of their value passes on to the product, while the other 
remains fixed in the instruments oflabour and thus in the process 
of production ... The longer an instrument lasts, the slower it 
wears out, the longer will its constant capital-value remain fixed in 
this use-form. But whatever may be its durability, the proportion 
in which it yields value is always inverse to the entire time it 
functions. If of two machines of equal value, one wears out in five 
years and the other in ten, then the first yields twice as much 
value in the same time as the second.' (n, p. 161.) 

The inconsistency between the replacement of the value and 
the replacement of the substance of the components of the com
modity-capital in this neo-classical depreciation caused Marx 
great difficulty. 'A part of capital has been advanced in the form 
of constant capital, i.e. of means of production, which function as 
factors of the labour-process so long as they retain the indepen
dent use-form in which they enter this process. The finished pro
duct, and therefore also the creators of the product, so far as they 
have been transformed into product, is thrust out of the process of 
production and passes as a commodity from the sphere of produc
tion to the sphere of circulation. But the instruments of labour 
never leave the sphere of production, once they have entered it.' 
(n, p. 16o.) They function as means of production from the 
moment they enter into the process of production to the moment 
when they cease to serve and must therefore be replaced by new 
capital goods of the same kinds. Fixed capital goods lose their 
exchange-value continuously (by neo-classical depreciation), 
while they are physically replaced at intervals as' a horse cannot 
be replaced piecemeal', and this fact may give rise to a discrep
ancy between replacement investment and depreciation. 
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This is seen in the following way. Let kii be the quantity of 
capital good i required for the production of one unit of goodj. 
Good j is a capital good if 1 ;:;;, j ;:;;, n, a wage or luxury good if 
n + 1 ;:;;, j ;:;;, m, as before. We assume, for the sake of simplicity, 
that production of every good takes only one period. Let Tii be 
the lifetime of capital good i when it is used for production of 
good j. It takes on a positive integral value when i is a fixed 
capital good, while it is unity if i is a circulating capital good 
(such as fuel, material, and so on). Defining a current-input 
coefficient aii as ki1/Tii (i = I, ... , n; j = 1, ... , m) and matrices 

we can write the cost-price equations in the form: 

PI= (1 +11) (PIAI+wL1), 

Pn = (1 +11) (PJA11 +wL11), 

where PI and Pn denote the price vector of capital goods and 
the price vector of wage and luxury goods respectively, w the 
wage rate, 1T the profit rate, and L;. the vector of labour-input 
coefficients. Next, let xi(t) be the output vector of capital goods 
and x11 (t) of wage and luxury goods, t representing the period 
when the production is carried out. Let Rt+l and Jt+1 be the 
vector of replacement demand for capital goods and the vector 
of net investment respectively, in period t + I. Finally, ct+l and 
Dt+l represent the vector of workers' consumption of wage goods 
and the vector of capitalists' consumption of wage and luxury 
goods respectively, in period t + 1. We then have the demand
supply equations: 

because xi(t) and x11 (t) are available for supply at the beginning 
of period t+ 1.11 

6 There is a difference in notation between the preceding chapters and this chapter. 
In the former x1 (t) and xu(t) represent the outputs available at t (hence their pro
duction is carried out in period t- 1 ), while here they denote the outputs available 
at t+ 1. 

7-2 
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After having spent PJ!t+l and PnDt+l on capital goods and 
wage and luxury goods, capitalists devote the remainder of 
profits, i.e. 

II 

1r ~ (PrAi +wLi) xi(t)-Prlt+l- pllDt+l 
i=l 

to an increase in the employment of workers, 7 so that the total 
wages in period t + 1 will be 

II II 

~ wLixi(t) +1r ~ (PrAi + wLi) xi(t)-Prlt+l- PnDt+l' 
i=l i=l 

which equals Pn ct+l' the total consumption of workers, because 
they cannot save. Hence 

11 11 

~ wLixi(t) +1r ~ (PrAi+wLi)xi(t) = p1 It+l +Pn(Ct+l +Dt+l). 
i=l i=l 

(s) 

On the other hand, the sum of (r) and (2), postmultiplied by 

x1(t) and xu(t) respectively, equals the sum of (3) and (4) pre
multiplied by p1 and Pn respectively. Therefore, 

II 

(r +1r) ~ (PJAi+wLi)xi(t) = p1(Rt+l +lt+l) +Pu(Ct+l +Dt+l). 
i=l 

Equations (5) and (6) yield 

11 

~ (Pr Ai) xi ( t) = Pr Rt+l, 
i=l 

(6) 

(7) 

that is to say, the depreciation, or the part of constant capital 
which passes on to the products, must equal the replacement 

investment. 
This equality is, however, not necessarily satisfied unless some 

special conditions are fulfilled. To see this clearly, we assume, for 
the sake of convenience of explanation, that all capital goods last 
for two periods and that those which are available in period tare 
all new. There is then no replacement demand for capital goods 

in period t + r, whereas the depreciation in period t amounts to 

7 Or more naturally, we may say that a part of profits is spent for an increase in 

constant and variable capitals and the rest on wage and luxury goods for capitalists' 

personal consumption. 
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half of the money value of the existing stock of capital goods in 

period t. Thus Pr Rt+l = o and 

11 

~ (p1 Ai) xi(t) > o; 
i=I 

we have a contradiction to (7); therefore equations (r)-(6) 
cannot hold simultaneously. Marx puzzled over this paradox 
seriously and eventually, in order to avoid it, reluctantly intro

duced a stringent condition that the age structure of fixed capital 
is stationary. Under this assumption, the r/Tir x roo per cent of 
the stock of capital goodj, kirxr(t), held by industry r in period t 
must be replaced in kind at the beginning of period t + r, so that 
the total replacement demand for capital goods of all industries 
amounts to 

II 

Rt+1 = ~Aixi(t), 
i=l 

and hence the total value of replacement demand, PI Rt+l' equals 
the total amount of depreciation, 

11 

~ (PrAi) xi(t). 
i=l 

It is evident, however, that consistency is not assured when the 

age structure of fixed capital is no longer stationary. There will 
not be universal consistency between 'the replacement of the 
wear and tear portion of the value in the form of money' and 
'the replacement of fixed capital in kind', unless we can get rid 
of the neo-classical method of depreciation and obey the 
von Neumann golden rule in the valuation of capital costs. 

If we treat capital goods at different stages of wear and tear as 
qualitatively different goods and capital goods remaining at the 
end of the production period as by-products of the current pro
duction process, we have no possibility of inconsistency. Every 

capital good can now last for only one period, so that it must be 
fully replaced in every period in kind as well as in value. Thus 
the problem which afflicted Marx disappears as soon as we accept 
the von Neumann golden rule. Moreover, we can effectively 

resolve many problems related to the age composition of capital, 
such as the differences in productivity and transferability 

between new and old capital goods, the determination of the 
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economic lifetime of each capital good as a length of time 
which may possibly be different from its physical lifetime, and 
so on. There is no reason to suppose that Marx would not have 
adopted von Neumann's approach if he could have discovered 
or learned it. 

By including intermediate products and old capital goods in 
the list of goods, we can analyse the existing concrete processes 
of production into abstract processes which are standardized so 
that each is of unit time duration. Every good can last for only 
one period; new and old capital goods become qualitatively dif
ferent goods after one period, so that every good of the same 
quality has a lifetime of one period, i.e., rii = 1 for all i and J. 
Then the capital coefficient kii and the current-input coefficient 
aii are not distinguishable, so that in the following we denote the 
quantity of good J technically required per unit intensity of 
'process' i by a1i. Let li be the labour-time consumed per unit 
intensity of i and b1i the quantity of good J produced per unit 
intensity of i. Each process converts a bundle of n commodities 
and labour (ali, .. . , ani> li) into a different bundle of n com
modities ( bli, ... , bni) after one period. 

An entire production process over t periods is analysed into t 
abstract processes by introducing t- 1 intermediate products, 
which together with the final product of the process give t pro
ducts. Thus multi-period production does not affect the balance 
between the number of goods and the number of processes. On 
the other hand, however, the von N eumann treatment of durable 
capital goods leads us to a completely different conclusion. Let 
there be n- 1 goods in the ordinary sense, the first n- 2 being 
perishable, while the last can serve for two periods. Let us call 
a one-year-old unit of good n- 1 good n, in order to distinguish it 
from the new good n- 1. To produce each ordinary good J, 
J = 1, ... , n- 1, there are available two processes, one using the 
new capital good n- 1, and the other the one-year-old capital 
good n. Good n is only a by-product of those processes which 
utilize the new capital good n- 1, and there is no additional 
process to produce n, so that the total number of' processes' is 
2(n- 1), which is greater than the total number of 'goods' n, 
unless n = 2. Moreover, the list of processes may include the pro
cesses of carrying new or old goods over to the next period. 
Hence there is no need for the number of processes m to be 
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identical with the number of goods n. In general, we now have 
rectangular input and output matrices: 

A= [a~1 
ani 

[

b11 

B . = . 

bnl 

Once we get rid of the world where n =m, the Marxian 
analysis ofvalue and production in terms of simultaneous equa
tions loses its foundations entirely. If n < m, we would have a 
negative degree offreedom (i.e. an over-determination) in price 
determination, and a positive degree offreedom (i.e. an under
determination) in output determination. It is obvious, even for 
hard-line Marxian economists, that the valuation and produc
tion systems should now be formulated, as they were by von 
Neumann, in terms of dual sets of inequalities. 

Let L be the labour-input coefficient row vector, w the real 
wage rate representing the number ofbaskets a worker can con
sume by working one hour, 11t the maximum rate of profit in 
period t, Pt the price vector in period t, c the vector representing 
a unit of the standard consumption basket, and xt the vector of 
intensities of operation of processes in period t.8 Like von Neu
mann, our Marx may assume that w is a constant to be deter
mined sociologically by the power of capitalists to exploit 
workers, and that the hourly money-wage rate wt actually paid 
in period t is equal to the hourly living cost, so that 

(8) 

Outputs are evaluated at prices Pt+1 instead of Pt, as one period is 
needed for production, and the total value of outputs f1t+l B 
cannot exceed the total cost plus the profit at the maximum rate, 
( 1 + 11t) (PtA + wtL). We have a set of weak inequalities: 

Pt+IB~ (I+11t)Pt(A+wcL), (g) 
because of (8). 

In a capitalist economy, production in period t is guided by 
this cost-price inequality. If (g) holds with strict inequality ' < ' 
for a particular process i, then i cannot yield profits at the rate 11t· 
Capitalists will not invest any money in such a process, so that it 
8 In our present notation, A corresponds to the previous (A1, An), L to (L1, L1), 

c to B, P to (Pr, Pn), and x to (x1, xu)· The present B, the output matrix, should not 
be confused with the previous B, the subsistence consumption vector. 
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will operate at null intensity. This rule of choice of processes, the 
rule of profitability, is stated by the equation, 

~+IBxt =(I +11t)Pt(A+wcL)xt, (Io) 

because, asxt ~ o, (10) impliesthatunprofitablemembersof(g) 
are multiplied by null members of xt. 

The xt thus determined makes outputs of the amount Bxt avail
able at the beginning of period t + 1, and these are partly con
sumed by workers, the rest being devoted to further production. 
In period t + 1 industrial demands and workers' demands for 
goods are proportional to the activity levels, xt+1• and the em
ployment of labour, Lxt+I• in that period respectively; the pro
portionality coefficients are the input coefficients A in the case of 
the industrial demands and the consumption coefficients we, in 
the case of the individual demands. The total demands cannot 
exceed the amounts of goods available for supply, so that we have 

Bxt ~ (A+ wcL) Xtw ( 11) 

The activity levels xt+I are adjusted so that the equality between 
supply and demand holds for as many goods as possible. If, in 
spite of all possible adjustments of xt+I• there remain some goods 
for which ( 1 1) holds with strict inequality ' > ', then their prices 
in period t + 1 are set at zero, that is to say, they are free goods. 
This pricing rule of free goods may be stated, like the rule of 
profitability, in terms of an equation, as 

(I 2) 

because the strict inequalities which may remain in ( 1 1) are 
ruled out by multiplying them by the corresponding prices, 
which are zero. 

As the careful reader may already have noticed, the ~+ls 
appearing in (g) and ( 10) should be distinguished from those 
in (12). Those in (g) and (10) are the prices which are expected 
in period t to prevail in period t + 1, while those in ( 1 2) are the 
prices which actually prevail in period t + 1. They are identical 
only when entrepreneurs can correctly foresee the prices in the 
next period. Furthermore, they can be equated to the Pts as well, 
in the state of stationary price equilibrium. In that state the rate 
of profit 1Tt will also be kept unchanged; the subscript tort+ 1, 
therefore, may be deleted from~. Pt+l and 1Tt· It can then be 

I 

THE TURNOVER OF CAPITAL 1 77 
seen that such a price equilibrium may be compatible with a 
balanced growth of outputs; xt+l = ( 1 +g) xt. In fact, substituting 
from this, the system (g)-(12) can be written as: 

PB ~ (1 +11)P(A+wcL), 

PBx = (1 +11) P(A+wcL)x, 

Bx~ (I+g)(A+wcL)x, 

PBx = (1 +g) P(A +wcL) x, 

(I 3) 

( 14) 

( 15) 

( 16) 

after deleting subscripts t and t + 1 from xt and xt+l; and von 
Neumann and others have shown that the system ( 13)-( 16) has, 
under appropriate economic assumptions concerning the sign 
patterns of A, B and L, an economically meaningful set of solu
tions (1i, g, x,p) fulfilling PBx > o. The growth equilibrium thus 
established corresponds to Marx's state of extended reproduc
tion, ifg > o; and we have g = 1i in the state of balanced growth 
equilibrium since we have ruled out capitalists' consumption.9 

It is interesting to see that the above system can provide a rule 
for determining the economic life span of capital goods. As I have 
emphasized, our list of goods includes old capital goods at various 
stages of wear and tear in addition to new final goods and inter
mediate products. If there is ans-year-old capital good available 
in period t + 1 for which there is no demand, its price in t + 1 will 
be set at zero according to the rule offree goods. If it is zero, then 
the profit accruing from the process of carrying this old capital 
good over to the next period is also zero (because the rate of profit 
is finite).IO Then there is no incentive for capitalists to carry such 
capital goods over, and they will be discarded as soon as they 
become free. Thus the rule offree goods enables us endogenously 
to determine the economic lifetime of capital goods, as distinct 
from the physical lifetime. 

Although Marx recognized that the time taken to turn over 
invested capital (determined by the lifetime of capital goods), the 
9 This simple von Neumann system has been extended into the generalized 
van Neumann system of the Marx-von Neumann type so as to include capitalists' 
consumption as well as workers' savings. See my Equilibrium, Stability and Growth, 
pp. I 3 I-53, and Theory of Economic Growth, pp. 8g-I I 4· 
1o It is assumed that a capital good can be stored for one period without labour and 
other goods. The cost of carrying over is zero since the capital good has no value, so 
that only zero profit can be expected. 
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production period and so on were changeable, he treated them 
as if they varied exogenously; he examined the effects of an auto
nomous change in the period of circulation and thus in the period 
needed for the turnover of capital. (n, p. 291.) But, as has been 
seen above by reformulating Marx's theory in the von Neumann 
way we can derive an economic criterion for entrepreneurs' de
cisions not to use a capital good of a particular age any longer. 
Similarly the production period may also be chosen. If there are 
a number of methods of production with different production 
periods, entrepreneurs will choose one from among them ac
cording to the rule of profitability. In this case the list of pro
cesses has to be extended so that it includes all the alternative 
methods of production, which have been analysed into abstract 
'processes'. This generalization in no way changes the funda
mental characteristics of the model. It is still a Marx-von N eu
mann model. Thus Marx can be saved from becoming obsolete 
and may continue to be the most important contributor to the 
most crucial area of economic theory, as long as he is willing for 
his model to be dissolved into a new and more powerful one, the 
Marx-von Neumann. That Marx would not object to this pro
posal is suggested by the fact that the part of Capital which dis
cusses the turnover of capital (particularly chapters vm, xn and 
XIII of volume n), which I regard as one of the best parts of the 
three volumes, is surprisingly close to von Neumann. 

CHAPTER I4 

The labour theory of value revisited 

It was seen in the previous chapter that if a von Neumann 
revolution broke out in Marxian economics it would bring about 
great structural changes, particularly in the price-determination 
equations. First of all, the output-coefficient matrix can no longer 
be an identity matrix, since old capital goods are treated as by
products of the processes which use one-period younger capital 
goods. Secondly, the output-coefficient matrix can no longer be 
a square matrix because, for instance, if capital goods last for 
several periods and those at different stages of wear and tear are 
treated as different goods, it is possible to produce the same new 
goods by different processes, by utilizing 'different' capital 
goods. The existence of alternative production processes tends to 
make the number of processes larger than the number of goods, 
whereas the possibility of joint production tends to reverse the 
inequality. In any case, it is not necessary that goods and pro
cesses should be equal in number. Thirdly, as a consequence of 
the inequality between the number of goods and the number of 
processes, the price-determination equations will generate over
or under-determination of prices according as the number of 
processes is greater or smaller than the number of goods. It is 
then found that the strict equations between prices and costs 
(including profits at the uniform rate) for all goods are too 
restrictive; they are therefore replaced by inequalities which state 
that prices do not exceed costs plus profits at the maximum rate. 
The inequalities are supplemented by the rule of profitability, 
which states that those processes whose rates of profits are not as 
high as the maximum rate are not utilized. This is, however, an 
evident generalization (or a correctly formulated version) of 
Marx's law of equalization of the general rate of profits through 
competition (m, pp. I 73-99), because it rules out discrepancies 
among the rates of profits of the active manufacturing processes 
chosen by capitalists and implies that the processes not chosen 
by entrepreneurs can yield profits only at rates which do not 
exceed the rate of profit of the processes actually adopted. 

Obviously, such great changes cannot but affect the system of 
value-determination equations, which is also a dual of the 

( I 79] 
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physical reproduction (or input-output) system in Marx's 
model. In fact, as will be seen later, they shake and destroy the 
foundations of the labour theory of value, in the original form in 
terms of simultaneous equations which was developed by Marx. 
Thus the recognition of joint production and alternative manu
facturing processes, as a result of which the von Neumann revolu
tion arises, encourages us to sacrifice Marx's own formulation of 
the labour theory of value and to extend (or modify) it to meet 
the spirit of the von N eumann revolution. Indeed, one of the 
main purposes ofthis final chapter is to show that values of com
modities are not necessarily determined as non-negative and 
unique if we stick to the equation approach after having admitted 
joint production and alternative processes, while the other is to 
reformulate the theory of value in an inequality form which is 
analogous to von N eumann' s price-cost inequality system. It will 
be seen that the values determined by the inequality system are 
non-negative and play the role of shadow prices in economies 
which maximize the productivity of labour by utilizing labour 
efficiently. In the capitalist mode of production where the price
guided (or profit-guided) choice of techniques prevails, equi
librium prices determined competitively are different from 
values except in certain very special cases, but the values may 
still have some normative relevance in capitalist economies, 
because they enable us to find those techniques by the use of 
which the amount oflabour needed to produce given amounts of 
commodities can be minimized. 

Thus it looks at first sight as if the labour theory of value can 
survive the von Neumann revolution so long as it is content with 
its weakened position as well as its reformulation and modifica
tion. However the classical criticism which originated with 
Bohm-Bawerk applies to the labour theory of value, not only in 
its original version but also in the revised one. That is to say, as 
soon as the heterogeneity of labour is allowed for, the value of 
theory is seen to conflict with Marx's law of the equalization of 
the rate of exploitation through society, unless the different sorts 
of labour are reduced to the homogeneous abstract human 
labour in proportion to their wage rates. This is a serious 
dilemma from the point of view ofMarxian economists, because 
on the one hand different rates of exploitation among different 
classes of workers obviously are not compatible with Marx's view 
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of the polarization of society into two classes, capitalists and 
workers, and on the other, if different sorts of labour are con
verted into the abstract human labour in proportion to their 
wages, then the resulted value system depends on relative wages 
and hence Marx's intention of obtaining an intrinsic value 
system completely independent of markets is not fulfilled. There 
is no easy way out of this predicament. Our solution, a Marxian 
economics without the labour theory of value, is unlikely to be 
accepted by Marxists, but I shall nevertheless strongly recom
mend it to them at the end of this final chapter. 

It has been seen that in Marx's economics the theory of value 
has to provide a system of values of commodities which can serve 
as weights for the aggregation of many industries, or primitive 
sectors, into two or several major 'departments'. It is then 
required that the system of values be (a) non-negative, (b) unique 
and (c) independent of what happens in the market. The reasons 
for (a) and (b) need no explanation, while the requirement (c) 
cannot be avoided, as it was Marx's aim to develop a long-run 
macro-dynamic theory. The other purpose of Marx's theory of 
value is to provide a theoretical foundation for his two-class view 
of the capitalist society. Therefore each worker has to be shown 
to be equally exploited by the capitalists, so that (d) a uniform 
rate of exploitation must be established throughout the society 
when the values of commodities are determined so as to fulfil the 
equations (or inequalities) of the value theory. We shall now see 
how the introduction of joint production, alternative processes, 
or heterogeneous labour will conflict with the above four 
requirements. 

Let us deal first with the problem of joint production. It has 
been seen by Samuelson, Arrow, Koopmans and others that the 
static input-output equation system may result in negative 
outputs or negative prices if joint production processes are 
allowed for. 1 The same argument applies to the value-determina
tion system of Marx, as the following numerical example shows. 
Suppose there are two kinds of capital goods, circulating and 
fixed. The circulating capital good, labelled as good I, is not 
durable, while the fixed capital good can serve for two periods. 

1 See, for example, T. C. Koopmaru, 'Maximization and Substitution in Linear 
Models of Production', Input-Output Relations, ed. by The Netherlands Economic 
Institute (Leiden: H. E. Stenfert Kroese N.V., 1953). 
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The new fixed capital good is distinguished from the old by 
calling them goods 2 and 3 respectively. The fixed capital goods 
are not used for producing themselves but for producing the 
circulating capital good, so that the latter can be produced by 
processes I and 2, utilizing the new and old fixed capital goods 
respectively. By the von Neumann convention the old capital 
good is a by-product of process I using the new capital good. The 
process which produces the fixed capital good is called process 3· 

TABLE I 

Process I Process 2 Process 3 
,--------, 

Input Output Input Output Input Output 

Good I 0.7 o.g o.g o 
Good 2 o.s 0 0 0 0 

Good 3 0 o.s o.s 0 0 0 

Labour 

Input-output coefficients are given in table I. It is noted that 
process 2 is assumed to require a greater amount of the circulating 
capital good than process I, because the former uses the old fixed 
capital good and the latter the new. We then have the value
determination equations: 

AI +o.sAa = o.7AI +o.sA2 +I,} 

AI = o.gAI + o.sAa + I' 

A2 = o.gAI +I. 

(I) 

Solving we obtain negative values: AI = -so, A2 = -44, 
A3 = - I2. Thus when the von Neumann treatment of old capital 
goods as by-products of those processes which use younger capital 
goods is adopted, a negative value may be attributed to each 
good. 

However, it has to be noticed that the case of all goods having 
negative values is obtained only when the system does not 
5atisfy the condition of productiveness. In fact, if we adopt the 
Marxian or the neo-classical depreciation procedure, the pro
cess of production of good I is characterized as follows: As half 
a unit of the fixed capital good brings forth two units of good I 
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during its lifetime (i.e. in two periods), by consuming 0.7 units 
of good I and one unit oflabour in the first period and o.g units 
of good I and one unit of labour in the second, so the process 
produces one unit of good I per period, by using o.8 units of 
good I, 0.2s units of good 2 (the fixed capital good) and one unit 
oflabour per period. On the other hand, good 2 is produced by 
o.g units of good I and one unit of labour as before. Therefore, 
the value-determination equations are now written as 

AI= o.8AI +0.2SA2+ I,} 

A2 = o.gAI +I, 

which give negative values AI = -so and A2 = - 44, because 
the input-coefficient matrix is not 'productive'. It is noted that 
the first equation of the neo-classical system (2) is no more than 
the average of the first two equations of the von Neumann 
system (I). Hence the productiveness of the neo-classical system 
is necessary and sufficient for the positiveness of the values of the 
circulating and new fixed capital goods. 

However, this condition is not sufficient to assure positive 
values for the old capital goods. This is illustrated by replacing 
the input coefficient o.g and the labour-input coefficient I of 
process 3 by 0.2 and o.s respectively. We then have the von 
Neumann system: 

+ o.sAa = o. 7AI + o.sA2 

= o.gAI 
+I, } 

+o.sAa+ I, 

= o.2AI +o.s, 

and the neo-classical counterpart: 

AI = o.8AI + o.2SA2 + I, } 

A2 = o.2AI + o.s. 

(I') 

(2') 

It is at once seen that the neo-classical system is' productive' and 
determines AI and A2 at 7·S and 2.0 respectively. But the value of 
the old capital good in the von Neumann system depends on the 
magnitudes of AI and A2 and may be negative; in the present 
case, A3 = - o.s. We have thus obtained an example which 
enables us to conclude that negative values are not ruled out in 
the von Neumann system, unless restrictive assumptions are 
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imposed in addition to the productiveness of the prevailing 
technology. 

In order for the values of all commodities to be determined to 
be non-negative, we have to reformulate the theory ofvalue in 
the same way as von Neumann formulated the theory of prices, 
not in terms of equations but in terms of inequalities. In the 
following we do not classify industries into capital-goods, wage
goods and luxury-goods industries, because a process producing 
say, a wage good may jointly produce a capital good as a by
product. However, we continue to classify goods into the two 
groups, capital-goods and wage or luxury-goods, so that we may 
partition the output-coefficient matrix into 

E = [E1 
], 

En 

where the submatrix E1 lists outputs of capital goods produced 
by various processes, and En is a similar submatrix of outputs of 
wage and luxury goods. As wage and luxury goods are not 
directly used for production, the input-coefficient matrix is 
written as 

[~], 
and L stands for the labour-input coefficient vector. To obtain 
an inequality version of the labour theory of value, we consider 
a linear programming problem: To minimize 

Lx (3) 

subject to E1 x ~ Ax+Y1, (4) 

Enx ~ Yn, (s) 
X~ O, (6) 

where x denotes the vector of activity levels and Y1 and Yn are 
the vector ofnet outputs of capital goods and that ofwage goods 
and luxury goods respectively. Net outputs are taken as given; 
the total amount of labour employed, (3), is minimized with 
respect to x. It is evident that the programme of efficient employ
ment oflabour given as a solution to the problem maximizes the 
productivity of human labour. 

It is well known that each linear programming problem has 

I 

i 
l 

. ~. 

J 

THE LABOUR THEORY OF VALUE REVISITED 185 

its dual. With the above minimizing problem is coupled a 
problem: To maximize A TT A TT (

7
) 

I 1 n + n 1 n 

subjectto A1 E1 +AnEn~A1A+L, (8) 

(g) 

A1 and An may be interpreted as vectors ofthe 'shadow prices' 
of the commodities grouped into the two classes. The dual 
problem maximizes the value of net outputs evaluated at the 
shadow prices. By virtue of the fundamental duality theorem of 
linear programming, we have 

Lx = A1 Y1 +AnYn, ( ro) 

which states that the total value of net outputs equals the total 
amount of labour required, directly or indirectly, for their pro
duction, so that by Marx's second definition of value (see chapter 1) 
A1 Y1 +AnYn can be interpreted as the value of the composite 
commodity, Y = (Y1, Yn)· 

When only a particular element, y1, of Y is positive, all the 
other elements being zero, ..11 may be interpreted as the value of 
the single commodity j. We may then ask whether the values of 
commodities are independent of the final demand Y. This is the 
problem of the (static) non-substitution theorem. Georgescu
Roegen, Samuelson, Arrow, Koopmans and others have shown 
that if there is no joint production, a change in the final demand 
does not affect the values.2 This non-substitution theorem has 
been extended by Mirrlees to a class of cases allowing for by
products, including some von N eumann cases. 3 But in the general 
case ofjoint production the theorem does not remain true; A1 and 
An depend on Y. Therefore the ..11 obtained for the final demand 
being set at some Y may be different from the ..11 which is obtained 
for a particular Y with y1 = 1 and Yi = o, for all i =!= j. As the latter 
is the value of commodity j, this means that the elements of the 
solution vector (A1, An) to the dual linear programming problem 
do not give the values of individual commodities; nevertheless, as 

2 See, for example, P. A. Samuelson, 'Abstract of a Theorem Concerning Substi
tutability in Open Leontief Models', Activity Analysis of Production and Allocation, ed. 
by T. C. Koopmans (New York, 1951); and T. C. Koopmans, 'Maximisation and 
Substitution'. 
a J. A. Mirrlees, 'The Dynamic Non-substitution Theorem', Review of Economic 
Studies, XXXVI (1), 1g6g, pp. 67-76. 
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has been seen, it is true that the sum, AIYI+A11 Y11, can be 
interpreted as the value of the composite commodity Y. 

The duality result ( 10) is equivalent with the following two 
rules. First, the 'rule of valuation' associates the null shadow 
price, i.e . ..\1 = o (where ..\1 is an element of AI or An), with the 
jth condition in (4) or (5), if the latter holds with strict inequality 
' > ',i.e. if there is over-production of commodity j. Secondly, the 
'rule of efficiency' associates the null activity level, i.e. xi = o 
(where xi is an element of x), with the ith condition of (8), if the 
latter holds with strict inequality ' < '; that is to say, the ith 
process is not utilized when the value of outputs of the ith process 
does not reach its value of inputs. In fact, we have from (4), 
(5) and (g) 

(AI BI + A11 B11) x ~ AIAx +AI YI + A11 Yn, ( 11) 

which holds with equality if and only if the rule of valuation 
holds. On the other hand, we have from (8) and (6) 

which holds with equality if and only if the rule of efficiency 
prevails. Furthermore, it is seen that the duality result ( 10) is 
obtained if and only if both (I I) and (I 2) are fulfilled with 
equality. Hence the identity of the two rules with the duality 
result is established. 

These rules are obviously analogous to the rule of free goods 
and the rule of profitability, which have been familiar among 
non-Marxian economists since von Neumann. There is, however, 
an evident difference between them, in that one deals with 
values and the other with prices. In the case of prices the rule of 
valuation (or the rule of free goods) is acceptable because the 
competitive prices will be set at zero for those goods which are in 
excess supply; whereas in the case of values one might think that 
the value of a good should be positive even if it is free, except in 
the extreme case where no labour is needed, directly or in
directly, to produce that good. But Marx's definition ofvalue is 
not so simple as the one which has been stylized as his definition. 
Marx had, in addition to the usual main definition which is valid 
in the ordinary case of all commodities being useful, a sup
plementary rule which is applied to the degenerate case including 
some free goods. He wrote: 'Nothing can have value, without 

1\·· 
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being an object of utility. If the thing is useless, so is the labour 
contained in it; the labour does not count as labour, and there
fore creates no value.' (I, p. 41.) There can be no more explicit 
statement of the 'rule of valuation' than this quotation, which 
states that if a good is useless, so that the demand for it does not 
match its supply and the corresponding condition in (4) or (5) is 
therefore satisfied with strict inequality, then, in spite of the fact 
that a positive amount oflabour is contained in it, its value has 
to be set at zero. It is indeed surprising to find in Capital a fore
taste of the modern inequality approach to the determination of 
values or prices. 

In a centralized economy where labour is the sole scarce 
factor of production, techniques of production would be chosen 
so as to minimize the employment oflabour. On the other hand 
in an economy where the capitalist mode of production prevails 
individual entrepreneurs are not interested in minimizing total 
employment, but adopt those techniques which maximize the 
rate of profit, calculated in terms of equilibrium prices. Thus, in 
a capitalist economy we have a price-guided choice of techniques, 
so that the techniques actually chosen may be different from 
those which are optimal from the viewpoint of the above linear 
programming problem. Consequently the values of commodities 
calculated on the basis of the adopted techniques are not neces
sarily the same as the values theoretically determined by linear 
programming. Thus the 'actual' values may differ from the 
'optimum' values. Since Marx was interested in the former, but 
not the latter, we next devote ourselves to examining the' actual' 
values for uniqueness. 4 

Let 7T be the maximum rate of profit which prevails when 
prices and the wage rate are set at P = (PJ,p11) and w, where PI 
and p11 are row vectors of prices of capital goods and prices of 
wage and luxury goods respectively. By definition 7T must fulfil 

PB ~(I +1r) (PJA+wL) (13) 

with at least one process satisfying this price-cost condition with 
equality. The money-wage rate w is adjusted so as to enable each 
worker to consume w units of the normalized consumption 
vector c, so that we have p 

W = 11 wc, 

• It is well known that solutions to a linear programming problem may not be 
unique; therefore there may be two or more optimum value systems. 
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Substituting for w from this, ( 1 3) can be written as 

PB ~ (1 +1r) (PIA +PuwcL). 

By adjusting Pwe can find a maximum ofthe maximum rate of 
profit 7T0, corresponding to a given real wage rate (or a given 
level of consumption) w0• When the real wage rate is fixed at w0 

and prices are flexible, entrepreneurs adopt only those processes 
which satisfy ( 1 5) at w0 and 7T0 with equality, since the others are 
found to be unprofitable. 

Suppose now that the total number of production processes 
available in the economy, m, is greater than the number of 
goods, h. Suppose, say, that h + 1 processes are found to be profit
able when the real-wage rate is set at w0 , so that the rate of profit 
is maximized at 7T0• Let P0 be the long-run equilibrium prices 
associated with w0 and 1r0• Processes are re-numbered, if neces
sary, in such a way that the first h + 1 processes are profitable and 
the others unprofitable. We denote the input and output 
matrices consisting of the first h processes by A1 and B1 respec
tively, L 1 being the corresponding labour-input coefficient 
vector. A 2 and B 2 represent the input and output matrices 
obtained by replacing process h in A1 and B1 by process h + 1; 

L 2 is the labour-input coefficient vector generated by the replace
ment. We then have the following two sets of equations, 

P0B 1 = (1 +7T0) (PIA1 +P11°w0cL1 ), 

po B2 = (I + 7To) (pio A2 + Pno wocL2). 

Let us furthermore suppose that processes h and h + 1 are 
alternative ways of producing the same commodities and that 
either of the two sets of processes ( 1, ... , h) and ( 1, ... , h- 1, h + 1) 
can produce all h kinds of goods. Then entrepreneurs can adopt 
either, or any convex combination of them; they are, in fact, 
indifferent from the point ofview of the entrepreneurs, because 
they are equi-profitable. The values of the commodities are 
determined by 

( 18) 

or ( 19) 

according as the first or the second set of processes is chosen. 
In the general case of using the first and second sets in the 

(, 
) 
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proportion of q to 1- q, where o ~ q ~ 1, the value formula may 

be written as AB = A A L (2o) q I q + q> 

where Bq= qB1 + (1- q) B2 and similarly for Aq and Lq. Although 
the two sets of processes are associated with the same long-run 
equilibrium prices, as ( 16) and ( 1 7) show, it can be seen that the 
A derived from ( 1 8) is not necessarily identical with the one from 
( 19), and either of them may further differ from the A deter
mined by (20). This simple but important fact violates the 
uniqueness of the value system, because when there are alterna
tive processes, it is possible for the same sorts of commodities to be 
produced simultaneously by different processes and therefore to 
have different values. Moreover, when a process is mixed with 
another equally profitable process the values may depend on the 
proportions in which these processes are mixed; and the propor
tions may easily fluctuate since the processes are indifferent in 
profitability. Therefore the values may easily change, so that 
they cannot serve as solid weights for aggregation. 

The above argument can be illustrated by a simple numerical 
example. Consider a one-commodity economy having two 
alternative processes whose production coefficients are given as 
follows: 

Commodity 
Labour 

TABLE 2 

Process 1 

Input Output 

0.25 
0.5 

Process 2 

Input Output 

0.5 
0.25 

These processes are equally profitable at 1T = 1, when the ratio 
of the price of the commodity to the wage rate, pjw, is unity. To 
produce the commodity by process 1, j hour oflabour is required, 
since A = o.25A + 0.5, instead of the t hour needed by process 2. 
When half the total output of the commodity is produced by 
process 1 and the other half by 2, then the average capital and 
labour-input coefficients are equalized at 0.375, so that the value 
is calculated at i hour. Finally, consider the case where the two 
processes are simultaneously utilized to produce the commodity 
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in the following manner. Process 1 uses a11 units of the commodity 
produced by process 1 and a21 units of the commodity produced 
by process 2, together with labour of 0.5, for the production of 
one unit of the commodity. Similarly, process 2 combines a12 

units of the commodity produced by process 1 and a22 units of the 
commodity produced by process 2 with labour of 0.25 to produce 
one unit of the commodity. The conditions which are required 
technologically are only a11 + a21 = o. 25 and a12 + a22 = 0.5, so 
that ai1s may be taken as: 

a11 = 0.25, a21 = o, a12 = 0.25, a22 = 0.25. 

Then we have the value-determination equations 

,\2 = 0.25,\1 +o.25A 2 +o.25, 

where ,\1 denotes the value of the commodity produced by pro
cess 1 and ,\2 the value of that produced by process 2. If the value 
ought to be determined uniquely for each commodity, A1 and A2 

should be equalized. However, solving the above equations, we 
have A1 = ! and ,\2 = t. Obviously, A1 =\= A2 ; thus a situation 
contradicting the uniqueness postulate is generated, as the same 
commodity has different actual values simultaneously. 

We have so far assumed that all labour is homogeneous. In 
recognizing its heterogeneity, however, Marx wrote: 'As the 
coat and the linen are two qualitatively different use-values, so 
also are the two forms oflabour that produce them, tailoring and 
weaving. Were these two objects not qualitatively different, not 
produced respectively by labour of different quality, they could 
not stand to each other in the relation of commodities. Coats are 
not exchanged for coats, one use-value is not exchanged for 
another of the same kind.' (1, pp. 41-2.) He also said: 'Some 
people might think that if the value of a commodity is determined 
by the quantity oflabour spent on it, the more idle and unskilful 
the labourer, the more valuable would his commodity be, 
because more time would be required in its production.' 
(I, p. 39·) 

In the calculation of values, these different varieties oflabour 
embodied in the different kinds of commodities are reduced to 
their common quality of' human labour in the abstract'. 'It is 

THE LABOUR THEORY OF VALUE REVISITED 191 

the expenditure of simple labour-power, i.e. of the labour-power 
which, on the average, apart from any special development, 
exists in the organism of every ordinary individual. Simple 
average la hour, it is true, varies in character in different countries 
and at different times, but in a particular society it is given. 
Skilled labour counts only as simple labour intensified, or rather, 
as multiplied simple labour, a given quantity of skilled being 
considered equal to a greater quantity of simple labour.' 
(1, p. 44.) 'All are reduced to one and the same sort of labour, 
human labour in the abstract.' (1, p. g8.) 

Marx admitted that the distinction commonly drawn between 
skilled and unskilled labour was ambiguous. In his words: 'The 
distinction between skilled and unskilled labour rests in part on 
pure illusion, or, to say the least, on distinctions that have long 
since ceased to be real, and that survive only by virtue of a tradi
tional convention; in part on the helpless condition of some 
groups of the working-class, a condition that prevents them from 
exacting equally with the rest the value of their labour-power. 
Accidental circumstances here play so great a part, that these 
two forms of labour sometimes change places.' (1, pp. 197-8.) 
Therefore he proposed a scientific formula by which all kinds of 
actual labour could be reduced to their common character of 
being human labour generally: 'In order to modify the human 
organism, so that it may acquire skill and handiness in a given 
branch of industry, and become labour-power of a special kind, 
a special education or training is requisite, and this, on its part, 
costs an equivalent in commodities of a greater or less amount. 
This amount varies according to the more or less complicated 
character of the labour-power. The expenses of this education 
(excessively small in the case of ordinary labour-power), enter 
pro tanto into the total value spent in its production.' (1, p. 172.) 

In spite of this formula, Marx assumed every kind oflabour to 
be unskilled, simple labour. However, it is not difficult to revise 
his value-determination equations so as to allow for different 
kinds oflabour. For the sake of simplicity, we assume that there 
are no joint products and no alternative processes. We also do 
not group commodities into capital goods, wage goods and 
luxury goods, and assume that there are h goods and n + 1 kinds 
oflabour. To produce a unit of goodj (j = 1, ... , h), aii units of 
good i (i = 1, ... ,h) and lki units oflabour k (k = 1, ... , n + 1) are 
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required, while to produce a unit oflabourj (j =I, ... ,n), qii 
units of good i (i =I, ... ,h) and mki units oflabour k (k =I, ... , 

n +I) are required. We take labour n +I as the standard labour, 
i.e., the unskilled, simple labour or human labour in the abstract. 
Then the values of the commodities A= (i\1, •.. , i\h) and the 
conversion ratios of skilled into unskilled labour 0 = (81, ... ,en) 
are determined by the following equations: 

A= AA+0R+l, ( 2 I) 

0 = AQ+0T+m, (22) 

where 

[a" a,.] Q ~ [q~, q~·] 
A= : . ' . ' 

ah1 ahh qh1 qhn 

R ~ [1~, /"] T ~ [m,u ~"] . ' . ' 
ln1 ... lnh mn1 mnn 

l = Un+l, 1 ·" ln+l, h)' m= (mn+1,1•••mn+1,n)• 

If the production of commodities and skilled labour is 'produc
tive', the values and the conversion ratios are simultaneously 
determined to be positive. With the 0 thus obtained, ( 2 I) can be 

written as A= AA+L, (23) 

where L = 0R + l; ( 23) can further be partitioned into two sets 
of equations for capital goods and for wage and luxury goods, as 
has been done elsewhere in this book. 

This generalization of Marx's labour theory of value might 
seem, at first sight, to give rise to no difficulty, as Marx believed. 
However a closer examination enables us to see that it is in 

' conflict with his theory of exploitation, unless the conversion 
ratios are determined to be proportional to the wage rates of the 
various kinds of labour. Let wi be the number of consumption 
baskets which the worker who offers a unit oflabour i for one hour 
can buy by spending his hourly wages. Then a unit of the ith 
labour power is valued at wiAnc in terms of unskilled labour, 
where An is the vector of the values of wage goods and c the 
vector of the quantities of wage goods contained in a unit of the 
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basket. On the other hand, a unit of labour i counts as ei units 
of unskilled labour. Hence the worker i is exploited at the rate 

ei-wiA11 c 
e.= A (i=I, ... ,n+I), 
' wi ne 

where 8i = I for i = n +I. lt is now seen that there prevails 
a uniform rate of exploitation throughout n + I different kinds of 
labour, e1 = e2 = ... = en+l' if and only if wifwn+l = ei for all 
i = I, ... , n. 

However, there is no reason why ws should be proportional 
to Os. As the previous quotation from Marx shows, it is possible 
that a more skilled labourer with a larger ei may be paid a lower 
wage rate. Then we may have several groups of workers exploited 
at different rates, in contradiction to Marx's two-class view of the 
capitalist economy. To avoid this difficulty, we have to abandon 
the scientific determination of the conversion rates by the 
formulas (2I) and (22), and simply convert different kinds of 
labour into unskilled labour in proportion to their wages. That is 
to say, the values of commodities are determined by 

A= AA+L*, 

where L* = WR+l and W= (w1fwn+l, ... ,wnfwn+l), wi being 
the money-wage rate oflabour. In this case, although the rate of 
exploitation is equalized throughout all kinds of labour, the 
values do not satisfy the postulate of independence from market 
conditions and may easily fluctuate from period to period as 
relative wages change. 

We conclude by suggesting to Marxian economists that they 
ought radically to change their attitude towards the labour 
theory of value. If it has to determine the amounts of labour 
which the techniques of production actually adopted in a capi
talist economy require, directly and indirectly, in order to pro
duce commodities, it is not a satisfactory theory at all. As has been 
seen above, the value system may be determined to be negative, 
indefinite or even contradictory to the postulate of the uniform 
rate of exploitation. These findings urge us to abandon the 
theory. 

For a thorough-going Marxist it would be impossible to con
ceive of Marxian economics without the labour theory of value. 
Since it provides the workers with an inspiring ideological 
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rationale for their struggles against bourgeois regimes, Marxists 
would be greatly depressed by losing its authority. In addition to 
this emotional damage, the foundations of Marxian economics, 
as a two-department macro-dynamic theory, would be seriously 
shaken. If we refrain from aggregating the basic micro-model 
into a consolidated model of some manageable size, it is clear that 
we shall lose a number of the definite laws discovered by Marx, 
including the theory of the breakdown of capitalism; they would 
be either completely disproved or reduced to mere conjectures. 
Marxian economics would then suffer from the same kind of 
sterility as Walrasian general equilibrium theory-or at least it 
would certainly become less fruitful or more vacuous than it is. 
However, the most important task is of course to strengthen the 
foundations, for it is useless to build a palatial mansion on sand. 
One of the conclusions of this book is that Marx's economics can 
acquire citizenship in contemporary economic theory by de
taching it from its root, the labour theory of value, and grafting 
it onto the von N eumann stock so as to produce the Marx
von Neumann flower! As has been seen in chapter 8, it is possible 
to construct an aggregate model by utilizing the equilibrium 
production prices (or the von Neumann prices) as weights of 
aggregation. The theory of aggregation is an uncultivated field 
in economics, both in orthodox economics and particularly in 
Marxian economics. 

Finally, it is worth making an additional comment. Those 
economists who continue to use neo-classical aggregate produc
tion functions, in spite of the fact that their non-existence in the 
general case has been proved, must, by the principle of fairness 
admit their opponents' aggregation in terms of values, if these are 
approximately, though not exactly unique, not as a rigorous 
scientific method but as a practical procedure. We ought also to 
admit that the Marxian economists' 'surrogate' two-or-several
department model can often by suggestive and provide useful 
co~ectures, such as their 'laws of motion of modern society'. It 
can supply a first approximation to reality, if the aggregation 
conditions are carefully examined and found to be approximately 
fulfilled. Thus the usefulness of the departmental analysis based 
on the concept of' actual values' depends on the carefulness and 
skill of the economists who use it, though it cannot be provided 
with a full theoretical justification. 
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On the other hand, as has been seen above, the optimum 
labour theory of value determines the methods of production 
which minimize the amount of labour needed to produce given 
amounts of the final net outputs; the optimum values are firmly 
founded as the shadow prices to the problem and, therefore, con
tain no ambiguous element. The optimum value system can be 
taken as a norm ofreference; the 'transformation problem', by 
measuring the distance of the actual or equilibrium price system 
from the optimum, can clarify how the techniques of production 
chosen under a capitalist regime deviate from the optimum state 
utilizing labour at its maximum productivity. From the formal 
point of view, this transformation problem is an extension of 
Marx's, not only in the sense that the former is formulated in 
terms of inequalities and the latter in terms of equations, but also 
in the sense that the former deals with the transformation of the 
optimum values under the optimum techniques into equilibrium 
production prices under the techniques actually chosen, while 
the latter is concerned only with the transformation of the actual 
values into these prices, taking no account of potential alterna
tive methods of production. 

Finally we show that the rate of exploitation holds true in 
terms of the optimum values in spite of the existence of joint 
products and alternative methods of production, provided that 
there is no heterogeneous labour. Let N be the number of 
workers actually employed. Specify Y1 = o and Yn = eN in (4) 
and (5), where c represents the subsistence consumption vector, 
as before. Then, by the duality theorem, the minimum value of 
Lx, subject to (4)-(6), equals An eN, which gives the amount of 
labour necessary to produce eN. The necessary labour is com
pared with the amount oflabour actually consumed, TN, where 
T denotes the daily working hours per person, and the rate of 
exploitation may be defined as 

Surplus labour TN- An eN I -wAne 
e =Necessary labour= AncN = wAne ' (24) 

where w = I/ T, because only An eN is required in 'socialist 
society' with no exploitation, while TN is actually consumed in 
capitalist society, so that the excess of TN over An eN might be 
ascribed to exploitation by capitalists. It is at once seen that the 
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rate of exploitation thus defined is identical with Marx's, 
because c in (24) above is nothing else than Bin (2) in chapter 5· 
We may therefore conclude that Marx's theory of exploitation 
may survive the von Neumann Revolution in an economy with 
homogeneous labour. 

,, 
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