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"Moor" was Marx’s nickname in Marx family. His close friends also called him by that
name [see : Marx-Engels Reminiscences. Bengali ed. Progress. M., 1976].

See : PV, 19 and 26 : "On the Concept of the Derived Function" and "On the
Differential". ’

See : Hegel, «G.W.F., Science of Logic (Tr. : W.H. Jhonston and L.G. Struthers),
G.Allen and Unwin, London, 1929 ; Volume One, Book One, Section Two, IIC —
The Quantitative Infinity, pp. 241-332 [especially: IIC (¢) — The Purpose Of The
Differential Calculus Deduced From Its Application, pp. 291-320].

Here Engels expressed his desire to publish his Dialectics of Nature and Marx’s
Mathematical Manuscripts together. This wish of his remained unfulfilled. The
Dialectics Of Nature was first published in 1925 and a part of Marx’s Mathematical
Manuscripts in 1933, an enlarged but nevertheless incomplete edition of the same
came out in 1968,

For a general overview of the history of preservation, change of ownership and
publication of the manuscripts, letters etc. of Marx and Engels, see : Saha, Dr.
Panchanan — Marx Engelser Pandulipi Kibhabe Raksha Pelo ? Indo-GDR Friendship
Society, Calcutta, 1983.

See : O Ponyatii Funkisii, Voprosy Filosofii, 1958, 11, pp. 89-95 & PV, 171-177.
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V. 1. GLIVENKO

increment” by the inventors of differential calculus ), as an arbitrary finite increment or
as its principal linear part ; but all the same in all these cases, we deal with the objective
point of view about the concept of differential.

In both the cases the differential immediately reflects some external reality, every time,
just like the variables x and y themselves.

According to the second point of view, the derivative

)= limf}i Ax—0
immediately reflects some external reality ; for the sake of brevity we shall call it the
operational pointof view.
Here the concept of differential reflects the well known aspects of those mathematical
operations, from which the definition of the derivative and the computations with the
derivatives follow.

From this point of view, the differentials are introduced in the form of ratios of
differentials, ratios — that are symbolized in the derivatives :

oy = 4
x = .
f'w=2
After this, it is not difficult to understand, that the operations with the symbolic ratios
dy 2 ; . . :
;,; , according to the very rules that are applicable to the algebraic fractions, will not
lead to any contradiction. But neither is it mandatory, that we seek an immediate

interpretation of each and every result that follows from these operations. In particular,
nothing obstructs us from viewing the formula

dy= f'(x) dx
(obtained by freeing the aforementioned formula of the derivative of the denominator),
as only another expression of the formula

2= 1w,

Substantiation of the operational point of view had to wait for a considerably longer
period of time, than what was required for, the substantiation of the objective point of
view about the differential. The difficulty here was not with establishing the very
possibility of thus, and not otherwise, interpreting the differential, but rather with the
discovery of the meaning of such interpretation.

In this direction, the first methodologically exhaustive work was done by K. Marx; this
work was written about fifty years ago, but was published only last year [ K. Marks,
Matematicheskie Rukopisi ( Mathematical Manuscripts) / Pod Znamenem Marksizma,
1933, 1, str. 15-73 ]. J. Hadamard has treated the differential along the same lines, but
differently, in his modern text book [ J. Hadamard, Cours d’'Analyse, Paris, Hermann,
1927, pp. 2-10. 1.
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2 dy=f'(x)-dx.

This is an operational symbol : once we obtain the formula (2) as a result of computations,
it is enough to divide both the sides of this formula by dx, for obtaining the derivative ;
it is enough to divide both the sides by dr — for obtaining formula (1) etc. Here the
differential calculus as such finds its own natural fulfilment , and the " operational
equation " (1), " as a preparatory equation, becomes superfluous, after it fulfils its task
of supplying the general symbolic formula for differentiation " (2), " which directly leads
us to our goal ". [ we may recall , that for Marx , strictly speaking, the equations ( 1)
and (2) are not at issue; he was concerned with the equations

doy) _  dx dy

de VAT
and

d(xy) = y-dx+ x-dy .
But clearly, that does not change the affairs. ]
Hadamard approaches the differential from the same operational point of view, but
differently. Having established formula (1), he proposes to write out formula (2), by
simply indicating this convention, and this alone, that whatever be the functional
dependence of x and y on the parameter 7, the equality (1) does hold good.
Hadamard insists on this definition of the differential, since it permits the use of the
formulae containing operational symbols, for obtaining the derivatives. Let us assume,
that computations with the differentials — in the sense that follows from Hadamard’s
definition — did indeed produce the formula,

dy= A-dx .
Then one can assert that
fm=A.
Actually, as per our assumption , for any ¢, we have :
dy_ , dx.
dt dr’

on the other hand, we know, that for any ¢ :
B o, S5
i~ T®
From a comparison of these equalities, we get wha‘t‘ is to be proved.

Hadamard defined the second differentials analogously. Proceeding from the formula
(1), Hadamard states the dependence between the second derivatives to be

2 2 N2
®) OB {%J

and proposes to write the formula
) d’y=f'®)-d’x+f"(x) dx’,
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Source : Pod Znamenem Marksizma, 1934, 5, str, 79- 85.

About the Author :  Vasili Ivanovich Glivenko ( 1897-1940), mathematician and logician ; graduated from
Moscow University in 1925, obtained his doctoral degree in 1928 ; taught in Karl Libknekht
Teacher-Training Institute Moscow, from, 1928 to 1940 ; made great contributions to the instuitionist
and constructivist logics. '

Other Publications :
1. Sur la logique de M. Brouwer // Bull. Acad. Sci. de Belgique (5), 14(1928).
2 Logika Protivorechii. 1929,
3 Osnovy Obshiei Teorii Struktur. 1937.
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Marx also took notes form the works of Leibnitz and Descartes : from what they wrote about
motion, and from the Leibnitz-Clarke correspondence [32], and from some posthumous
publication of Descartes [33]. An analysis of these notes would certainly help the historians of
mathematics to understand the "Mathematical Manuscripts” of Marx better.

“One should not forget, that as of now, the scientific writings, especially those remaining in
the shape of manuscripts of Marx and Engels have not been collected in full. One cannot exclude
the possibility of discovery of such new materials as may be of interest to the historians of
mathematics [see : 28 and 29]. '

Mathematicians and historians of mathematics of other countries have also taken note of
Marx’s mathematical manuscripts. Noteworthy in this connection is an essay of D. J. Struik
[34], where he has compared Marx’s conception of "algebraic differntiation” with the
conceptions of Cauchy and his successors. Svyatoslav Slavkov’s monograph on Marx’s
mathematical manuscripts [35] was published in 1963. The German and Italian editions of [the
first part of] Marx's "Mathematical Manuscripts"(1968), were published in 1974 and 1975
respectively. H.C. Kennedy read his paper on Marx’s mathematical manuscripts in the 15th
International Mathematics Congress[36]. Soviet scholars should analyse these materials and
ascertain the nature of the influence exerted by the works of Marx upon the development of
philosophico-historico-mathematical investigations in the world.

[This is a re-written and updated version of the paper read by the present author at the Second

School of History of Mathematics, Liepai, 3-10, VII, 1978. The first version of this paper was
published in : Istoriko-Matematicheskie Issledovania, Vyp. XXVI, s. 9-17.]
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1 (p&p)and (p¥ p),
from among which neither one is for ever-true, nor for ever-false (but rather, both are only
sometimes-true and sometimes-false), and thus rise to the level of connecting the opposites:
~ AFFIRMATION and NEGATION, to express which one uses (p v p ) together with (p & p ).

This required representation of this law of unity of the opposites AFFIRMATION and
NEGATION is superficially expressed more fully and deeply within the framework of its
abstract universality, in the language of modern symbolic logic, by the formula

VollTp&1pIvIp&1pIVITE & pIvip&p] v (p&p)&(1p& 15)

In logic we shall call this formula and the concrete law which it expresses, Engels’ logical
law and formula of disjunction-conjunction without forgetting the fact that this is only one of
the possible PARTICULAR expressions of the ESSENCE and "NUCLEUS" of DIALECTICS, of the
law of unity of opposites.

In view of the universality of this law and of the formula that expresses it, while solving a
concrete problem — the object of thought, characterized by a certain predicate in p and the
predicate itself, is chosen in an extremely generalised form. That is to say, always only an
individual indeterminate example is chosen, from amongst the set of all the examples of a given
genus, as the object of thought, which potentially carries any form inherent to their identity
and difference. This holds good also for the predicates which figure in thought as per
necessity. Thus scientific thought protects itself from being suppressed PREMATURELY
within the limits of the Aristotelian frame-work of such conditions as, the "one and the
same object”, at "one and the same time", in "one and the same relation" etc.; this provides the
possibility of retaining, in the movement of thought from the statement of the question to
its true answer, all its possible potentiality, which can not be immediately realised and utilised
in full. : .
The logical means that regulated, as an instrument and as a method, the strictness and the
versatility of scientific thought in the "Capital” and in the other writings of Marx and Engels,
has the following poles.

When thought moves from a question to its answer, those boundaries are not to be
lost sight of, within the limits of which, Engels’ law and formula

S={lp&1p1v 1 p&p]

is adequate for the object of thought. Within these boundaries they (this law and formula)
demand extreme concreteness from scientific thought (and thereby this thought becomes
extremely strict). But this formula may be used only within the limits of its actual range of
applicability (and herein the dialectical logic of Marx and Engels retains within itself all
that is really valuable and true in the ordinary logic). The movemnet of thought from the
statement of a question to its true answer — according to the law that connects the opposites
within the frame-work of a necessary abstract universality, which is regulated within the
frame-work of Engels’ law and formula of disjunction :

S={lp&T1pIVITp&pIVITp&151V [p&pl Vv (p&p)&(1p&T p))
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by way of excluding from it every time those terms, which lose their meaning as per the
given conditions and upon solution of a given problem — alone can ensure the extreme

strictness and fluidity of thought.

Source : Voprosy dialekticheskoi logiki : printsipy i formy myshleniya (materialy
postoyanno deistvuyuschevo simpoziuma po dialekticheskoi logike). AN SSSR. Institut
Filosofii, M., 1985. s. 70-81.




R e R e

ON THE PROBLEM OF SITUATING MARX’S MATHEMATICAL
MANUSCRIPTS IN THE HISTORY OF IDEAS

PRADIP BAKSI

I

~ Karl Marx completed his school education in 1835, with "a good knowledge of
mathematics" [ 20, 644], which included arithmetic, alegebra, geometry, trigonometry and
infinitesimal calculus [ 25, 157 ff ]. However, he did not study mathematics in any university
department. In the universities of Bonn and Berlin, he attended lectures on law, Greek and
Roman mythology, Homer, history of modern art, anthropology, logic, geography, Isaiah and
Euripides [ 20, 657-658 and 703-704 ]. While attempting an elaboration of a philosophy of law
of his own, as a 19 year old student of Berlin University, he expressed his dissatisfaction ,on a
methodological plane, with "the unscientific form of mathematical dogmatism" [ 20, 12]. In
the same year he composed three poems in jest, and gave them the common title : Mathematical
Wisdom [ 20, 545-546 ] . Two years later, in 1839, he drafted a Plan of Hegel’s Philosophy of
Nature [ 20,510-514 ], three versions of which have come down to us ; they contain references
to mechanics. His Note books on Epicurean Philosophy [20, 403-509], dating back to the same
year and, his doctoral dissertation, written during 1840 and 1841 and submitted to the
University of Jena in April 1841 : On the Difference Between the Democritean and Epicurean
Philosophy of Nature [ 20, 25-105 ], contain evidences of his continuing philosophical interest
in the fundamental physico-mathematical concepts. Thus, in spite of a lack of formal
mathematical education at the university-level, mathematics was always present in Karl Marx’s
intellectual horizon, in some form or the other, even during his formative years. In the latter
half of the 1840’s Marx’s interest in mathematics was rekindled by the requirements of his
investigations in the field of political economy. But within a few years this interest began to
draw sustenance from other sources too : for instance, in July 1850 we find him discussing the
then emerging materialist conception of nature and human history in the light of the
developments in mechanics and in the other sciences [ 19, 67-69 ] ; in April 1851 his friend
Roland Daniels was imploring him to take up the study of physics in conenction with the
projected preparation of an encyclopaedia of the sciences [8, 113]; and in September-October
that year Marx did study a treatise on the history of mathematics and mechanics [PV, 109-112
]. After that he went through the different branches of elementary mathematics all over again
and, made a special sutdy of ordinary algebra and differential calculus. These studies continued
for the next thirty odd years and, came to an end only with his death. '

In "... mathematics Marx found the most consistent and at once the most simple expression
of dialectical movements" [19, 31-32]. He was drawn to mathematics owing to the " many points
of contact between mathematics, philosophy and dialectical logic" [ 16, 587 ]. In his more or
less complete mathematical manuscripts he investigated the dialectic, the being and the
becoming, the nature and history, of the fundamental concepts of differential calculus, That is
why only in the context of the history of interaction of mathematical and philosophical thought
can we hope to take our first steps towards a proper assessment of Marx’s contributions in this
field .
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of medieval Orient began, the first translations of the works of the Arab and the Indian
mathematicians appeared, critical editions of the works of the Greek authors Euclid,
Archimedes, Apollonius and of the others were prepared, similar editions ol a number of
classics of the modern times were also begun, sometimes to be concluded only in the 20th
century — these included the works of the mathematicians from R.Descartes and P.Fermat
to A. Cauchy, B.Riemann and K,Weierstrass. The work in this direction has continued with
greater intensity in the present century. Thus, the old plan of publishing the complete
collected works of L.Euler (which began in 1911 and is nearing its completion only now) is
being realised. The works of K.F.Gauss, N.I. Lobachevsky, G.Grassmann, P.L.Chebyshev,
A.Poincaré, D.Hilbert and of others have either been published in full or in selections [for
more detailed information see: the books by G.Loria [2] and K.O, May [3], which mention
the classics published upto 1946 and 1973 respectively]. During the last decades of the 19th
century M. Cantor, V.Buonkompayne, G.Enestrem and V.V.Bobynin took the initiative
to start the first journals of history of mathenatics[see : 2] and, the first courses on this
subject were introduced in some of the universitics — this is a rare phenomenon even
to-day. The literature on the history of mathematics grew and, the famous four-volume
history of mathematics by M.Cantor was published during the period 1880-1907 [4]:
however, the fourth volume of this book was written by a group of scholars under the editorship
of this great historian of mathematics. The work of Cantor covers the period upto 1799, It is
still an useful reference book, though in certain parts it has become entirely outdated; what
is more, in it the development of mathematics is viewed only in itself, outside the framework
of general history and, often not even in connection with the mathematical natural
sciences. The two excellent books by G. Zeiten (actually by I. Syuten) on the history of
mathematics upto the beginning of the 18th century, at first published during the years
1893-1903, are of a different character : there the mathematical treatment of the subject-matter
is much more deep in comparison to Cantor’s work ; it is true though that they contain less of
the details. Both of them have been translated into Russian [5]. In this period the interest in
history of mathematics grew considerably among the mathematicians themselves, especially in
the history of those disciplines in which they specialized. Hence the works on history of
geometry by M. Shal (1837), those of A.Todd-Hunter (variational calculus, 1861, theory of
probability, 1865), A. Enneper (elliptical functions, 1876), I. Yu. Timchenko(theory of .
analytical functions, 1899) and others. The aforementioned Zeiten was an outstanding
specialist in algebraic geometry and a person of broad outlook.

Towards the end of the 19th and the beginning of the 20th centuries, the growth in the
interest about history of mathematics was considerably promoted by the great German
scientist and one of the initiators of the movement for the reform of mathematics teaching
in the secondary schools, F.Klein. A three volume monograph on elementary mathematics,
treated from the point of view of higher mathematics emerged out of his lectures read to the
teachers of Gattingen University. First published in 1903, this book is saturated with
historical materials. Its Russian translation saw two editions [6]. The history of elementary
mathematics by the German pedagogue and scholar I.Tropfke [7], first  published in a
two-volume edition ( 1902-1903) and then extended upto seven volumes(1921- 1924), was
mainly intended for teachers. After a long gap K.Vogel and his collaborators decided to












HISTORIOGRAPHIC RETROSPECTIVE 455

Technology (with a branch in Leningrad) — was of decisive significance. It is the biggest
institution of its kind in the world. Here a highly qualified group of historians of mathematics
works in close collaboration, not only with their fellow-workers in Moscow and in the
other Republics of the Union, but also with many foreign scientific centres and individual
scholars, above all with those from the GDR, FRG (now united Germany — Tr.)., China, USA,
France, Czechoslovakia (now the separated Czech and Slovak Republics — Tr.) and,
Switzerland. In this Institute too, a permanent scientific seminar on the history of mathematics
works and, specialists — research studf;nls and doctoral candidates — are helped in their work.

The total number of the more or less active historians of mathematics to-day, is not
known. According to a directory published in 1978 [14], at that time their number was nearly
1500, now it must be considerably more and, probably, about 2000. Here, among other things,
one must have in view the fact, that now investigations in this ficld are being conducted, not
only in those countries, where the corresponding tradition has long since been established,
but also in those, where earlier there did not or almost did not exist a national contingent
of historians of the sciences; such countries include : the many Arab states, Turkey, India,
China, Japan, Canada, those in Central and South America, and of course those Republics of
the USSR (now CIS — Tr.), which constituted — socially and culturally speaking -— the
backward periphery of the Russian empire, before the October revolution. One of the
consequences of the global decolonization of the earlier possessions of the imperialist states,
has been a rapid growth of interest in them, in their own cultural past, and in general, in history.

Investigations in this field grew almost every month. The need to publish them, in turn,
replaced the periodicals, that had been discontinued since the beginning of the 20th century.
New historico-scientific journals or series of occasional thematic collections appeared; after
the second world war their number grew — and continues to grow considerably.

A list of such publications, keeping it limited on the one hand to those that are more
specialized, and on the other — to the most well known, in the chronological order of their
appearence, is as under : "Istoriko-matematicheskie issledovaniya” ["Historico-Mathematical
Investigations"] (1948-), published in the Russian language (wherein the papers of foreign
authors are printed in their Russian translations; however, these publications mainly contain
papers of the Soviet scholars); "Archive for History of the Exact Sciences" (1960-), publishes
papers in the main European languages, save Russian (this is connected with the purely external
conditions of publication — in this journal the papers of the Soviet authors are printed in
other languages); and finally, the organ of the Mathematical Commission of the International
Union of the Historians of Science — "Historia Mathematica" (1974-), publishes papers in
10 European and Oriental languages, as well as information on scientific activities, reviews
and bibliographical surveys. There exists no data about the publications on the history
of mathematics, though one may get some idea about their number from the fact that the 30
issues of the "Istoriko-matematicheskie issledovaniya“(owing to purely external reasons
they were not published during the years 1967-1977) contained 600 papers. Apart from the
aforementioned publications, there are the collections published by the Section of History of
Mathematics and Mechanics of the Moscow University, by the history of mathematics
seminars of the A.Poincaré Institute of Nantes and Toulouse and, the new journals being
published in India, Japan etc. All this has not only opened new opportunities for
publication, but has also stimulated further investigations.
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and the laws of motion of Newton as well as his law of universal gravitation, the laws of optics
etc. Independent discoveries — for example, of the non-Euclidean geometry by
Lobachevsky, Gauss and Bolyai — are very rare. There is inexactitude in van der
Waerden's enumeration; for example, R. Hooke discovered the law of universal gravitation
independently of Newton; it is true, however, that he could not construct a system of celestial
mechanics, The defect however, is not with the particular instances of inexactitude; independent
discoveries are by no means a rarity in the history of mathematics and of the sciences in
general. Here are some examples : the logarithmic tables of Napier and Briggs, the calculating
machines of Shicard and Pascal, the analytical geometry of Descartes and Fermat, the
differential and integral calculus of Newton and Leibnilz, the theory of elliptical functions of
Abel and Jacobi, Dedekind’s and Zolotarev's theory of cut, the special theory of relativity of
Einstein and Poincaré, Urison’s and Menger’s topological theory of measure... This list may
be indefinitely extended further and, in general, in the given realm of questions, it is difficult
to count and mutually compare the probabilities. One way or the other, according to van
der Waerden, when a theorem like that of Pythagoras, is found in different countries, then
the best course open is to accept the hypothesis of their dependence upon a primary source
and to use it, as a heuristic principle.

It stands to reason, that the question of dependence or independence of identical
discoveries in different cultural environs, requires to be investigated. Only this much is
certain, that the solution of this question must not be based upon highly indeterminate
probablistic estimates and unprovable presuppositions about the course of development of
humanity. Having put forward his hypothesis and heuristic principle, van der Waerden
himself then and there notes many points of contact between the mathematics of China and
Babylon or India and Greece; incidentally, these comparisons, made by him, are highly
interesting and deserve serious attention. But if such points of contact, yet to be studied in
their full scope, did exist, then it is legitimate to ask oneself : were not the theorem of
Pythagoras and the Pythagorean triplets born in the civilizations of Mesopotamia, from
where they spread out in different directions ? Why assume the existence of a highly
developed Neolithic mathematics in Europe, in the 4th-3rd millennium B.C., about which
we practically know nothing, when we know for certain that a Sumero-Babylonian mathematics
did exist, which is known to us, at least in part ? And what makes the hypothesis of a
single source more preferable to the hypothesis of independent discovery of the theorem of
Pythagoras, in course of the progress of architecture, that developed upon the ground reality
of the general civic and ritual requirements of the people of a number of regions, which did
attain similar levels of culture, at approximately the same time ?

About the integral numerical Pythagorean triangles, which may be inscribed within the
contours, along which menhirs were placed in a number of instances, it is not at all
understandable, as to why the builders of the structures were in need of them. Traces of such
triangles were not retained. And the contours themselves — be they spherical, flattened out
and consisting of the arcs of circles of different radii, oval or even near elliptical — were
outlined, one should think, with the help of simple string contraptions. Right-angled
triangles are not necessary for all such constructions.
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manuscripts; together with this, the infuence exerted by this trend upon the formation of
the "mathematics of variable quantities" (A.N, Kolmogorov's term) in the [7th century
— on Galileo, Napier, Barrow, Newton and his school, and very likely also on Descartes
and Leibnitz — has been studied in grealer detail. Of course, there has been no mention of
the beginnings of analytical geometry and of infinitesimal analysis, of laying their
foundations, in the schools of Oxford and Paris; at issue here are the anticipations of and the
ideational preparations for the just mentioned sections of mathematics, the foundations of
which were laid in the 17th century. In particular, such ideational connections are evident
in the terminology of Newton's" method of fluxions" and, in the fact that tll date, in
different languages, we use the expression"flowing coordinates” (the lerms "variable",
"function” and "coordinates™ were introduced by Leibnitz). Till date, the works of V.P.
Zubov (1962 and 1965) remain the best Russian work in this field (the second book was
published posthumously) but, naturally, the results of the later investigations could not be
included in them.

Modern Age. In what follows, we shall be providing an even more fragmentary survey of
the changes, that our notions about the historical past of mathematics have undergone, and
we shall be illustrating it with only a few examples. Choice of.the examples will be, to a
considerable extent, connected with the recent archival investigations and, they are aimed at
showing how these investigations are important for making our knowledge, not only of the
medieval mathematics, but also of the mathematics of the modern and recent times, more exact.

One of the greatest events in this area has been the publication of the eight volumes of
the mathematical manuscripts of Newton, edited by D.T.Whiteside and his colleagues
(1967-1981). This edition contains excellent commentaries. It has fundamentally changed
our ideas about the scientific career of Newton and about the chronology of his discoveries.
We have also come to know of those of his discoveries, which remained unpublished in
his lifetime, owing to various, and not always clear, reasons. Thus, Newton discovered the
expansions of Taylor and MacLaurin; he was the first to attempt an axiomatization of the
method of fluxions; he proposed remarkable examples of asymptotic serial expansions etc.
Almost simultaneously, A.R.Hall brought out a 7-volume edition of the complete
correspondence of Newton (1959-1977). Here. V. Boss' book on the spread of the ideas and
discoveries of Newton in 18th century Russia (1972), deserves special mention,

The work on the scientific legacy of Leibnitz has been less successful; often his
manuscripts are found to be chaotic in character and can be read only with great difficulty.
[There are nearly 75000 separate works of Leibnitz, preserved in the Leibnitz Archives of
Hanover, and many of them remain unpublished till date. On this see : Katolin L., "Mee byli
togda derzhkimi parnyami ...". M., "Znanie", 1979, p. 70. — Tr.] Study of Leibnitz’s legacy
began long ago, but, in spite of many interesting results obtained so far, the principal work
remains ahead of us. Some of the important relevant publications in the field are : the 1st volume
of Leibnitz’s mathematical, natural scientific and technical correspondence, pertaining to the
period 1672-1676, published by LE.Hofmann (1976) ; the same Hoffmann prepared a detailed
name index to the entirety of Leibnitz’s correspondence (1977) ; E. Knobloch published a
dialogue by Leibnitz, which contained, among other things, the first clear expression of the
idea of multidimensional space (1976); three volumes of the publications and investigations
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finally established — it has at times ben subjected to doubt; here we find the first
generalisation of the method used by Fourier, during 1807-1822, for solving the problem
of propagation af heat, wherein the ideas of D. Bernoulli and Euler were developed.
Subsequently, the author of this work presentd it in a somewhat revised form, to the Peterburg
Academy of Sciences in 1828 and, it was published in the Transactions of the Academy in
1831. In 1827 Ostrogradsky submitted another memorandum (o the Academy of Paris — on
the propagation of heat in the right prism, having an isosceles right angled triangle as its
hase. He conyeyed his solution to G. Lame, who published his own enunciation of it in
1861, but the Russian translation of Ostrogradsky’s memorandum was published only in
19G65. Yet another valuable archival material, to some extent close to the one mentioned
above, namely, the notes of Ostrogradsky’s lectures on the theory of definite integrals, read in
the years 1858-1859, in the hall of the Engineering Academy, has been published by
VIAnl:opova(l%l) Here many special integrals have been computed with the help
of Cauchy's theory of residues and an originally enunciatcd theory of multiple integrals.

In this connection, here it must be mentioned, that in the 19th and early 20th centuries
courses of differing volumes on the theory of definite integrals — computed this way or
that, when the corresponding prototypes were not elementary functions or their superpositions
— were read in many universities. P.L. Chebyshev read it for a number of years in the
University of Pgte_rbu1_-§, as an introductory course, fogether with the calculus of finite
differences. Recently, N.S.Ermolaeva found the complete notes of the course on theory of
probalilities, read by Chebyshev in the years |876-1878, includirig both the introductory parts,
angd she read a paper on it in the International Congress of the Bernoulli Society. This paper
i~ I'-c:ng pubhshcd in the proceedings of the Congress, and the manuscripts of the said
lectures are being readied for publication.

The place of honour in the elaboration of the foundations of the mathematical analysis of
19th century bélongs to B. Bolzano, who largely anticipated Weierstrass, Dedekind and G.
Cantor — both in his general conception and in a number of concrete results. His remarkable
"Studies on the Functions" remained in manuscript form for nearly a hundred years, and was
published by K. Rykhlik only in 1930, and from among the works published in his lifetime,
special mention must be made of the -brochure, containing a "purely analytical” proof of
the theorem about the intermediate values of a continuous function — which too failed to
draw the attention of the leading mathematicians immediately. There was a gap in Bolzano’s
proof : the theory of real numbers was not enough for its completion. It has been found out
comparatively recently, that evidently Bolzano himself noticed this gap, In any case the text of
his elaboration of the theory of real numbers has been preserved; it predates the constructions
proposed later on and independently of each other by Weierstrass(1860), Mere (1869), G.
Cantor and Dedekind (1872). K. Rykhlik published this text in 1961; he is of the opinion,
that Bolzano’s theory, which is not quite clear and complete, may be brought up to the level of
modern requirements of strictness, without substantial changes; on this all the specialists are
not in agreement with him.

Bolzano was not only a predecessor of Weierstrass and Dedekind in the realm of ideas,
but it appears — as has been shown by P. Dugak (1973) — that he influenced both of
them.Weierstrass set forth his classical system of mathematical analysis, as well as the theory
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NON-STANDARD ANALYSIS
AND THE HISTORY OF CLASSICAL ANALYSIS

FEODOR ANDREIVICH MEDVEREY

The history of classical analysis is perhaps the most investigated part of the history of
mathematics, and this is quite natural. Mathematical analysis has been viewed as the "simplest
and most universal language .., most suitable for expressing the invariable relations of natural
phenomena” [ 1, p. XXIII ], That is why the greatest representatives of mathematical thought,
and the most modest workers in the field of mathematics, applied their strength to its
construction, from the 17th to the 19th century, as well as, during the greater part of the
present century, This new discipline, in the process of its construction, not only sclrvcd
as a felicitous means for describing the phenomena of the external world, but also provided
a possibility for advancing profound philosophical reflections about the differential picture
of the warld, about the causal connections in it, about the laws of nature and thought. That is
why, historians of science have paid the greatest attention, namely, to the history of analysis.

A major specificity of the approach of the historians to the study of the formation of this
branch of mathematics has been, and to g cansiderable extent still is, to view it as a single
integral theoretical discipline. To a certain extent this view reflects an aspect of a more
general notion, according to which "mathematics grew as a single whole" [2, p. 13].

However, of late such a view about mathematics has been shaken or has at least been
questioned, "The basic conclusion that may be drawn from the presence of several
conflicting approaches to mathematics is as follows : there exists not one mathematics, but
many mathematicses” [3, p. 358] ; not only some individual mathematicians and historians
of mathematics, but even some philosophers share this conclusion [4, pp. 186-187]. An
analogous hypothesis suggests itself also in respect of mathematical analysis : it began to
take shape after the construction of the intuitionist and constructivist analyses, and became
especially clear after the creation of non-standard analysis, towards the middle of this
century. Each of the systems mentioned, is sufficiently independent of, and definitely
different from, any other of them — in terms of the composition of basic concepts, modes
of advancing arguments about them and, computational procedures ; and it is hardly
probable, what is more, impossible (and even if possible, then not necessary) that they be
united in a single theoretical construction, This especially comes to the fore, when we view
analysis, not so much as a theoretical doctrine about its basic concepts, but rather as calculus,
as formal system. [Such an outlook on mathematical analysis has been considerably developed,
at the level of historical studies, in a book |[5] by C.H. Edwards.] In so far as, "“it is
possible to propose a large number of formal systems, for describing one and the same
fragment of reality" [6, p. 87], there is no ground for preferring one of them in advance : it
would be expedient to use different calculi in different situations.

A distinctive and even strange specificity of theoretical constructions — and not merely
of the mathematical ones — is this, that at a definite stage of their construction, and at times
from almost the very beginning, the adherents of the corresponding theoretical schemas
become tempted to view them as the universal and the only possible schema and to declare
all the others as false. Such, in particular, was the situation in the history of mathematical
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analysis, in the second half of the 19th century, when this mathematical discipline attained
the highest level of its development and when the gloss of Cauchy-Weierstrassian rigour
was put on it. The analysis of Cauchy-Weierstrass was considered to be the only legitimate
theoretico-analytical construction, and all that preceded it came to be regarded as mere
approximations to it, and largely mistaken at that : "... in the text-books of Cauchy at long last
we are on firm ground" [7, p. 207].

The works on the history of analysis come out mainly as descriptions of the
development of some integral, one and only possible thing, which served as a kind of ideal
for a single science, to which the constructions of the previous epochs approximated. From
the point of view of this ideal science (which is in practice reducible to a construction, put
forward in some standard text book, followed by the author of the corresponding "history of
analysis" or part thereof), the problems that emerged in the course of history had singular
correct solutions; and it is these that were mainly of interest to the historians. Indeed the
approaches to them could be different: to a large extent these are unsatisfactory and even
patently wrong, and then, in the course of further searches they are usually rejected, or at best
they are used as auxiliary devices, serving as the raw material, from which the ideal science
was built, or they provide heuristic indications, which lead to the discovery of the absolute
- truths of the ideal science.

In particular, the "evolution of "rigour" in analysis can be summed up as a continuous
ascent from unclear and vague concepts, their gradual elucidation, and then the arrival of
a stage of stability — after which it was impossible to have any dispute regarding what
constitutes a correct proof in analysis" [8, p. 50]. In the opinion of J. Dieudonné, the analysis
of Cauchy-Weierstrass happened to be this stage of stability.

The analysis of Cauchy-Weierstrass took shape in the 19th century. However, before
that mathematical analysis went through more than two thousand years of development —
from the first quadratures and cubatures of the ancient Greeks to the analysis of Newton-
Leibnitz, crowned with the works of J. L. Lagrange and L.. Euler. Here we shall mention only
some of the landmarks along this road.

It is well known, that in ancient Greece the first quadratures and cubatures were carried
out with the help of some infinitesimal procedures [9]. These procedures were so fruitful,
that even after the elaboration of the method of exhaustion by Eudoxus, which tended to
exclude the infinitesimals from mathematical arguments and soon became the official
doctrine on the corresponding questions, infinitesimal considerations continued to be in
wide use, and among the users there were adherents of the method of exhaustion; the
assertion of S. Ya. Lureo, that if the followers of the method of exhaustion "did not get hold
of ready-made solutions, already discovered by the atomists, then they themselves
preliminarily found them out — by stealthily applying [the method of] atomistic
decomposition” [9, p.159], is best illustrated by the example of Archimedes.

With the renewal of interest in the problems of analysis in the 17th century, infinitesimal
considerations again came to the fore (in the works of J. Kepler, B. Cavalieri, J.-P. Roberval
and of many others), though the spell of the method of exhaustion also continued. It was
considered to be an irreproachable, totally rigorous mode of mathematical reasoning in
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2. THE ROLE OF ABSTRACT SRUCTURES AND CATEGORIES IN THE MODERN
UNDERSTANDING OF THE SUBJECT MATTER AND METHOD OF MATHEMATICS

The ideas and methods of the theories of structure and category provide a better
opportunity to understand the qualitative change, which is taking place in the very
subject-matter of mathematics, as well as in the application of its methods in the other sciences.

Upto almost the middle of the last century mathematics was viewed as a science of
magnitudes and spatial figures, Of course, therein not the concrete physical, chemical ete.
properties of the magnitudes, but the properties and relations common to all of them were taken
into consideration. Since every magnitude can be expressed numerically with the help of a
suitably chosen unit of measurement, in the past, often the essence of mathematics was
considered to be located in the investigations regarding the properties of and dependencies
among numbers [7, s. 15]. The study of spatial figures in geometry was also, in the main,
limited to their metric properties. And though by the middle of the last century, there did exist
in mathematics such theories and separate disciplines, wherein the questions of
measurement did not play any important role (for example, in the projective geometry,
group theory etc. ), nevertheless, the view that mathematics is a science about the metric
properties of and relations among magnitudes, was dominant among mathematicians.

With the emergence of the new abstract divisions of mathematics, a structural approach
towards the objects of mathematical investigations took shape; it became ever more clear
that the subject-matter of mathematics is not limited to the study of the properties and
relations obtainable among magnitudes and spatial figures. One of the important
methodological conclusions, emanating from these latest results of mathematics, is this that
notwithstanding the practical significance of the metric relations among magnitudes and their
representations in numbers and functions, in the theorerical sense, they constitute only a
part of the more extensive and deep-going teachings about mathematical structures and
categories.

In their attempts at underlining the difference between the modern and the classical
mathematics, some scholars often view the modern as the "qualitative" and the classical
as the "quantitative" mathematics. However, such a contraposition is, in essence, based on an
identification of the concepts of magnitude and number with quantity, and of the abstract
structures and categories — with quality. One cannot agree with this position. It is
understandable that nobody will object to the position that the concepts of structure and
category are qualitatively different from the magnitudes or figures of the three dimensional
space. There is, also, no denying the fact that modern mathematics has raised the
investigations about the real world to a qualitatively new height. But this does not mean that
now mathematics has gone over to the study of the qualitative specificities of objects and
processes. It is evident that by contrapositing modern mathematics to the classical,the deeper
and more abstract character of the concepts and theorics of modern mathematics are sought to
be highlighted, the broadening of its scope and sphere of application is underlined — but by
no means a transition to the qualitative methods of investigation is indicated. In contrast to the
methods of the concrete natural and social sciences, the methods of the theories of structures
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and categories are mathematical methods, and not the methods of special sciences, which
ificlude obsrvation and experiment. Had the converse been true, mathematics would have been
then turned into a branch of the natural sciences and thereby it would have lost its character
as a "generally significant and abstract science", to which F.Engels drew our attention.

The concepts and methods of the theories of structures and categories have made the
process of application of mathematics in the other sciences, technology and practical activities
considerably easy. Actually, having proposed the suitable abstact structures, the scholar or
the practical worker can limit oneself only to verifying whether the objects under investigation
satisfy the axioms of the structures under consideration or not. The entire further tedious
and difficult work of deducing the conclusions from them becomes unnecessary, since one
can straight off use all those theorems which were obtained while studying the
mathematical structure considered. Thus, the abstract structures and categories of mathematics
may be compared with ready-made forms, that may be used while investigating the phenomena
and processes having the most diverse contents.

Abstract structures can be successfully used for constructing mathematical models; we
may especially use those among them, which aim at revealing not only th nu eri adsstrk c)
dependencies among magnitudes , but also the re atitj of a n n-mete ¢ char cter. The study
of uch non-metrc relations is f considerable sigificance fr thos sciences, where
owing to the complexity of the object under investigation, and sometimes also owing to the
unelaborated stage of atheory, it is imnt ible to presen the results umerically.That is why,
there one is often required to turn to the abstract s ructures of order. In their investigations
about the dif erent types of rel tio s obta nable mong individuals an groups in social coll ctives,
psychologists an sociologists have egu toappyt ori ndsstrk ory of g aphs, whic
constitutes the simplest formdstrnslebrdssclategory.

The experience of applying the latest structural methods in the exact natural sciences
convincingly shows the future possibilities open for th s line of mathematdsat on f the sciences.
n fact, the use of the abstract structures of mathematics in such branches of the exact natural
sciences as the theory of relativity and the quantum mechanics, theory of elementary
particles and cosmology, quantum chemistry and molecular biology etc., is dictated by
the very level of development of these disciplines. The concepts and theories of these
disciplines, not only very often do not permit visual representations, but also do not admit
of their description in the language of classical mathematics. That is why, there one is required
to turn to the ideas and methods of the abstract structures and categories of modern
mathematics. Thus, these abstract structures go to highlight the remarkable idea of V.I.
Lenin regarding the fact that scientific abstractions,laws and theories do not push usaway
from objective truth, but rather take us closer to it. "Thought proceeding from the
concrete to the abstract — provided it is correct... does not get away f r o m the truth but
comes closer to it. The abstraction of matter, of a law of nature, the abstraction of value
etc., in short all scientific (correct, serious, not absurd) abstractions reflect nature more
deeply, trulyandcompletely" [3,s. 152 ; Eng. ed., v. 38, P. 171].

Yet another important role of the mathematical structures lies in the fact that they serve as
an exact language for the abstract description of the most diverse phenomena and processes.
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It is enough to note the fruitfulness of the method of mathematical hypothesis in the process of
formation of the quantum theory in physics. In this connection Dyson wrote : "For physics,
mathematics is not only an instrument, with the help of which it can quantitatively describe
any phenomenon, but is also an important source of such ideas and principles, on the basis
of which new theories are generated” [6, s. 112]. This specificity of modern mathematics, as
an exact language, for abstractly describing the interconnections among phenomena,
chracterizes its role as a synthesizer in the general process of development of scientific
knowledge.

While discussing the question of inter-object interconnections, it is necessary, in the first
place, to turn our attention, to the role of mathematics, namely, as an exact language for
expressing the dependencies, that we come across in physics, astronomy, chemistry and in
the other branches of natural science. The mathematical language of formulae, equations and
fuctions allows us to express the interrelations and laws of the phenomena investigated in every
special science, in the most exact and general form. But for finding out the adequate
mathematical language one must take the specific, qualitative character of these phenomena
into consideration. All these go to show, that in the real practice of scientific cognition, there
exists a dialectical interconnection and reciprocity between the quantitative mathematical
methods and the qualitative methods characteristic of every spcecial science. The betier we
know of the qualitative specificities of the phenomena, the more successful we become in
using the quantitative and mathematical methods, for analysing them. The establishment of the
quantitative regularity of phenomena, is always based upon the ability to reveal that which
is similar and common in what is inherent to the qualitatively different phenomena. And this
is possible only by studying the phenomena within the frame-work of the special disciplines.The
entire powerful apparatus of mathematics turns out to be effective only in that case, when that
which is similar and common in the phenomena under investigation, is preliminarily discovered
and formulated in the form of sufficiently deep going general concepts and qualitative
dependencies. In fact, if this or that science proposes only the simplest of inductive
generalizations of facts and empirical laws, wherein the connections among those
magnitudes are established, that are immediately observable in the experiments, then it is
impossible to count on the application of the latest methods of mathematics, for their
quantitative analysis. The history of physics, chemistry, astronomy and of the other sciences
clearly testify to the fact that the progress of theoretical investigations in them was
accompanied by an extensive application of the mathematical methods. Often the demand
for elaboration of these theories promoted the emergence of new mathematical methods,
a clear example of this is the emergence of the infinitesimal analysis.

3. THE MATHEMATICAL STRUCTURES AND THE REAL WORLD

Just as the question of the relation of consciousness and being, is basic for philosophy as
a whole, likewise the question of the relation of the mathematical structures and the real world
happen to be central for the philosophy of mathematics. In contrast to the positivist approach,
the school of N. Bourbaki, not only does not ignore this problem, but, on the contrary underlines
the fact that, "the interrelationship of the universe of experiment with that of mathematics" is

63
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the basic philosophical problem [5, s. 258].This school also does not deny the existence of
close ties among the structures of mathematics and empirical reality, though it considers the
reasons of their existence to be entirely unexplainable.

The difficulties connected with the understanding of the objective nature of the abstract
structures of mathematics, are rooted in the very specificities of mathematical Knowledge,
which bases all its propositions upon the laws and principles of logic and not on experiment.
It was not accidental, that is why, for G.Frege, B. Russell and their followers to have
attempted to seek the foundations of the entire pure mathematics in logic. But therein they
ignored the doubtless fact that mathematics, as an independent science, needs its own
initial concepts and postulates. Otherwise, as has been correctly pointed out by A. Poincaré,
it would turn into a grandiose tautology. It is also important to pay attention to the fact that
many western scholars consider logic itself to be an a-priori-science about the forms of
thought. And in so far as logic plays the most important role in the formation of abstract
structures, often these structures are themselves also viewed as a-priori-forms.

The strictly logical and deductive character of the constructions and substantiations of
mathematics are, ultimately, determined by the specificities inherent to the processes of
abstraction and idealization in mathematics. Firstly, in mathematics abstraction proceeds
significantly further than, say, in the natural sciences. In the concepts of the geometrical
point, line, the variable, the function and in the case of all the other mathematical concepts in
general, we abstract from the concrete contents and qualitative specificities of objects and
processes. Secondly, many abstractions of modern mathematics emerge through a series of
successive stages of abstraction and subsequent generalization. It is, namely, thus that all
the mathematical structures have been formed. Thirdly, the relative independence of the purely
theoretical development is, perhaps, more characteristic of mathematics, than of any other
science. In contrast to the experimental sciences, mathematics does not contain any
empirical terms or experimental methods for verifying its propositions. These propositions must
be proved, i.e., logically deduced from a small number of axioms, accepted without proof.
All the hereinmentioned specificities of mathematical knowledge especially clearly came to
the fore with the transition in mathematics from the study of the quantitative relations among
magnitudes and figures to the investigations into structures of the most diverse kind, which
often have only a distant similarity with the traditional objects of classical mathematics.
In connection with this, the most widespread notions about the nature of mathematical
knowledge and the relation of mathematical objects and structures with the real world, were
subjected to criticism.

The empirical notions about mathematics — according to which mathematical
knowledge is essentially identical with the natural-scientific knowledge — were the first to
be criticised. Moreover, the empiricists misinterpreted natural-scientific knowledge itself.
For instance, the followers of classical empiricism viewed its theory to be inductive
generalisation of experience. The defenders of similar inductive-empirical notions wanted,
according to N. Bourbaki, "to compel mathematics to arise from the experimental truths".
Evidently, the new stage of development of mathematics refutes these notions. However, N.
Bourbaki so strongly stress the dominant role of rational-theoretic thought in this process,
that they entirely forget about the objective source of emergence of mathematical ideas and
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theories. They do agree that, "of course, on cannot deny that most of these forms had a
completely determinate inductive content when they emerged; but once they were consciously
deprived of this content, it was possible to give them all their efficacy, which constitutes their
strength, and it was made possible for them to acquire new interpretations and to fulfil
their own role in data processing” [5, s. 259]. Clearly, all this is true, but from this it at all does
not follow that experimental reality goes into the mathematical structures as a result of
some predetermination or pre-established harmony.

Exactly in the same way, these structures should neither be considered to be a priori
constructions of the human mind, nor conventions or argeements devised for ordering
empirical data or for "economy of thought" a la the subjective-idealist philosophy of E. Mach.
One cannot deny the existence of elements of convention, agreement and even of quite
understandable economy of thought in these structures, in so far as any abstraction, as pointed
out by Engels, is a shortening, and thereby it rids us of a mass of details. But these elements
do not play a self-sufficient role and can be correctly understood only in that case, when
a structure is considered in the process of its historical emergence and development,
wherein the empirical and the theoretical, the contentful and the formal and, the concrete
and the abstract factors dialectically interact with each other,

When we deal with the ready-made mathematical structures, then at the first glance they
do indeed appear to be a priori forms of knowledge, which turn out to be applicable to the
study of very different contents. But why does it so happen ? Even the school of N. Bourbaki
does not deny the fact that the initial concepts and structures of mathematics do have a fully
determinate intuitive content; and this is evident from the aforementioned quotation. Many
western philosophers of science stress the priority of form over content in all kinds of ways
and that is why they view the mathematical structures as pure forms. One has only to
attentively follow the genesis of these forms historically and logically, for the said illusion
to vanish,

In fact, isn’t there any connection and continuity between the primary structures of
mathematics, which have an entirely determinate intuitive content, say the three dimensional
space of Euclid, and the many dimensional or even infinite-dimensional abstract spaces ?
Don’t these structures emerge thanks to the singling out of the deeper and more important
properties and relations of the mathematical objects and structures under investigation ?
Considering the point of a many-dimensional space to be a vector, for which the ordered
sequence of real numbers serve as co-ordinates, we postulate that for them the basic laws of
operations over vectors, hold good. Owing to this it becomes possible to establish the
connection and to differentiate between the three-dimensional and the many-dimensional
spaces: all the laws of operations involving the vectors of the ordinary three-dimensional
space do not hold good in the many-dimensional space. No less important is the fact that
owing to this, the continuity in the development of mathematical knowledge, and the
possibility of testing the conclusions of the many-dimensional space with the help of those of
the three-dimensional, are established, since in the limiting case such conclusions must
correspond to the results of ordinary geometry.

The situation is quite analogous with any abstract structure in general. The deepest
properties and relations of the abstract mathematical objects are formulated in the axioms
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that, it is not the case that the abstractions and structures of mathematics are in agreement
with the real world, but, conversely, it is the world and its regularitics that come to conform
to these abstractions and structures of mathematics. Criticising similar idealistic views about
mathematics F. Engels pointed out that here,"as in every department of thought, at a certain
stage of development the taws which were abstracted from the real world, become divorced
from the real world, and are set up against it as something independent, as laws coming from
outside, to which the world has to conform" [1, s. 38].

Another widespread point of view on the mathematical structures is connected with their
conventionalist treatment. The famous French mathematician A. Poincaré is the founder of
this approach; under the influence of the discovery of the new, non-Euclidean geometries he
began to think that the axioms of geometry are conventional agreements and, while choosing
them the mathematician is guided exclusively by the demands of convenience. We have
seen that the abstract structures are defined by their axioms and, to that extent, here
the mathematician enjoys considerable freedom, of choice, and of mutual combinations of
the axioms and, that is why, in these structures the conventional moment is clearer than
in the ordinary geometrical systems.

Understandably, one can not deny the fact, that in the formation of the abstract structures,
as in that of any other mathematical concept, the elements of choice and agreement do have
a place. Without such choice, mathematical creativity would become meaningless, but
freedom of choice does not signify a rule of arbitrariness. Itis confined within the framework
of necessity and, in mathematics in particular — constrained by the demands of logical
non-contradictority of the axioms of the structure. But how can we be sure of their
non-contradictority? In the light of the example of the geometry of Lobachevsky we have seen
that the non-contradictoriness of its aximos can be proved by constructing its model with the
help of the geometry of Euclid. In its turn, the non-contradictoriness of the geometry of Euclid
can be proved with the help of an arithmetical model,

This process of proving the relative non-contradictoriness of the more abstract and new
theories with the help of the old theories, with which we are more accustomed, is very
characteristic of mathematical cognition. It is testified, firstly, by the fact that there exists
a continuity and close inter-connection among the new and the old mathematical theories.
Secondly, the freedom in the process of creation of the new mathematical structures,
constrained by the demands of logical non-contradictoriness of the system of axioms, in
essence signifies this, that the conventional elements play a subordinate role in
mathematical cognition. The mathematician may substitute some axioms by others or seek out
more general premises for his conclusions, but ultimately the correctness of his results are
controlled by logic and by such well substantiated and corroborated theories, as the elementary
geometry of Euclid and arithmetic, the truth of which have been tested in the centuries old
practice of mankind.
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request the reader to go through the second of the two articles entitled "Isomorphism”
in the 3rd edition of the Great Soviet Encyclopaedia [14] — V.A. Uspensky; readers of
the present translation will find this article on "Isomorphism" at the end of the present
theme 3. — Tr.] to the Series of Natural Numbers. For example, if the term "zero" in
the axioms of Peano is interpreted as the smallest prime number, and the words
"successor of"— as the [result of] a transition from one prime number to another
immediately next to it, then under such an interpretation all the axioms of Peano turn
out to be true, It appears that these axioms do not even permit us to distinguish the
Series of Natural Numbers from the totality of all the prime numbers. I repeat, they do
not pretend to do so. They claim to, it is said," define the Series of Natural Numbers
right upto isomorphism". To be more precise, the axioms of Peano define not one, but
at once many mathematical structures, moreover they are all isomorphic to the Series
of Natural Numbers and, consequently, isomorphic to each other. To be more precise,
the axioms of Peano define the entire class of such structures. We shall call any such
structure a series of natural numbers (written with small, or lowercase letters!). Thus,
the Series of Natural Numbers is one of the serieses of natural numbers.

Briefly speaking, isomorphism of two mathematical structures is the
mutually-univocal correspondence among the totalities of elements of the first and the
second structure, retaining the operations and relations defined on these structures,
In our example the isomorphism between the structure N (the Series of Natural Numbers
with the operation "to follow" ) and the structure P (prime numbers with the operation
"to follow") provides the following endless table:

0123 45 6 ..
235711 1317

In this correspondence the operation "to follow" is indeed retained: 6 follows §,
and simultaneously 17 follows 13, and in general in the upper row y follows x if
and only if the corresponding terms of the lower row p, and p, (namely, in this order!)

follow one after the other (follow in the sense defined for P).
It is sometimes said that the Series of Natural Numbers is the series

0, L, 2.3,8;, 8§ © .. 1B ..

but likewise it can be said that the Series of Natural Numbers is the series
zero, one, two, three, four, five, six... , one hundred and twenty six,....
or the series

0,1, ILH, IV, V, VL., CXXVIL,..
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[Isn’t the persistent exclusion of zero from the series of natural numbers explained
by the absence of the symbol 0 in the traditional collection of symbols? Briefly
speaking, aren’t we situated at the level of the Latins on this question?]

Evidently, none of these serieses happens to be the Series of Natural Numbers
(which consists of abstract quantitative categories and can not be depicted), these are
but the serieses of names designated for its terms, i.e. for the natural numbers. At the
same time each of these serieses of names may be viewed as one of the serieses of natural
numbers, written with small letters.

The situation with the Series of Natural Numbers is universal in character. For

example, we have an analogous situation with the three dimensional Euclidian space,

in which we live. Let us digress from the fact that most probably we live in
non-Euclidian space, and generally speaking, we live not in the mathematical, but in
the physical space — and these are different objects. [In this connection we must
mention the fact that, most probably, the "physical” Series of Natural Numbers is
something different from its mathematical model — the "mathematical” Series of
Natural Numbers. On this issue see the deep-going but insufficiently appreciated essay
[16] by P.K. Rashevsky.] Let us abstract from reality and imagine that we live in an
entirely concrete three-dimensional Euclidian Space (we are again  using capital
letters, as we wish to stress the uniqueness of this space). However, it can not be
defined with the help of any number of axioms, it may only be "indicated with a finger".
On the other hand, there are numerous systems of axioms (the most famous among them
belongs to Hilbert) [3], defining this space "right upto isomorphism". The phrase
within quotation marks indicates the fact that the given system of axioms defines an
entire class of mutually isomorphic spaces, and that our "real" Euclidian Space happens
to be one of them.

In general, no system of mathematical axioms can ever define any structure
univocally, in the best of the cases they define it right upto isomorphism. (We speak here
of " the best of the cases" as there are very important systems of axioms, which define
the class of non-isomorphic structures. For instance, the axioms of group theory define

~the mathematical struciures called the groups, but all of them are not mutually

isomorphic.)

Let us sum up. It is not possible to axiomatically define the Series of Natural
Numbers. We may try to axiomatically define the concept of a series of natural
numbers — i.e., the concept of any arbitrary structure, isomorphic to the Series of
Natural Numbers. We shall be discussing these attempts in our next reflection.

ISOMORPHISM
It is one of the fundamental concepts of modern mathematics. It initially arose in algebra
in connection with the algebraic systems, such as groups, rings and fields, but proved to be
extremely significant for the understanding of the structure and domain of possible
applications of every branch of mathematics.



ISOMORPHISM

The concept of isomorphism applies to systems of objects on which operations or relations
are defined. As a simple example of two isomorphic systems consider the system R of all real
numbers under the operation of addition x= x,+x, and the system P ol positive real

numbers under the operation of multiplication y= y, y,. [t turns out that the internal “lay
out" of these two systems of numbers is identical. To show this we map the system R onto
the system P by associating to the number y= a*(a>1)in P, the number v in R. Then the
product y= y y, of the numbers y = a"' and n= a'? which correspond to x, and
x, , will correspond to the sum x= x, +x, . The inversc mapping of 7 onto R is given by
x= log ,y . From any proposition concerning the addition ol numbers in the system R we
can obtain a corresponding proposition concerning the multiplication of numbers in the
system P, For example, since in R the sum

S"= X b Xyt

of the terms of an arithmetic progression is given by the formula

nix, +x, )
it follows that in P the product
Pn = _)"_\?2  Ya

of the terms of the corresponding geometric progression is given by the formula

P,= N0, y,»

(raising to the n-th power in P corresponds to multiplication by n in R and extraction of the
square root in P corresponds to division by two in R ).

As regards their properties, isomorphic systems are essentially the same. From an
abstract mathematical standpoint, such systems are indistinguishable. Any system of objects
S thatis isomorphic to the system S may be regarded as a "model” of § (modeling a system
S by means ol a system § ), and the study of the properties of § may be reduced to the study
of the properties of the "model" S “ of §.

The following is a general definition of the isamorphic system of objects such that each
system has a number of relations and each relation involves a fixed number of objects. Let
Sand S be two given systems ol objects, Let

TG R R R
be the relations on § and let
Fl@ o g ), k=1,20 0

be the relations on S The systems S and S’, with their respective relations, are said to
be isomorphic if there exists a one-to-one correspondence

x'= @) x=yx’)
between the elements of Sand S* such that
Felxpy x5, )

implies
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a7 ¥

a‘" ‘(.\' e X 21 ..,)
and vice versa. The correspondence is said lo be an isomorphic map, or anisomorphism.
[In the example cited above, the relation F(x, x,, x;), where x= x, +x,,is defined on

the system R, and the relation F'(y, y,, y,) where y= vy, v, ,is defincd on the system P, a
one-to-one correspondence is given by the formulas y=a " and x= log, y.|

The concept of isomorphism arose in group theory where the fact that the study of the
. internal structure of two isomorphic systems ol objects represents one rather than two
problems was first understood.

The axioms of any mathematical theory determine the system of objects studied by the
theory only upto isomorphism: a mathematical theory based on axioms, that is applicable to
one system of objects is always fully applicable to another. Therelore, every axiomatic
mathematical theory allows not one but many "interpretations” or "models".

The concept of isomorphism includes, as a particular case, the concept of
homeomorphism, which plays a fundamental role in topology,

A particular case of an isomorphism is an automorphism, which is a one-to-one mapping

x'= M) x=y(x")
of a system of objects with given relations F (x, x,, ') onto itsell such that

F.(x;, x,), implies F, {x’. = x'z. «+) and vice versa. This concepl also arose in group

theory but later proved significant in most disparate branches of mathematics.
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4. Isit possible to axiomatically define the concept of a series of natural numbers (written
with small letters) ?

So then,we get down to the attempts at axiomatically defining the concept of a series
of natural numbers, which is a structure isomorphic to the Series of Natural Numbers.
As soon as we utter the word "isomorphism", already thereby it is proposed, that the
relations and operations to be retained under this isomorphism have been indicated.
Consequently, first of all we must indicate precisely, the relations and operations we
wish to examine in the Series of Natural Numbers and in the serieses of natural numbers
isomorphic to it. Among these operations we may include zero-place operations(i.e.,
individual constants ; for example, the individual constant "zero" may be viewed as a
zero-place operation) and one-place relations (i.e., properties). These earmarked
operations and relations are to a significant extent arbitrarily indicated. For example, the
Series of Natural Numbers (and thereby any series of natural numbers isomorphic to it)
may be viewed :1) as a structure only with the order relation "< ", or 2 ) as a structure -
with an earmarked element "zero" and the operation "transition to the next ", or 3) as a
structure, wherein, apart from the relations and operations already mentioned, the
operations of addition and multiplication have also been earmarked.
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o= {<}.

Perhaps the poverty of this label is the reason behind the failure of our attempt at
axiomatically defining a series of natural numbers? Let us broaden the label and see what
happens. First of all, let us add to "< ", the constant "0 " ( for denoting the smallest element in
respect of the order "< ") and the prime symbol " * " to indicate the operation of immediate
succession. In the Series of Natural Numbers N, these objects come under the following axioms
(properties) 7 and 8 ( compare the properties 4 and 5, which follow from the properties 7 and”
8):

7, Vy(O=yv0<y);

8. Vx(x<x A l3z(x<zaz<x))-

Any series of natural numbers with the label | B % <} is by definition isomorphic to N,
since isomorphism is considered in respect of ‘ 0, % g ] . That is why any such series of natural

’
(]

numbers consists of the elements 0, 0 , - -, ordered as follows:

. 0<0'<0"<0”<---
1 R e m ar ks. Wemustbe aware of the l'act that every series of natural numbers
$ hasits own0, own “and own <,i.c., ownelement indicated by 0, own operation
signified through " " and, own relation denoted by "< ". Strictly speaking, lor
6 every series of natural numbers we shall devise its own symbols for these objects
— for example, if we are considering a series of natural numbers M, then it is

Wow e

necessary to add this letter " M " as an index to the symbols "0 ", ., and
"< ". This strictness provides some convenience . However, the absence of
‘ strictness also gives rise to some convenience .In the given case, the convenience
from lack of strictness is considered to be greater, and that is why one and the
same "0" is used to signify various clements (but in every serics of natural
numbers it denotes one and only one element; in particular, the cardinality of the
! . empty set in the Series of Natural Numbers ). Analogously for " * " and "< .
s These remarks are valid not only for a series of natural numbers, but also for any
structure with the label [0. 1, € ] , not bindingly isomorphic to N,

Now we shall see, how an arbitrary structure with the
label | 0, ", <] , subordinated to the axioms [-8, looks (axioms 4 and
5 follow from the axioms 7 and 8, but that is not a great calamity).
Evidently, it is a linearly ordered set, wherein 0 is the least element, 0
is the element immediately following O (such that there is nothing

between 0and 0°). 0 is the element that immediately follows 0” ete, All

L

. these elements— 0, 07, 07, 0" — form the initial cut of our structure.
Fig.3 This initial cut is called the standard part of the structure, and the
remaining part (it may even be empty ) is called non-standard. The

standard part is isomorphic to N, Had there been nothing but this standard part in any structure
with the label { 0,7, < f , subordinate to the axioms 1-8 , then we would have attained our goal:
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if the axioms 1-8 or something equivalent to them enter into our axioms, then it is possible
to single out the standard part 0, 0 . 0" , -+ inany model; in this case, non-standardness of
a model signifies the non-emptiness of the non-standard part. This non- standard part may turn
out be more complexly constructed , than the case depicted in figure 3. From the standpoint of
order, the non-standard part depicted in figure 3 is similar to the set Z of all whole numbers.
In the case of natural axioms for a label that includes the operation of addition, the non-standard
part of any denumerable structure (i.e., of one containing denumerable number of elements),
satisfying these axioms, assumes a look, which we have (not very successfully) attempted to
depict in figure 4, In this diagram we have attempted to somehow depict the following idea : a
very large (denumerably infinite) number of examples of the sets of whole numbers Z are taken
up, and these examples are arranged like the set of all rational numbers Q.

Thus, it is not possible to produce a systemof
axioms, defin ing the concept of a series of
natural numbers (with any label whatsoever). To our knowledge, a more detailed
interpretation of this statement is as follows : whatever operations and relations defined on N,
may be chosen, there can not be such a system of axioms, all models of which are isomorphic

to N, in respect of these operations and relations.

And now we shall answer the question: "But what about the axioms of Peano ?7".

With inessential changes, the classical axioms of Peano are us under. Here, the label
[ 0, “}is being considered .Three axioms have been formulated:

L1 3x (x=0);

I ¥x Yyl =9 =5 =)

IT1. The Axiom of Induction.

We have, Lill now, only named the third axiom of induction, but have not described it. Now
we describe it:

V P{[P (0) A Vx (P(x) = P(X))] =2Vx P(x)].

When we look at the axiom of induction we notice that together with the usual individual
variable it contains yet another variable P. we shall explain the meaning of this variable . First
of all, let us recall that the semantics of a formula (i.e., the meaning attached to it) emerges

only after the mathematical structure corresponding to the label is produced. In particular, in
order to find out the meaning of the axioms of Peano (of the formulas I-I1I), we must produce

some structure with the label I 0, l , i.e., a set with a singled out element, indicated by "0 "
and a singled out one-place operation, indicated by " * ". Then the domain of change of the
variabale xisatonce defined (like that of any individual variable) — it is the set of all elements
of the structure under consideration. What is the domain of change of the variable P like ?
The variable P is of a special type, we have not met with the like of it hitherto in our
enunciation. Its domain of change consists of all the possible properties (= one-place relations),
defined on the structure under consideration, i.e., the properties of the elements of this structure.
The concept of property is a primary concept; it is grasped from examples, The property of
being even is defined on the natural numbers — every number may be either even, or odd. It is
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inessential that there are even as well as odd numbers; we may construct a situation, where all
the numbers are even; what is important is that it should make sense to ask in respect of every
number, whether it is even or odd. The property of being green is not defined on a series of
natural numbers ; for a humber the talk of "being green” is pointless. The Series of Natural
Numbers possesses the properties formulated abo'¢, as a whole. Relations, 0o, may possess
properties: example — the relation of transitivity. But at the given moment we are interested
only in the properties of the elements of the structure under consideration (for which the axioms
of Peano are satisfied ). It is these properties, namely, that can provide the values of the
variable P. .
The fact that an element a possesses the property Q is described as Q(a). If a property Q is
defined on the elements of some set M, then it is possible to introduce for consideration a

sub-set of this set, K — consisting of those and only those eclements of M, which possess the

property Q

xe K Q). (++)

Conversely, for every sub-set K it is possible to introduce the property Q : ol "being an
element of K", and again the corrcs[mndence (+) will be satisfied.

Thus, a property and a sub-set are almost the same : "the language of properties " and " the
language of sub-sets" are trivially inter-translatable. For example, the axiom of induction
would look as follows in the language of sub-sets:

VP|{[0e PAVx(xe P=>x € P)|=Vx(xe P)|.

Thus, in the axiom of induction, the domain of change of P is the totality of all the properties
defined on the structure under consideration. We shall now see, how this axiom is utilised to
ascertain the fact that a structure satisfying the axioms of Peano, is isomorphic to N. Thus, let
a structure with the label | 0, “| satisfy the axioms I-ITI. Axioms I-II ensure the presence of a
standard part { 0,0% 07,0 = | in the structure. Now let us apply the axiom of induction,
having taken as a value of the variable P, the property P, of the elements of the structure ; "to
belong to the standard part". The axiom says that something is true for all Py, in particular for

this P, . Thus, it occurs that
[Py (0) A Vx (P (x) = Py (x) ] =Vx Py(x).

The premise enclosed within square brackets is evidently true ( 0 belongs to the standard part,
and if x belongs to the standard part, then x" too belongs to it); that is why Vx Py(x), i.e., all
x (all elements of the structure ! ) belong to the standard part. We have already noted that the
standard part is isomorphic to N. This concludes the proof of this that the structure under
consideration is isomorphic to N.

Thus, any structure satisfying the axioms of Peano, is isomorphic to N, and consequently,

these axioms define the concept of a series of natural numbers of the label | 0, “|. Apparently,
this situation contradicts our repeated announcement to the effect that it is not possible to
formulate a system of axioms with such properties.
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There are no contradictions here, and here's the reason why. Earlier we were speaking only
about the properties of the Series of Natural Numbers, which could be expressed through a
definite linguistic means — in other words, we were talking about some axioms written in a
definite language. This language contained only one type of variables — the individual variables
X, ¥, 2, -++-. The essence of these individual variables lies in the fact that upon being
interpreted on any structure, each one of these variables gets one and the same set as its domain
of change — it is the set of all elements of the structure under consideration. Another kind of
variable — the variable P — takes part in the axiom of induction. Its values are not the elements
of the structure under consideration, but a property of these elements (in other words — the
one-place predicates defined on these elements, whence the variable P itself is called a
predicate , to be more preceise — a predicate variable of valency ). Thus, the axiom of
inductionisa formula of another, extended languag e ;thislanguage
is more extended than the narrow language so far considered. (Narrow because it contains
only individual variables). And when we said that there is no system of axioms, which fully
characterizes a series of natural numbers, then we had this earlier, narrow language in view .

Of course, an explanation has been provided, but it hardly satisfies any one. What if it is not
possible to write out a system of axioms for a series of natural numbers, in some language ? It
is, as they say, "not a fact from the biography of a series of natural numbers, but rather one
from the biography of that language ". Simply put, a narrow language is bad, and look, now we
have found a good, extended language, in which it is possible to write the adequate axioms for
a series of natural numbers.

Everything, however, is not that simple. Crudely speaking, the situation is just the opposite:
a narrow language is "good", an extended one — "bad".

Let us attempt an explanation of the situation. We shall begin with terminology.

The formulas, wherein all the variables are individual are called elementary formulas, and
the language that permits of only the elementary formulas, is called an elementary language.
In the given context, the synonym for the term "elementary" is the term "Ist order" or "first
order". All the axioms considered above, save the axiom of induction (i.e,, the axioms 1-8 and
I-1I ) were elementary axioms, i.e., elementary formulas. There exists no (neither finite, nor
infinite, and besides of any label) system of elementary axioms, which would satisfy the Series

of Natural Numbers N and, all the models of which would be isomorphic to N.

There are non-elementary formulas, but they belong to a non-elementary language.
Variables of a more complex nature are permitted in this language — predicate variables of
valency I, properties (= one-place relations) serve as their values; predicate variables of valency
2, binary (= two-place) relations serve as their values etc., and also, functional variables (any
one-place operation, like, say, "to follow", may serve as the value of a functional variable of
valency |, and any two-place operation, like, say, addition, may serve as the value of a functional
variable of valency 2). The axiom of induction is an example of a non-elementary formula. A
more precise non-elementary language, having the possibilities just described, is called a 2nd
order language : this means, that it admits of variables covering relations and operations (what
sort of relations and operations, that must be defined on the elements of the structure), but
does not consider more complex variables, as the values of which may serve, say, the properties
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6. What is a proof ?
When we read a book written some fifty years ago, then the
arguments found there, appear o us Lo be largely bereft of logical rigour.
Jules Henri Poincare, 1908.
( Nauka i metod , kn. 11, gl. 2, § 4; [2,5.356]).

In the previous reflection we came across the terms "proof" and "formal proof". It is
sometimes thought that a formal proof is a proof that is formal. We would prefer to take a
different look at these concepts.

A formal proof is a mathematical object, like, say , a matrix or a triangle. It is a finite chain
of the symbols of some pre-fixated alphabet, i.e., as they say in mathematics, a word according
to this alphabet. In the given instance, when we speak of a "symbol", we do not have in view
the meaningful, contentful side, but only the external, graphic aspect of it is taken into
consideration. To stress this circumstance, in mathematics, when the external, graphic aspect
is had in view, then they speak not about a "symbol" [or "sign"], but about a "letter"’. Usually,
the letters of the alphabets of various ( Russian, Latin ete. ) languages, numerals and the
punctuation marks are considered to be letters. It would be reasonable, to consider the gaps
among the words to be letters too ( words in the ordinary, and not in the mathematical sense );
we may devise some special symbol for it, forexample # . This creates a possibility for viewing
a text, i.e., a sequence of words, also as a word ( in the exact mathematical sense indicated
above ). Thus, a formal proof is first of all a word in some alphabet — in the alphabet of formal
proofs. It is clear, that this does not exhaust the concept of formal proof in the least: we simply
wanted to stress that the concept of formal proof belongs to the class of words — just as the
concept.of triangle belongs to the class of geometrical figures.

What sort of words may be considered to be formal proofs ? That is the theme of a special
discourse; it is beyond the cycle of topics we wish to discuss here. We stress here that it is
possible to give various definitions of the concept of formal proof, each of which would lead
us to its own set of formal proofs. In the previous reflection we have enunciated some general
postulates, to which any reasonable definition should be subordinated. It must be mentioned,
however, that sometimes yet another step is taken in the side of generality and it is not demanded
beforehand , that only true statements should have formal proofs, thereby the concept of formal
proof is fully separated from the concept of truth. And afterwards this discarded requirement
is introduced in the form of a supplementary property (which a formal proof, generally speaking,
may not have ): namely, if all statements having a formal proof are true, then the set of formal
proofs is called semantically non—contradictory. A more precise general notion of formal proof
is enunciated with the help of the concept of deduction; see, for example, [ 21].

We would like to stress once more, that not the contentfully understood statements
themselves, but only their representations ( i.e., again words ) may ( or may not ) have formal
proofs , in some precisely given logico-mathematical language.

The definition of the concept of formal proof — perhaps, it would be better to say : the
definition of the sets of formal proofs — within the broad limits ( conditioned by the general

limiting properties of the sets of formal proofs, indicated above), happens to be arbitrary. Here,
we have in view that " juridical” arbitrariness, which distinguishes mathematical definitions in
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general, For example, we have the "juridical" right to arbitrarily define a class of functions and
to call it, " as we wish ", say — continuous.

It is another matter, that any reasonable mathematical definition usually claims to correspond

to some intuitive notions, to reflect them. Legitimacy of a definition still does not signify its

~ reasonableness. Thus, the mathematical concept of a continuous curve reflects ( with some sort

of precision ) our intuitive, contentful notions of the trajectory of a moving point. Analogously,
the concept of formal proof reflects the intuitive notions of a contentful proof.

It may be said that the concept of formal proof is a mathematical model of the concept of
proof — in the same sense , in which the concept of continuous curve is a mathematical model
of the concept of trajectory. o

It still remains to be explained : what a proof is . We have indicated at the very beginning
of the present cycle of reflections, that it would be incorrect to assume that in mathematics
everything is proved ; however, there is no doubt about the fact that the concept of proof plays
a central role in mathematics . " From the time of the Greeks, to say ‘mathematics’ is to say
‘proof” " — thus begins Nikolai Bourbaki his " Eléments de mathématique " [ 6, p. 23 ]. At the
same time we have noted that the concept of proof does not belong to mathematics ( only its
mathematical model — the formal proof, belongs to mathematics ). It belongs to logic , to
linguistics and, above all — it belongs to psychology .

Thus, one of the most important terms in mathematics, the term "proof”, has no precise
definition. An approximate definition of it is as follows : a proof is a persuasive argument,
which so persuades us that with the help of it we become capable of persuading others [12].

Having grasped a proof, we become aggressive to a certain extent, ready to convince others
with the help of the arguments which we have grasped . If we are not so ready , then it signifies
that we are yet to grasp the presented argument as a proof, and even if we have given it the
recognition of a proof, then we have done so simply to brush aside something.

We find that the concepts present in our definition of a proof are either logico-linguistic
("argument" ), or psychological ( "persuasive strength ", " readiness") in nature, This fully meets
the essence of the matter : the very notion of proof is inseparably connected with the linguistic
means and with the social psychology of human society. And both of them change in the course

of history . Linguistic formulations of proofs change. Our notions of persuation change.

The notion of persuation depends not only on the epoch, but also on the social surroundings.
Unfortunately, I am unable to recollect now, where I read a passage on the following theme.
The Cardinals of the time of Galileo, were quite intelligent, some of them saw with their own
eyes the mountains on the moon through Galileo’s telescope, and could follow the logic of
Galileo’s arguments. However, for them, their own views, based on an a priori dogma, were
more convincing than any experiment and any logic . [ In an article by S.P. Bozhich [13], we
find an interesting analysis of how an a priori, predetermined notion about the ways of proving
things prevents the recognition of certain facts.]

The notion about the persuasiveness of this or that argument depends on many factors.
Revealing these factors happens to be an important task of logic and psychology. For example,
the division of concepts ( to be more precise, of terms ) into sensible and senseless ones, happens
~to be one of these factors. The concepts of phlogiston and thermogen were considered to be
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direction s/he wishes, and the present author is no exception. Taking these stipulations into
account, the following outline may be proposed.

The proposed outline is based on the conviction that the notion of proof is a product of the
history of societies. We are aware of the simplification involved in our historical excursus,as
we describe ancient Egypt as a centralized state — since there have been periods of splintering
there, or ancient Greece — as a democracy, since there, too, there have been cases of tyranical
or oligarchic rule. But then, any outline involves some simplification.

Ancient Egypt. A centralized theocratic state , with an extraordinarily strong discipline.
Continuous construction of pyramids — requiring colossal human and material resources and
uniting the strength of the entire land — served as an effective instrument for maintaining
centralization, discipline and order. Authority of the Pharaoh and of the priests was
incontestable. Authority of the written word was also unquestionable. If a priest , scribe or
teacher said or wrote something, then that means — such is the case. If something is written on
papyrus, then that is the case. Persuasiveness was based on the authority of the source.

Ancient Egyptian mathematical texts contain ready-made recipes without any
substantiation. When we speak of absence of substantiation, here we have in view the modern
understanding of the word "substantiation". From the point of view of a person of that timg a
recipe on a papyrus was fully substantiated , as it came from an authoritative source and was
drawn up in the authoritative form of a record on papyrus. The fact of being recorded on a
papyrus, was in itself the proof. In reality, this fact was enough for convincing others with the
help of it. A number of recipes for computing the areas of triangles and quadrangles have been
non-univocally interpreted in our time; the disputes about how to understand the terms
contained in these recipes, still continue [4, ch.IV, §2, a]. Depending upon these interpretations,
these formulae may be taken to be either exact, or approximate, or totally incorrect, When we
speak of incorrect formulae, here, we have in view the representation of the area of a tringle
through half of the product of the base and a side of it. This is what academician L.S. Pontryagin
has to say on this score : " The first mathematical manuscript known to us — is the manuscript
of Ahmes, composed some 2000 years before our era. It contains some algebraic and
geometrical rules — for example, for computing the area of a triangle ... However, the Ahmes
Papyrus contains a mistake. According to him the area of an isosceles triangle is equal to the
product of its base and half of a side — but to-day every school-student knows that it is not
true” [ 25]. However, many a researcher thinks that the corresponding ancient Egyptian term
should not be translated as a side , it should be taken to mean height ( and then the formula
contained in the papyrus turns out to be true. However, even if this term did in reality signify,
not the height, but a side, the corresponding ( according to our modern point of view incorrect)
formula should be considered as proved according to the ancient Egyptian understanding of the
word "proved ": as this formula is convincingly substantiated by the fact that it (of course, not
as a formula, but as a recipe expressed in words ) is contained in an authoritative document.

The situation was somewhat different in ancient Greece. (In comparison to Egypt ) here we
have comparatively small state formations together with popular assemblies. The orators, who
spoke in these gatherings did not carry any a priori authority. They had to convince the
listeners by arguments. Formulating correct arguments became an everyday and actual
requirement. Hence the birth of logic in the hands of Socrates, and its final shaping as a
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(giving power) of mathematical arguments is their persuasive power. What appeared to us to
be convincing yesterday, does not appear to be so to- day".

The definition of proofs as convincing / persuasive texts makes the concept of proof very
subjective ( for some, a text is convincing, for others — not ). We do not consider it to be a
deficiency of the definition. Such is the state of affairs. Perhaps, the use of the word " makes "
above has been unfortunate. Our definition does not make the concept of proof subjective , it
only reflects the subjective character of this concept . Even more interesting is the problem
( we are very far from solving it ), as to why, nevertheless, the concept of proof has an universal-
cultural character in the senée. that within the limits of one and the same culture, though there
occur disputes about whether or not this or that statement is true — such disputes are
comparatively rare.

While speaking of such disputes, we do not have in view the disagreements among the
representatives of various logical trends in mathematics, for example, those among the
representatives of the ordinary, classical mathematics and the representatives of the
intuitionistic ( constructive ) mathematics. The latter do not recognise many statements of
ordinary mathematics as proved ( and, on the contrary, consider them to be untrue ). It may be
said that the intuitionists and constructivists belong to different mathematical cultures and even
the most customary words (like, say, "exists") has a different meaning for them (evidently, the
intuitionists and the constructivists think that the representatives of traditional mathematics put
different meanings into words , and it is they — the intuitionists — who use these words in
their only correct meaning ). That is why the intuitionists consider many proofs of traditional
mathematics to be invalid. :

Here we are talking of something else — not about changes in the semantics of terms, leading
to the changes in the truth values of statements, but about the fact that a proof may turn out to
be not understood and that is why not convincing ( and once not convincing — it is not a proof
at all ). Modern mathematics has a complex structure, which has almost stopped to be visible.
The proofs of some of the theorems turn out to be so cumbersome, that in order to be able to
verify them one must have an extraordinarily big desire, patience and time, to say nothing of
the fact that one must have special knowledge — for a number of theorems, not only the
invention of their proofs , but even the verification of these proofs appear to be accessible, only
to a narrow circle of refined specialists.

Sometimes the volume of the proof of this or that theorem becomes an object of interest.
Here,we often find that some theorems established earlier — which are no more required to be
proved — are permitted to be used as ready-made formulations in a proof. Will such an
argument be a proof — i.e., a convincing text — for some one who does not know the proofs
of these theorems " established earlier "? We do not intend to give an univocal answer to this
question. We would like to mention further , that the very word " earlier " introduces an
additional subjective "relativistic" moment (two almost simultaneously proved theorems may
be chronologically differently ordered by different observers ). If any reference to any theorem
whatsoever proved earlier,is forbidden in a proof and if one is required to go back directly to
the definitions and primary, undefined concepts ( which we have discussed in our first
reflection), then such a complete proof, may, in a number of instances, stretch into thousands
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than are the others. There emerges something like a gradation of proofs according to the degrees
of demonstrability — of course, such an idea fundamentally contradicts our primary notions
about the identical indisputability of all proofs. But mathematical truths do permit a
gradation of that kind, Each of the three following statements — "2-2=4" |
171> 311" and " 300 !> 100300 " — are true. However, we say : " Trueas 2-2= 4", and do
not say : " Trueas 17">31'"" or " True as 300 !> 10030 "

7. Can mathematics be made understandable ?

Why so many people do not understand mathematics? The great Poincare was disturbed by
this problem and, he wrote: "How to explain, why many an intellect refuses to understand
mathematics? Is it not paradoxical? Indeed.... here we have a problem , that does not lend itself
to an easy solution; all those who wish to devote themselves to teaching must take up this
problem" [2,p.353] .

Most probably both the sides involved "are to blame". Non-mathematicians are to blame:
a bad education has trained them into a non-understanding of and even into taking a hostile
attitude towards mathematics (as Poincare has noted " often the intellect of these people who
are in need of guide lines, is very lazy to seck them out") (2,p.354]. Mathematicians are to be
blamed: they do not wish to waste their strength, explaining their mathematics to the
uninitiated (and how many people are astonished to find , that there still remains something to
be discovered in mathematics !). Of course, in mathematics there would always remain
numerous details inaccessible to the non-professionals (and even to the professionals, of a
different field of mathematics). But such is the case everywhere — for example, in chess, even
the other grand masters do not understand many a move, when Karpov and Kasparov battle
against one another. At the same time, a very large part of mathematics, larger than what is
usually thought to be the case, may be explained to a wider circle of well-meaning listeners and
- readers — of course, not in detail, but at the level of the herart of the matter. Clearly, this would
require that the mathematicians engage themselves single-mindedly in this new direction of
activity. Perhaps, thereby they would be discharging their moral duty to the humankind.

"But in order to help those who do not understand, first of all, we must know what restrains
them" [2,p.345]. It appears, that the complex logical structure of mathematical definitions and
statements, in which the logical connectives and the existential and universal quantifiers take
turns, happens to be the hindrance in many cases. Every teacher of mathematical analysis knows
the difficulty that arises in the course of parallel assimilation of the concept of limiting point
of a sequence — the definition of which has the structure

VeVkdn(AAB),
and the concept of limit of a sequence — the definition of which has the structure
Ye3dnVk(A=B).
However, are these psychological difficulties encountered by the learners, while assimilating
these concepts — difficulties pertaining to the heart of the matter or, are these difficulties of
linguistic expression? I do not have any final answer to this question. It is connected with an
even deeper question: is it possible to separate mathematics from its linguistic formulation? In
other words, does mathematics abide exclusively in the mathematical texts or does mathematics
have some other essence, differnt from the texts — and the texts serve only as this or that (and
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perhaps not always felicitous ) mode of expression for that essence. It is clear that this question,
which we have called a "deeper" question, is appplicable not only to mathematics, but also to
any other discipline *. According to a formulation of Engels, mathematics is different from the
other disciplines in so far as it is "an abstract science, dealing with intellectual constructs”
[1,p.529]. [These intellectual constructs can hardly be understood by the human intellect,-if
they are not based on ordinary human logic, and consequently — on reality, from the operations
with which , this logic has come into being.]

Like all rational concepts, the mathematical concepts too exist in the form of notions,
not necessarily connected with texts. The linguistic texts defining these concepts should be
recognized as important, but not as the only, means for their assimilation,

It appears, that now we have at our disposal more adequate means of introducing the
concepts of limit and limiting point of a sequence, to those learners (who do not have special
"mathematical capabilities" — that is, according to modern understanding, to those who do not
have a high capability of assimilating, namely, linguistic formulations). Let us imagine a screen,
on which we may draw the trajectory of the movement of a point, unboundedly approaching
some other stationary point, which is the limit. This has to be repeated a number of times, with
changes in the position of the limit ( so that the false impression is not created, that every
sequence has one and the same limit), as well as in the mode of approach of the moving point
to the limit (so that, in particular, the false impression is not created, that the distance between
the moving point and its limit changes monotonically).It is possible to present an analogous
graphic illustration of the concept of limiting point: when, though the trajectory unboundedly
approaches that point at times — at others, it moves away from it by a definite distance. It
appears very likely, that any viewer of such pictures would form a correct notion both of the
limit and the limiting point.

One is led to believe that with the introduction of computers, teaching will proceed along
the path of visualization of concepts, traditionally considered to be entirely abstract.

Had the theme under consideration been one of pedagogical significance alone, then we
would not have dwelt upon it so elaborately in an essay of philosophical character. However,
this theme exceeds the bounds of pedagogics and, closes up to the question of ontological nature
of mathematical concepts. Like all other rational theoretical question, this question too has an
applied significance — in the given case, in the order of reverse connection, it is pedagogical.
Indeed, if a mathematical concept has an essence, different from its embodiment in a linguistic
definition or formula, then one can hope for a better understanding of that essence, by
demonstrating its various manifestations (and not only its formulation).

In order to adduce a proof, we shall consider a fresh example. On pp.71-72 of a recently
published text book [24], there is a formula that defines a mathematical concept — the so-called
Clark’s cone. Having formulated its definition the authors wrote : "However, at the first glance,
itis neither possible to understand the properties of Clark’s cone, nor the meaning of its formal’
definition itself". And further on, they have at first put forward some heuristic arguments
explainning Clark’s cone, and then translated these arguments in the language of non-standard
analysis. Here one gets the idea that as though the concept of Clark’s cone exists all by itself,

* Enter Jacques Derrida and post-structuralism in Mathematics?—Ed.
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EMERGENCE AND DEVELOPMENT OF THE CONCEPT OF
CONSTRUCTIVISABILITY IN MATHEMATICS

NIKOLAI NIKOLAEVICH NEPEIVODA

Constructivisability of a mathematical theory signifies the possibility of isolating the
constructions of objects from their existence proofs.

Pre-Greek empirical mathematics was constructive by its very nature. It was preoccupied,
namely, with the means of construction of objects, and gave empirical recipes in certain
situations. Mathematical reasoning was reduced to one or, in the extreme cases, to several
applications of such recipes, and the only descriptive elementin itinvolved judging whether
or not the problem at hand or, part thereof, belongs to a certain class. This descriptive
element was most often reduced to an appeal to immediate obviousness.

Construction of the object being sought was the only method of proof in the lndmn
and Chinese mathematicses, and this construction was able to take the place of arguments
(we recall the famous Indian diagrams with the word "see"). Arguments could only help
in construction, they did not have any independent significance [1].

The concept of proof came’to occupy a proper place in Greek mathematics. Classical
logic was used with all its might. It has been established in the 20th century, that this logic
was suitable, in the first place, for describing the static universe of ideal concepts, and not
for carrying out intellectual constructions. Though Aristotle did highlight the special logical
status of the rule of contraries : "... one of these [direct proof] proceeds from the previous
~ [knowledge], and the other [from the opposite] from the subsequent" [2, p. 307] — this
remark, which astonishingly exactly reflects the semantics of the rule of contraries in Kripke’s
models, did not exert any influence upon strict mathematical arguments.

Nevertheless the use of classical logic — an instrument, oriented towards descriptive and
not constructive applications — did not lead Greek mathematics to non-constructive methods
and theorems. As before, existence proofs included (as a rule, geometrical) constructions.
Arguments from the contraries were used only to substantiate the constructions already carried
out, in the main, for proving the equality or inequality of certain magnitudes.

The deeper reasons behind this phenomenon were revealed only in the last few decades.
It is intimately connected with the hold-up of the Greeks in front of the concept of reul
number, from the point of view of traditional mathematical paradigm — with their strange
antipathy to the explicit use of numbers in general, in strict mathematical arguments.
Vexations regarding the specificities of Hellenic mathematics — which are indeed not quite
understandable from the classical point of view — have been expressed more than once.
In particular, the question arises : why the real numbers were used in a masked manner, as
proportions, and why acquaintance with incommensurability did not come in its way, and yet
in geometry, the natural numbers were avoided in all possible ways, though, one would
think, that these are sufficiently intuitively reliable objects? Why, the Hellenic arithmetic
remained something like a handicraft or an art,. never entering into the sphere of operation
of "pure mathematics", save in the case of a few theorems like the one about the infinite set of
prime numbers? What prevented the Greeks from formulating and utilizing such a powerful

principle of conducting arguments, as the mathematical intuition ?
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It has been proved, namely, that the classical geometry and the elementary theory of real
numbers are complete and solvable 5 see, for example, [3]. Thus, for every concrete, closed

statement in the language of these theories, it is provable in them, that it is cither A, or T3,
Consequently, classical logic can not lead us to the non-constructivisability of the thecrems
proved either in geometry, or in geometry supplemented with algebraic operations on the
real numbers, but without the explicit mention of the integers as a set. In any classical proof
of these theorems one may mark out the construction and its substantiation, which may be
carried out, in particular, also by the method of "indirect proof”.

This fact once more confirms the depth of the intuition of the Greeks, which was based
upon purely aesthetic and methodological considerations, but which permitted them to stop,
namely there, where the rupture between argument and construction, between descriptive
and constructive knowledge, became important. Such an exact halt was conducive to the
fact that, the distinction between what was constructive and what was descriptive was not
realized and, was correspondingly erased out of the world outlook of mathematicians.
Perhaps it gave an indirect push to the courageous introduction of numbers and their functions
in the mathematics of the modern times : mathematicians were still unaware of the danger of
a rupture between the proof and the construction, it was erroneously accepted that [the
verbs] "to prove" and "to construct" were always mutually concordant. Consequently, as
before, mathematicians assumed — now, without any foundation, simply due to inertia —
that a strictly proved statement provided the means for the construction of those objects,
whose existence has been affirmed. When the construction was explicitly indicated in a poroof,
then that was, of course, rated somewhat higher, but the pride of place was reserved for
the other factors, in the first place — for the not explicitly formulated, and that is why
constantly implicitly changed, aesthetic ones.

Prior to the formulation of the axiom of choice by G. Cantor and E. Zermelo,
mathematicians did not realize that.even after the explicit introduction of the totality of
natural numbers together with the principle of mathematical induction, there would appear
non-constructive theorems of existence, which would not provide the construction sought —
even in principle. The axiom of choice is demonstratively ineffective, It states that, it is
possible to construct a function, by choosing its elements from among each of the members
of the family of non-empty sets, without saying anything about the method of carrying out this
choice. The shock generated by the axiom of choice and by the paradoxés of the theory of |
sets — which appeared practically at the same time, forced the realization that a very large
part of mathematics of the period ending in the 19th century was indeed non-constructive.
The axiom of choice was magnificently inscribed upon the entirety of the hitherto formed
paradigm of classical mathematics.

It should be mentioned here, that even in the 19th century attempts were made to construct
some sections of mathematics upon a more constructive foundation — in particular by R.
Grassmann [4] and E. Schréder [S] — but these attempts remained on the sidelines, away
from the main road, and were forgotten.

Thus, the "crisis of the foundations of mathematics" sharply posed the question about the
nature of mathematical constructions and about the interrelationship of mathematical
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"objects and reality. And this gave rise to the necessity of a more exact and, in any
case, a more explicit characterization of the class of constructive methods and, if possible,
of eliminating the explicitly non-constructive ones. While examining the problem of
constructivisability, it is possible to mark out three major trends: pseudo-classical, non-
classical and significative.

The aim of the pseudo-classical trend is to single out the constructive sub-languages of
the classical theories, wherein the classical logic and the customary concept of truth are left
untouched. In modern mathematics this approach begins with A.Poincare — who tried to
isolate those results of classical mathematics, which were obtained without the help of the
axiom of choice, as he considered them to be more reliable and, with D. Hilbert — who had a
more radical programme. For a detailed analysis of Hilbert's programme from a point of
view that corresponds to the present state of .the investigations in the foundations of
mathematics, see : Ershov. Yu. L. and Samokhvalov K.F., O novom podkhode k methodologii
matematiki // Zakonmernosti razvitiya sovremennoi matematiki ("Nauka", M., 1987), pp.
85-106. Here we shall limit ourselves only to the remark that D. Hilbert unequivocally
declared that the majority of mathematical statements do not have any real meaning and, that
mathematics is required to give correct results only in respect of a set of comparatively
simple real statements. X

In the non-classical trend the concept of effective method is considered to be of
paramount importance — mathematics is viewed as the science of effective (intellectual)
constructions and logic adapts itself to the methods of such constructions, and gets so
modified, as to wittingly guarantee the constructivisability of the constructions.

L.E.J. Brouwer was the first to point out that while aiming at attaining constructivisability
one must not blindly follow that logic, which is tied to the tradition [6]. The roots of the
non-constructive structures, are often not so much mathematical, as logical. For example,
in any recursively axiomatizable non-contradictory classical theory containing arithmetic,
it is possible — basing oneself upon a theorem of Gédel — to construct a statement of the
form 3x € N A (x), such that it is not possible to construct even one such number n, that
A (n) is provable, but, nevertheless, 3x € N A (x) is provable. lrideed, for this it is enough to

take the statement A — which is unsolvable in the given theory, and to construct the formula

Jx((x=0&A)vx=1& ] A)). (N

Brouwer showed, in particular that, the following two logical principles are most open
to criticism from the point of view of constructivisability : the law of excluded middle

Av ] A and the method of indirect proof | | A=A . Indeed in the constructive
substantiation of the law of excluded middle it is demanded that a general method be
constructed in respect of every problem, for establishing whether or not a given statement is
true, and in the majority of cases such a method does not exist. Thus, the law of excluded
middle may be called "the principle of omniscience”, and it may be .applied only in that
situation, where both the language and the interpretation are deliberately so selected as to

exclude the possibility of emergence of unsolvable problems.
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Now, the non-classical trend has divided itself into two branches : intuitionism and
constructivism.

In intuitionism we essentially base ourselves upon the incompleteness of our
knowledge. Namely, we do not intend to provide any precise and final definition of the
class of effective constructions[16]. What is more, in intuitionism we try to use this
indeterminateness, this ignorance, as a positive factor. For example, from the substantiation
of the principle of continuity in [16] :

VodnA(a,n) =VaIkVB(VII<k =20B=PB W) &A (3,n) =A (o, n) 3)
it is evident, that this principle signifies the absence of any knowledge of the global rules,
which would indicate the behaviour of the Brouwerian "sequences of choice" or of the
"sequences that have become free". What is more, later on a conception of "lawless
sequences" has been worked out, wherein, in general, all accessible information constitues
an initial block [17]. Thus, in intuitionism an attempt is made to demonstrate that the
knowledge of ignorance happens to be the most valuable form of knowledge. Intuitionism is
thus sharply at variance with the entire paradigm of classical mathematics. '

Constructivism tries to unite constructivisability with maximum retention of the classical
mathematical paradigm. To some extent constructivism is as Platonist, as the classical
mathematics. The class of objects under consideration and the methods of their
transformation (at this point we have an essential difference with classical mathematics —
where one does not even think of the methods of transformation) are formulated precisely,
basing the formulations upon-an exact concept of algorithm. Knowledge is interpreted as a
normal state, and ignorance — as an anomaly, which is inevitably present, but which must be
overcome at all cost. Such an interpretation permitted A.A. Markov [18] to clearly ear-mark
the system of initial abstractions, which are foundational to constructivist mathematics. This
interpretation predetermined the journey of constructivist mathematics to a dead end in the
narrow constructivism of N.A. Shanin [19], where an aitempt has been made to totally ban
ideal sentences from mathematics.

E. Bishop tried to occupy an intermediate position [20], when he tried to get away from
an exact fixation of the class of effective methods, as well as from basing oneself upon
ignorance. But when his conception was made more precise — see, in particular P. Martin-
Leof's book [21] — it was found, that Bishop’s conception lies completely within the
frame-work of constuctivism. Martin-Leof was the first to make use of the circumstance
— though it is true that he did not formulate it explicitly — that the giving of the consrtuctive
objects and of an exact description of the methods of transformation of the objects, still
does not fully determine the methods of transformation of methods, and that such
constructive functionals of the higher type, metaalgorithms, can be varied completely—
without touching the algorithms themselves.

During the last few. years, the demands of application — in particular, of informatics, —
has stimulated a Renaissance of Constructivism, even in our country; but this time it is a broad
constructivism, which investigates the most diverse classes of methods and, correspondingly,
the most divergent constructivist theories and even the constructivist logics. The very concept
of constructivist logic is little by little tearing itself away from its unjustified ties with a
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