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PREFACE 

This volume studies the development of Marxian value theory in 

a modernised context. 

The controversy about Marx's value theory is now in its third 

stage. The first stage was marked by Bohm-Bawerk, and the second by 

Samuelson soon after the World War II. In this second stage, the 

basic results in Marx's economics were examined and formulated by 

Okishio and Morishima-Seton in the Leontief economy case. The third 

stage was opened by Morishima, who developed the Marxian theory of 

value on the ba~is of von Neumann's theory. 

In Chapters I through IV, a concise but comprehensive overview 

of the pOints in Marx's value theory is presented from the Leontief 

to von Neumann economy cases. 

Based on the above, the two subjects, namely, the reduction of 

skilled labour and heterogeneous labour and the Marxian theory of 

differential rent, are developed in Chapters V and VI respectively. 

These topics, especially the reduction problem, seem not to have been 

duly discussed in other literature. 

The main concern of our discussion, in Chapters I through V in 

particular, is the so-called fundamental Marxian theorem and the dual 

dualities, i.e., the duality of price and quanti~y systems on the 

basis of the duality of value and price. Th. ~uthor also tried to 

shed light on superhistorical aspects of Marxian vaiue theory, which 

ought to give a clue to the insight of the commodity production in 

general. 

The author acknowledges thanks to Professors S.Koshimura, A. 

Heertje, M.Morishima, D.Furth, V.Murata, U.Krause and I.Steedman 

for their encouragement and helpful comments on an earlier draft. 

Thanks are also due to many friends, although their names are not 

mentioned here, who have inspired the author through discussion 

and correspondence. Any remaining errors should, needless to say, 

be blamed on the author. 

July 1982, Tokyo. V.Fujimori. 



GENERAL REMARKS 

I. Unless otherwise stated, the following remarks apply. 

1. Each chapter should be regarded as an independent entity in 

the sense that such expressidns in the text, as "in what follows," 

"in the preceding discussion" or the like, should not be extended 

to the following and preceding chapter(s). 

Z. Assumptions, once introduced, are supposed to hold throughout 

the chapter concerned, and are not necessarily mentioned in the 

statement(s) of theorem(s) explicitly. 

3. In stating the corollaries, the conditions required for them 

are usually omitted, because they are the same with those stated in 

the preceding theorem(s) or proposition(s) in most cases. 

4. Important variables are determined as solutions of equations 

or inequalities. In order to describe such systems of equations or 

inequalities, dummy variables are necessary. Nevertheless, the 

same notation with dummy variables is often expected to represent 

defined concepts so as to economize on the glossary of notation. 

5. When the numbering (in brackets) is attached to systems of 

equations etc., say (2), each equation of the system is indicated 

in turn by alphabet as (2a), (Zb), •• 

In the case of a 1 inear programming problem, (*a), (*b) etc. 

indicate the constraints of the problem, 

6. Max {, •• } and Min { ••• } describe linear programming problems. 

Whilst, max {.,.} and min { ••• } indicate the magnitudes of 

scalars maximised or minimised. 

7. When a cross-reference to other chapters, say Chapter V, is 

made, mathematical expressions concerned will be mentioned as 

Theorem V-II, Proposition V-7, etc., whereas, in the same chapter, 

the chapter number will not be indicated. 



II. Mathematical notation 

1. Logical notation 

3 there exist(s) ••• , 

~ all, 

==='> impl ies, 

is equivalent to, 

2. Unless otherwise stated, the following will be applied. 

lR m ( mlR ) set of the m-column (row) vectors, 

On 0 ) 
n n-column (row) zero vector, 

In I ) 
n 

n-column (row) summation vector, 

I identity matrix, 

i e unit vector, i-th component of which is unity, 

a. (a) i 
~ 

i-th component of vector a 

Aj j-th column of matrix A 

diagonal matrix composed of vector a, 

transpose of matrix (vector) A, 

p (A) Frobenius root of matrix A 

erA) ,(eCtAl ): right-hand (left-hand) side Frobenius vector of 

matrix A. 

R(A) space spanned by the column vectors of matrix A, 

A generalised inverse of matrix A, 

E is an element of. 

x > y 

x ~ y 

1. c. mil' 

card. 

first quadrant of m-spacp., 

x.> for ~ i, 
~ Yi 

xi~ for ~ i, and 3 i Yi 

X.> for 
~= Yi 

~ i . 
least common multiple, 

cardinal number of a set. 

such that > x. Yi . ~ 



3. Major symbols. 

A input matrix, 

B output matrix, 

F wage goods vector (matrix), 

L labour vector (matrix), 

M = A + FL: augmented input matrix, 

w (MI-)value vector, 

A optimum (M4-) valup vpctor, 

p price vector, 

x intensity (output) vpctor, 

n profit rate, 

g growth rate, 

u the rate of surplus value, 

" the rate of surplus labour, 

The notation will be modified as the noncepts represented 
undergo generalisation. 

The details of the notation will be listed in the text. 
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INTRODUCTION 

1. Phenomena in the economy appear to be the relationships among 

goods or commodities. l ) Most concepts in economics, such as price, 

profit, rent, etc., concern the relationships among goods. What 

kind of explanation can be ·made, if one tries to explain those 

relationships in terms of something else, especially something 

humane? This is the problem posed by Marx. 

Marx's own solution is that the economic relationships in the 

market based on the exchange of equivalents are another expression 

of the relationships into which men enter mutually, and that the 

former are based on, or regulated by the latter. The mode of reg

ulation of the former by the latter has been called the law of 

value by Marx. Marx's theory of value is his conceputualisation 

of the law of value. Let us briefly summarize the foundation of 

the law of value in advance. 

2. The gist of the foundation of the law of value is labour. A 

basis of human existence is that man acquires things necessary to 

satisfy his needs and wants and so maintains his life. The major 

part is a metabolism between man and nature: man works on nature 

and acquires what he needs and wants. Man's activity in working 

on nature is called lagou~, and things useful to satisfy man's 

needs and wants are called good~. The acquisition of goods is 

termed p~oduction. Labour is a function of lagou~-pow~~, which is 

man's mental and physical capabilities. The distinction between 

labour and labour-power is the most important point in Marx's 

economic theory. 

Labour itself, when it is exercised in production, is tangible. 

Labour exercised in production is often called living labour. If 

production is over and goods are obtained, however, labour appears 

to vanish. The trace of labour is supposed to be left in the goods, 

in the production of which labour has been exercised. This trace 

is, as opposed to living labour, called d~ad labour. Thus, labour 

has two basic forms of existence. In the following, labour means 

living labour. 

Marx looks at labour from dual angles -- quality and quantity. 

Since labour is the function of labour-power which is supposed to 

be universal to men, labour has a universal aspect called ag~t~act 
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human lagou~. By definition, it represents the quantitative aspect 

of labour. On the other hand, labour can be qualitatively different, 

when exercised in the production of different kinds of goods. The 

qualitative aspect of labour is called conc~£t£ u4£tul lagou~. 

Labour is the synthesis of the two. 
Labour is said to create goods in the sense that they are ob

tained through labour -- this does not negate the fact that various 

means of production are necessary: concrete useful labour gives 

goods their u4£-valu£ or utility, and abstract human labour is em
bodied or crystallised in them as valu£. One unit of labour as 

abstract human labour creates the same amount of value, irrespective 

of its concrete useful labour. 
In summary, the foundation of the law of value is: 

(i) labour as a function of labour-power, 

(ii) two basic forms of labour, 

(iii) the duality of labour, 

(iv) invariance of the amount of value created by a unit of labour. 

The relationships among men into which men enter mutually in 

production through labour, are a fundamental social relation, and 

since they are based on labour they are expressed in terms of value. 

Marx's value theory is, based on the above foundation, all about how 

the relationships among goods are based on the production relation
ships, and how the latter are transformed into the former. 

3. This volume concerns how the law of value functions, or, what 

amounts to the same thing, the consistency of Marx's value theory. 
The core of the law of value will be examined in a generalised 

framework. Since the consistency of Marx's value theory is discussed, 

the above mentioned foundation of the law of value is accepted. 

4. The following analysis is carried out by employing the so-called 
linear economic model or input-output analysis a la Leontief and von 

Neumann. 

A combination of inputs of a production line or a process is 

represented by a column vector, whilst a set of quantities common 
to all types of goods, such as prices and values, is represented by 

a row vector. Quantities concerning processes and outputs are repre

sented by column vectors, such as intensities of processes. For the 

sake of convenience, the spaces to which those vectors belong are 
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distinguished as :R m and m:R, where necessary. 

5. Unless otherwise stated, the ensuing discussion is subject to 

the following assumptions: 

(# 1) 

(# 2) 

(# 3) 

(# 4) 

(# 5) 

(# 6) 

(# 7) 

(# 8) 

As 

The number of goods and the number of processes are finite. 

Techniques are linear. 

Each type of good is produced in a unit period. 

Each process is of point-input and point-output type. 

for the social c ondi tions, 

The population of society is resolved into two classes, i. e ., 

the capitalist class and the working class. 

The workers do not save. 

Choice in consumption is disregarded. 

Wages are paid in advance. 

Note that in Chapter VI on differential rent (# 1) and (# 2) 

will be relaxed. 



CHAPTER I 

MARX'S THEORY OF VALUE, PRICE AND GROWTH 

IN A LEONTIEF ECONOMY 

In troduction 

The simplest framework of an economy wi th linear techniques is the 

so-called Leontief economy. At the outset, it is necessary to 

stipulate the framework of a Leontief economy. 

(F. 1 ) 

(F.2) 

(F. 3) 

(F.4) 

An economy satisfying the following conditions: 

no fixed capital, 

no alternative techniques, 

no joint-production, 

homogeneous labour, 

is called a (~impl€) L€onii€t €conomy. 

Consider a Leontief economy producing n types of good. As 

defined above, this economy has n processes, each producing only 

one type of good. It is supposed that process i produces good i, 

and that a unit of operation of process i produces one unit of 

good i. Then, the output matrix can be represented by I. 

A 

L 

Furthermore, let 

n x n 

1 x n 

input matrix, 

labour vector, 

and the input-output relationships of a Leontief economy can be 

expressed by 

Since the levels of operation of the processes fall with equal 

magnitudes on their outputs, the two can be identified. In other 

words, the product space is equivalent to the operation space. In a 

Leontief economy, process i is also termed indu~i~y i. 
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§ 1. The theory of value and surplus value. 

1. Let 

x n x 1 

y n x 1 

output vector, 

net product vector, 

and the excess of the output over input necessary for it defines the 

n'e.:t p/l.oduc:t: 
(I) y = x _ Ax .1) 

The most fundamental requisite of an economy is that it is 

productive: 

DltINI7ION 1.(P~oductiv£n£~~) If it is possible that outputs exceed 

the amount of inputs used up for their production in an economy, then 

it is said to be productive: an economy satisfying the productive

ness condition 

(Pd.C) x > Ax , 

is called productive, or simply, A is productive. 

It is also possible to consider productiveness in a stronger 

sense. 

DltINI7ION 2.(St~ong p~oductiv£n£~~) An economy is said to be pro

ductive in a strong sense if it satisfies the strong productiveness 

condition, 

(S.Pd.C) For V y > On, 3 x ~ On: x = Ax + y 

That is, in a strongly productive economy, any combination of net 

products can be produced. Hence, strong productiveness formally 

implies productiveness. In point of fact, furthermore, the two are 

equivalent. First, make the following: 

(A.I) A ~ 0 • 

PfWPOS 17 ION 1. S.Pd.C.<===> Pd.C.<===> 

(2 ) (I - A) -1 ~ 0 • 

(As for the proof, refer to Lemma 1.) 

The equivalence between the two is one of the remarkable fea

tures of the Leontief economy. 

Rewriting (1), one has 
(3) x = Ax + y 

Consider the dual aspect of this, i.e., the valuation of goods. 

Marx maintained that products have value based on labour, and gave 

the following definition: 
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"(I)t~he residue of each of these products) consists of the same 

unsubstantial reality in each, a mere congelation of homogeneous 

human labour, of labour-power expended without regard to the mode 

of its expenditure. All that these things now tell us is, that 

human labour-power has been expended in their production, that 

human labour is embodied in them. When looked as crystals of this 

social substance, common to them all, they are -- values."(I,p.38) 

This can be restated as follows: 

DE.'TINI710N 3. (7he. I-i/l./'>[ d.el-inUion 01- valu.e) The value of a product 

is the amount of labour, embodied or crystallised in one unit of it, 

which will be referred to as I'I l -valu.e. or valu.e a/.> lalLou/l. e.mlLodie.d. 

Let 

w I x n value vector, 

and this is determined by the subsequent value equation: 

(4 ) w = wA + L • 

Ml-value thus defined is closely related to productiveness. 

First, one can show: 
PROPOSl710N 2. The value of net products is equal to the amount of 

labour expended: 

(5) wy = Lx • 
( -1 ( The proof is easy. In fact, wy = L I-A) y = Lx .) 

Presuppose here the indispensability of labour: 

(A.2 ) 

and one has: 

PROPOSl710N 3. Productiveness is equivalent to the existence of a 

unique, positive value: Pd.C. <===> 3 w > On' 

P/l.ool-. 

In view of (2), one has w L(I-A)-l~ On' Conversely, if 

w wA + L > wA then (I_A)-l > O. Hence, Pd.C holds. Q.E.D. 

Furthermore, assume 

(A. 3 ) 

and (A. 2) 

(A. 2w) 

COROLLARIJ. 

A is indecomposable, 

can be weakened to:2 ) 

L > 0 
n 

Suppose (A.2w) instead of (A.2), and the value is positive. 

(As for the proof, see Lemma 5.) 
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Z. Marx gave, in addition to the above, the second definition of 

value: 

"The labour-time socially necessary is that required to produce 
an article under the normal conditions of production, and with 

the average degree of skill and intensity prevalent at the time. 
(T)hat which determines the magnitude of the value of any article 

is the amount of labour socially necessary, or the labour-time 
socially necessary fo"r its production."(I, p.39.) 

In short, 
DlrINI7ION 4.(7h~ 4~cond d~tiniiion ot valu~) The value of a product 
is the amount of labour socially required to produce a unit of its net 

product under the normal technological conditions of production, 
which is refert'ed to as 1'12-valu~. or valu~ a4 la£..oult ~x.p~d~d. 

Note that in a Leontief economy there arises no problem as to 

which technique is socially normal. 

Let 

MZ-value vector, w* I x n 

x*j n x I output required for net production of a unit of good j, 

and the above defini Uon can be expressed as 

wj = Lx*j , 
(6) 

x*j= Ax*j+ e j • 
71lCORlI'I I. Ml-value is equal to MZ-value: w '" w*. 
Pltoot. 

From (6), it follows that x*j= (I_A)-le j • Hence, one has 

w* = L(I-A)-le j 
j 

Therefore, 
w* = L(I_A)-l Q.E.D. 

This fact is very important in the following. 

It is not difficult to consider the minimization of the amount 

of labour expended in the production of a net product vector y : 

Min {Lx I x ~ Ax + y , x ~ On} , 
the dual of which is 

Max {lly I II ~ AA + L , II ~ On} • 

In a Leontief economy, the above two ~ave optimum solutions, and 

the following holds: 
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max fly min Lx • 

Moreover, one has: 

COROLLARY, Ml-value is an optimum solution of the above maximizing 

problem: flo= w , where flo is a maximizer. 

(The proof is easy to show.) 

It must be observed here that the equivalence between produc

tiveness and strong productiveness plays an important role. 

3. If net products are produced in an economy, the replacement of 

material inputs is carried out without defici t. Inputs necessary for 

production comprise, however, labour-power as well as capital goods. 

Since labour-power presupposes the existence of a human body, 

various goods are necessary for the reproduction of labour-power: 

the means of living required to maintain man's physical condition 
and the goods necessary for education and/or training of workers. 

The total value of all these goods consumed by workers enters into 

the value of labour-power. 

The reproduction of labour-power is carried out through con

sumption, and the consumption goods purchased and consumed by workers 
are called wage goodd. Marx wrote: 

"(I)n a given country, at a given period, the average quantity of 

the means of subsistence necessary for the labourer is practically 

known."(I, p.171.) 

It must be noted that the wage goods bundle of the workers can 

be presupposed as given like the technical conditions of production. 

Hence, one may put: 

f n x I 

c 

F = cf 

standard wage goods bundle, 

the number of units of the standard wage goods bundle, 

wage goods bundle per unit of labour. 

Make the following assumption: 

F > On • 

In order for labour-power to be reproduced, the wage goods bundle 

represented by FLx is necessary for an output vector x. The 

residue of net products subtracted by this amount of wage goods 

defines dU4plud p4oductd. Let 
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s n x 1 surplus products vector, 

and this is defined by 

(7) s = x - Ax - FLx • 

For the sake of brevity, write 

(8) M = A + FL , 

and (7) is rewritten as 

s = {I-M)x • 

Thus, the socially aggregated product resolves itself into three 

parts: physical and material inputs, wage goods and surplus products. 

Since the values of goods are known, it is possible to measure and 

aggregate them in terms of value. 

Physical inputs and wage goods necessary for capitalist pro

duction are called respectively con~tant capital and va~iagle capital. 

The amount of surplus products in terms of value is called ~u~plu~ 

value. 

With respect to industry i, let 

C.= i value of constant capital, wa Xi ~ 

V.= wFLix i value of variable capital, 
~ 

and, with respect to the economy as a whole. 

C L Ci socially aggregated constant capital, 

V LVi socially aggregated variable capital, 

S ws socially aggregated surplus value. 

The ratio of constant capital to variable capital in terms of 

value is called the value-composition of capital. It is often 

referred to conventionally as the ollganic compo~ition ot capital in 

the following discussion: 

~i= Ci/V i 

~ = C I V 

organic composition of capital in industry i, 

social organic composition of capital. 

(Where it is necessary, their dependence on aggregators, such as w 

and x, will be made explicit.) 

Now, the factors of production are physical inputs and labour, 
but physical inputs and labour-power manifest themselves as the 

factors of production, because labour is the use-value of labour

power. Hence, it becomes necessary to measure the difference between 
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the value of labour-power and the value created by labour, which 

represents surplus. Four types of surplus-ratio will be considered 

according to Marx's definitions. 

D£11N1710N 5. (7he ~ate at AunptuA vatue) The rate of surplus value 

is the ratio of surplus value to variable capital. 

Let 

~ rate of surplus value, 

and this is expressed by 

(9) s 
V 

The concept of surplus value can be grasped from the angle of 

the social expenditure of labour. 

D£11N1710N 6. (NeceAAall.Y ta€.aun) An amount of labour required to pro

duce the wage goods bundles for the workers is called necessary 

labour. 

Let 

X n xl: necessary output vector, 

which satisfies 

(10 ) Ax + FLx , 

for a given output vector x, and Lx represents necessary labour. 

D£llNl710N 7. (SU/LptuA ta€.aun) The residue of total labour subtracted 

by necessary labour defines surplus labour. Namely, Lx - Lx • 

From the above, one can define: 

D£11N1710N 8.(7he /Late at AunpfuA taeaun) The rate of surplus la

bour is the ratio of surplus labour to necessary labour. 

Let 

T) rate of surplus labour, 

and this is determined by 

(11 ) n = 
Lx - Lx 

Lx 

Since the amount of labour laid out is not equal to the value 

of wage goods, it is also possible to divIde labour into two portions: 

the one wages are paid for, and the other not. The part of labour 

for which wages are paid is termed paid taeaun, and the rest 
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unpaid lagou4. The magnitudes of the two are evaluated as follows: 

let 

N the number of workers, 
T workday (e.g., hours), 

F* n x 1: wage goods bundle per workday. 

Without loss of generality, one can presuppose that one hour of 

labour expenditure measures one unit of labour, so that one has 

(12) TN = Lx • 

Since a worker receives wF* per workday, wF* expresses paid 

labour, whilst T - wF* represents unpaid labour. Then, the 4aie 

ot unpaid lagou4 io paid lagou4, the third surplus-ratio, is 
defined by: 

(I3 ) T - wf* 
)1'= 

wF* 

It is also seen that the relationship between F and F* is 

given by 

(I4) !. F* = f • 
T 

That is, one may put F* f and lIT = c • 

If the workday of a worker is divided into two portions, i.e., 
the one for himsel f T', neCe.6.6a4(J wOl!.k lng-iime, and the other for 

capitalists, T - T' , .6ul!.plu.6 W04king-iime, one has 

(I5) T'N = wF*N 
• for all workers. Then, the I!.aie ot .6ul!.plu.6 wOl!.king-iime can be 

defined by 

(I6) )1"= TN - T'N • 
T'N 

The rates introduced above are called the rates of surplus, all 

representing the rate of exploitation in the capitalist economy. The 

first point to be discussed with respect to them is their equivalence. 

71icORcfY! II. The rate of surplus value is equal to the rate of surplus 

labour: )1 = ~ • 
Pl!.oot. 

Evaluate necessary labour, and one has 

Lx = L(I-A)-IFLx 

= wFLx 
Hence, it follows that 



Lx - wFLx 
11 = 

wFLx 

12 

, 

whilst, in the light of Proposi tion 3, the rate of surplus value is 

evaluated as 

Hence, 11 = 11 • 

w(I-M)x 

wFLx 

COROLLIIRY 1. 11' = 11 • 

Lx - wFLx 

wFLx 

In fact, from (13), it follows that 

1 
11'= - - 1 

wF 

COROLLIIRY 2. 11" = 11 • 

Lx 

wFLx 
- 1 = 11 

Q.E.D. 

In fact, substitute (12) and (15) into (16), and the result is 

S(;lOn obtained. 

It has been made clear that the rate of surplus value can be 

defined as the ratio of surplus value created by a unit of labour to 

the value of labour-power of one unit: 

(17) . 11 = 1 

wF 
1 • 

Since the wage goods bundle is given, the rate of surplus value 

takes a uniform magnitude in ~ll the industries. 

4. It is now established that the four types of surplus are all 

equivalent. The most important among them will be the rates of 

surplus value and surplus labour. The equivalence of the two rates 

is derived from the fact that the productiveness of the economy en

sures the existence of Ml-value and its equality to MZ-value. In 

fact. if one examines the evaluation of necessary labour, one has 

where y = (I-Alx • 

+ L x n n 

+ ••• + w*y n n 

It should be recognised that the amount of necessary labour, and 

hence the rate of surplus labour, can be evaluated independently of 

the value equation. The rate of surplus labour is instead related 

to MZ-value, if one were to relate it to the value of individual goods. 

, At the same time, the rate of surplus value depends on the value 

equation and hence Ml-value: without knowing M1-value of goods, one 

cannot evaluate it. 
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Nevertheless, the rate of surplus value is equal to the rate of 

surplus labour (Theorem II), because in a Leontief economy the solv

ability of the value equation is equivalent to the productiveness of 
the economy (Proposition 3), and the amount of net products in terms 
of value is equal to the amount of labour laid out (Proposition Z), 
and Ml-value is equivalent to MZ-value (Theorem I). 

To reconfirm this point seems very important in general ising 
Marx's economics in the subsequent chapters. 

5. Since the wage goods bundle is given, the level of the rate of 
surplus value can be determined in practical terms. 

The amount of labour expended is, as expressed in (lZ), equal 

to the number of the workers mul tiplied by the length of the. workday, 

so that changes in tbe length of the workday bring about changes 

in the amount of labour. The rate of surplus value 

alteration as the length of the workday varies. In 

T - wF* 1 - W[~)F* 

w [~) F* 

]..I 
wF* 

thus ufldergoes 

fact, one has 

where it is seen that a worker receives lIT units of wage goods 

bundle per hour. lIT represents the real wage rate~ which is in

versely related to the length of the workday. 
The rate of surplus value as a function of the real wage rate, 

]..I = ]..I(l/T), is a decreasing function. Its domain is determined by 

the physical, cultural and social bounds, on one side, and the value 

of labour-power on the other. That is, the length of the workday 

s houl d sa tisfy 
wF* ~ T ~ TM, 

where TM indicates the physical, cultural and social bounds. Thus, 

the domain is represented by (l/T M, I/wF*). 
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§ 2. The fundamental Marxian theorem. 

1. In the economic system in which the capitalist mode of produc

tion is pervasive, products are not exchanged at their values. 

Once labour-power has been purchased by capital, it is united 

with the means of production, and the use-value of labour-power, i.e., 

labour is embodied in capital. The productivity of labour becomes 

part of ~he productivity of capital, and the results of production 

are appropriated by capital as products of capital. 

That the source of profit is surplus value is the most impor

tant point of Marx's economics, and this is termed precisely the 

fundamental Marxian theorem. Marx, however, did not demonstrate 

this theorem rigorously. The aim of this section is to make a 

rigorous and analytical discussion of the theorem. 

First, consider the following definition: 

DE7lNl710N 9.(R£p~oduclgllity) An economy which can produce surplus 

products in all industries is called reproducible: an economy ful

filling the subsequent surplus condition, 

3 m 
(5. C. ) x ~ 0 : x ~ Mx , 

is said to be reproducible. 3 ) 

It is trivial that a reproducible economy is productive. 

In the next place, consider the dual aspect of reproducibility. 

Given a valuation vector of products, p • For it, pA and pFL rep

resent physical costs and wages per unit of products in industries, so 

that pM expresses total costs per unit of products. The residue 

of unit valuation subtracted by total cost is called p~otii. Let 

P 
II 

1 x n 

1 x n 

valuation vector, 

profit vector, 

and, they satisfy 

(18 ) II = p - pM • 

DE7lNl710N 10.(P~otiiagiliiy) An economy which can produce profit 

in the industries for a given valuation vector is called profitable: 

an economy fulfilling the following profitability condition, 

(Pf.C) 3 
P ~ On: p > pM , 

is called profitable. 
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One immediately obtains: 

7liEOREfI Ill. (7 undam~ntaf dua l ity) Rep ro due i b il i ty is equ ivai e n t to 

profitability: S.C, <===> Pf.C. 

1>11.00/.. 

In fact, it is easy to see that both are equivalent to 

(I_M)-l~ 0 • Q.E.D. 

That is, if surplus products are producible in all the indus

tries in a Leontief economy, profit is possible in the economy, and 

vice-versa. What is signifieant here is that profitability is derived 

from reproducibility independently of the concept of value. A very 

strong duality is thus observed in a Leontief economy. 

As an immediate corollary of the above, one has the relationship 

between profitability and positivity of the rate of surplus value: 

7liEOREf'I IV,(tundamenial f'lal1.xian theol1.em) An economy is profitable 

if and only if the rate of surplus value is positive and there exists 
a positive value: Pf.C.<;,=="" Jj>o alTd :Jw>On' 

1>11.00/.. 

From Theorem III, Pf.C. implies (I_M)-l~ 0, and hence Pd.C. 
) -1 -

From Proposition ~, one has w = L(I-A > On 

Now, if wF ~ 1 , then one has 

w = wA + L < wA + wFL wM, 

which contradicts (I_M)-l~ 0-. 

Conversely, if Jj > 0 and =lw > ° is true, then (l+Jj)wF 1 
n 

from (17), so that rewriting (4) gives 

w wA + O+Jj)wFL > w(A+FL) 

Hence, Pf.C. follows. Q.E.D. 

The Marxian interpretation of this theorem is that the source 

of profit is surplus value. Namely, surplus value created by labour 

is appropriated by capital as profit: capital exploits labour. This 

explains the most significant qualitative feature of the capitalist 

economy that profit is the transformed form of surplus value. 

Then, how does this transformation take place? This will be 

discussed in the next section. 
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§ 3. Theory of transformation. 

1. Competition among capitalists pursuing a greater amount of 

profit equalises the rates of profit over capital in all production 

lines. Accordingly, valuations of products, or prices of goods at 

which they are exchanged, should not only guarantee positive profit, 

but also bring about an equal rate of profit. 4 ) 

As mentioned before, the creativeness of labour appears as part 

of the productivity of capital. Through the commoditization of 

labour-power, capital can appropriate the productivity of labour at 

the wage level, so that prof it, as the frui ts of production, appears as 

the products of material inputs and wages, i.e., constant and vari

able capital. Consequently, the rate of profit over total capital 

measures its efficiency. 

In the state of the economy with an equal rate of profit, the effi

ciency of capital is equal in all production lines, and the economy 

is in equilibrium in the sense that no further transference of cap

ital from one production sphere to another for a higher profit rate 

is motivated. Valuations of goods corresponding to such an equal 

profit rate are designated as p~oduction p~ic€~ by Marx. S) 

The purpose of this section is to summarize Marx's theory of 

transformation from values to production prices. 

2. A formal definition of equilibrium profitability is expressed as 

DEfINI7ION ".(Equieig~ium p~otitagieiiy) Prices at which all pro

duction processes can attain an equal rate of profit are called 

equilibrium profitable. 

That is, let 

equilibrium profit rate, 

pIx n production price vector, 

and prices satisfying the subsequent condition: 

(E.Pf.C) 

(19 ) 

3 7T > 0 , p > On' such that 

P (l+7T)pM. 
6 ) 

are called equilibrium profi table. 

It is trivial that E. Pf.C. implies Pf.C. In a Leontief economy, 

however, the converse is also true. 
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PROPOSI7ION 4. Equilibrium profitability is equivalent to profit-

ability: E.Pf.C.<===> Pf.C. 

P/1.oo/.. 
The "==,>" part is formal, so that one has only to show the n==,> n part. 

In fact, if p > On and p > pM , then there exist a positive eigen., 

value of M and a nonnegative eigen-vector associated with it such 

that 

o < P (M) < 1 , 
p(M).e(tM) = e(tM)M O.E.D. 

As shown in the above proof, the profit rate and the production 

prices are uniquely determined by the Frobenius root and the Fro

ben ius vector of the matrix M 

(20) 

According to the above determination of the profit rate and the 

production prices, they are solely dependent, in appearance, on A, 

L ,and F: is the production price system (19) regulated by the 

value system? If it is so, in what sense? This issue must be dis

cussed. 

3. In Capital III, Marx developed a procedure to evaluate the rate 

of profit and the production prices in terms of value. His original 

procedure can be sketched as follows. 

Assume that products are sold at their values and that profit 

is equal to surplus value. Define 

cost price constant capital + variable capital, 

and one has 

value = cost price + surplus value 7) 

Aggregate the values of goods, and find the ratio of surplus value to 

cost price, which defines the profit rate. By multiplying cost-price 

by l+profit rate, one has the production prices of products. 

Putting the above procedure in mathematical notation, one has, 

as the profit rate, 

TIo= IlwFLx 
w(A+FL)x 

for an output vector x. Evidently, one gets 

(21) __ il_ 

l + t; 
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Namely, the profit rate "approximately" defined by Marx is the rate 

of surplus value divided by 1 + organic composition of capital. 

Marx expressed the production price system as 

(22 ) 

The inequality ll> 1fo as well as (21) and (22) constitute 

Marx's transformation theorem (I). 

It must be noted, however, that this iteration procedure was 

not completed by Marx: since prices are obtained by (22), cost 

price (wM) should be reevaluated by those prices, so that the iter

ation should be repeated ad infinitum. Marx himself was aware of 

this, but he did not carry out the iteration ad infinitum. The 

incompleteness of Marx's original treatment is one of the greatest 

causes of the controversies on the transformation problem. 

At the outset, one can show: 

PROPOSI7ION 5. II > 0 ==~ II > 1f 

Pl1.oo/-. 

Rewri ting (4) in view of II > 0, one has 

w = wA + (l+].dwFL < (l+ll)wM. 

In the light of Lemma 5(iv), one has 

1~1l > p(M) • 

Hence, in view of (20a), one obtains the conclusion. Q.E.D. 

Namely, if the rate of surplus value is positive, it is greater 

than the profit rate. 

In the next stage, the convergence of the transformation of 

values (4) into prices (19) was rigorously proved by Okishio(4). 

In a general iteration formula, Marx's procedure can be repre-

t d b th {w t} d {1ft} d f' d f x > On, sen eye sequences an e l.ne as, or 

wt +l (l+1f t )w t .M 

(23 ) 1 +1f t = w t.x 

w t. Mx 
0 w = w . 

Then, 

PROPOS17ION 6. Assume M is stable. The sequences, {wt} and 

{1f t }, generated by (23), converge: 

lim wt = p* , lim 1ft 
t+oo t+oo 

1 

P (M) 
- 1 , 
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where, p* satisfies (19) and, 
(24) p*x = wx 

(As for the proof, refer to Okishio(4). Also see Chapter III.) 
Namely, if Marx's procedure is iterated ad infinitum, the value 

system is transformed into the production price system. Moreover. 

as shown by (24), the production price as the limit of the trans

formation has the same dimension with value, and normalization 
is made in the sense that for any output vector the total price of 

that output is equal to its total value. Here, the total value plays 
the role of numeraire. 

Accordingly, it is seen that the production price system is 

completely determined by (19) and (24). In the follewingdiscussion, 

the price vector p*, normalized as above, is called the (al4oiuie) 
production price. 

Marx's transforma tion theorem (II)' concerns the s .lmul taneous 

establishment of two famous equalities: 

total price = total value, 

total profit = total surplus value. 
These two equalities, however, do not hold Simultaneously. 

On the basis of Proposition 6, one can write the value and price 

systems, and the above two equalities: 
(4 ) 

(19) 

(25 ) 

(26) 

w = wA + L , 
p* = (1+'lT)p*M , 

p*x = wx , 

p*(I-M)x = w(I-M)x • 

From the angle of determining the production prices and the 

profit rate, equation (4) is independent and closed, so that it can 

be excluded. The remaining equations, (19), (25) and (26), give n+2 
equatiqns in n+l unknowns: they are overdetermined. Therefore, 

two of the equalities do not hold simultaneously. The subsequent 
proposition gives a clue to understanding this. 

PROPOSI7ION 7. If any two of the following are true: 

total price = total value, 

total profit = total surplus value, 
total cost price = total cost-value, 

then the remaining equality is also true. 
(The proof is trivial.) 
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Even if the first equality, total price = total value, for in

stance, is presupposed, the second equality, total profit = total 

surplus value, does not follow immediately, because the total cost

price deviates from the total cost-value. A conjecture may be made 

that the proportion of outputs, x , and the proportion of direct 

and indirect inputs, Mx , do not satisfy a certain condition. This 

point will be discussed in the next sUbsection. 

With attention focused on (25), its implication will be found in 

the fact that the total amount of products realised in the market 

takes a magnitude independent of the conditions in the market. 

4. Consider, as before, the dual aspect of the production price 

system (19). Suppose that capitalists expend all their profit to 

attain the greatest possible growth, and that all production lines 

are eXPanding at an equal rate. Such a state of the economy is called 

capacity g~owth, or von Neumann g~owth. Let 

capacity growth rate (von Neumann growth rate), 

xC n x 1: capacity output vector (von Neumann proportion), 

and these two are determined by the capacity growth equation: 8 ) 

(27) 

As is well-known, (19) and (25)define the von Neumann equilibrium 

(1f,p,gC,x c ). As for the von Neumann equilibrium in a Leontief economy, 

one has: 

PROPOSI7ION 8. 1f = gC. 

In fact, 1f gC =(l/P(M)- 1 • 

This shows that gC is the greatest uniform rate of growth, and 

that xC is the output vector associated with it. 

In the von Neumann equilibrium, Marx's transformation theorems (I) 

and (II) can be resurrected as follows: 

7H[OR[~ V.(~o~i6hima_Seton'6 equality)(i) 

(28 ) 1f = jJ 

where ~(xc) indicates the dependence of ~ 

(ii) The following two are equivalent: 

(29) 
p*(I_M)x c 

c wx , 

c on x. 
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1'/1.00/. 

(i) Postmultiply (4) by xC and premultiply (27) by w, and the 

following holds: 
wAx c + Lx c = (l+gc)wMx c • 

from which one can derive 

(1-wF) Lx c 

wAxc+wFLx c 

In the light of the definition of l=; , (17) and Proposition 8, the 

conclusion follows. 

(ii) From (4), (19), (27) and (29a), one can show (29b). InfCict, from 

(4) and (27), it follows that 

wx c= (l+gc)wMx c • 

Postmultiply (19) by xc, and one has 

p*x c = wx c = (l+n)p*Mx c , 
in view of (29a). By dint of Proposition 8, (29b) follows. 

Likewise, by assuming (29b), one can derive (29a). Q.E.D. 

Thus, in von Neumann equilibrium the price system is seen to be 

immediately related t6 the value system as represented b~ (28), which 

~s an extension of Marx's original formula of the profit rate, (21) .. 
Now, the quantitative regulation of price by value shduld be 

summarized as follows: first, Marx-Okishio's transformation formulae 

converge, yielding Marx's first transformational equality, and, 

secondly, in von Neumann equilibrium the profit rate can be evaluated 

in value terms, so that Marx's two transformational equalities are 

equivalent. 

The production of luxu/l.Y gOOd4, which are goods neither directly 

nor indirectly employed in production, does not enter into the von 

Neumann proportion. 
In fact, without loss of generality, the economy can be 

into two departments: the luxury goods producing department 

the non-luxury goods producing department I. The matrix M 

partioned into 
(30 ) M 

divided 

II and 

can be 

Let the von Neumann proportion determined by (27) be partitioned, in 

the same way as (30), 
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and it is easy to see that 

c Ok xII = 

where the last k types of good are luxury goods. 

Therefore, the actual output is different from the von Neumann 

proportion in general. Nevertheless, Morishima-Seton's equality can 

be generalised as follows. Let us define: 

D£fINI7ION 11. (glt.eai.e.6i .equilU.ltium gltowih Itai.e) For x e: lRn, 

gM(x) = ~ax {g I x ~ (l+g)Mx.} 

Then, one can show: 
PROPOSl710N 9. (gltowih con.6iltaini) 

(32) gM(x) < J,J 

l+';(x) 

Pltoo/.. 
Premultiplying (31) by w, one has 

gM(x)wMx ~ wx - wMx • 

In the light of the definition of E; and J,J , (32) follows. Q. E. D. 

The right~hand side of (32) represents the value rate of profit, 
so that (32) shows that the greatest equilibrium growth rate cannot 

exceed the value rate of profit. Namely, growth is constrained in 

the value dimension. Note that (32) is a generalised formula sub

suming (28), as seen from Proposition 8 and Theorem V. Thus, dual 

dualiii.e.6 of value, price and growth are seen to hold in Marx'5 

economics. 

With reference to the above Marxian discussion of value, price 
and growth, it may be relevant to point out the nature of von Neumann 

equilibrium. 

At the outset, let us define two regions: 

D£71N1710N 12. (gltowih Jt.egion) A set of (output) vectors for which 
surplus products are possible is called the growth region: 

P (M) = {x I x > Mx, x > 0 n • } 

D£71N1710N 13. (Plto/.iiall.e It.egion) A set of price vectors at which 

profit accrues is called the profitable region: 

P*(M) = {p I p > pM, p ~ On.} 

The two are polyhedral cones, whilst the von Neumann equilibrium 
with a positive von Neumann growth rate and a positive profit rate is 
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represented by half lines in :R~ and n:R+, each representing 

the von Neumann proportion and production price respectively. 

Now, as shown by Theorem III and Proposition 4, the growth 

region and/or the profitable region are not empty, if and only if 
n n there exist such half lines in :R+ and E+. In other words, 

the existence of the von Neumann equilibrium with a positive von 

Neumann growth rate and a positive profit rate concerns only the 

possibility of growth and profitability of the economy. In this 
respect, von Neumann equilibrium is rather a qualitative concept. 

Let us note that the fundamental Marxian theorem presents an 
equivalent condition for the nonemptiness of the two regions, and 

that this nonemptiness does not depend on the market. 

It is also important to note that the nonemptiness of the prof

itable region is instead a basis for establishing (temporar~) equil
ibrium in the market, because the m;irket itself does not explain why 

it can establish equilibrium, though it does explain how. Whether 

or not profit rates are equalised, the actual transactions are 

carried out in the market: if profit never accrues to some capital

ists who are maximising the profit rate, one cannot say that the 

market functions properly. Thus, it is seen that the nonemptiness 

of the profitable region is necessary for the market to function 

normally. 

It must be noted, however, that the fundamental Marxian theorem 

gives no clue to the functions of the market themselves at all. 
It ensures nothing beyond the possibility. In this sense, the 

fundamental Marxian theorem is basic, but normative. 

5. In addition to the above, Marx put forward other transformation 

theorems: he maintained, i) that the cost price of a commodity is 

always smaller than its value, and ii) that the value of a commodity 
produced by capital with a higher (lower) organic composition of 

capital is smaller (greater) than its production price, and iii) if 

the organic composition of certain capital is equal to the social 

average, the value of a commodity produced by that capital is equal 

to its production price. 

Those propositions discussed by Marx are not, however, easy to 

show in general terms. 

The conditions under which Marx's numerical examples concerning 

(21) and (22) give the true result have been examined by Morishima (4) in 
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detail. He investigated in what type of economy the ratio of surplus 

value to total capital gives the rate of profit. 

Before proceeding to Morishima's contribution, some preliminary 

remarks will be made. 

It is not difficult to see that in the following four cases the 

rate of surplus value represents the true level of the profit rate. 
First, the trivial case where the rate of surplus value and the 

profit rate are equal to zero. 

Secondly, the case in which the organic composition of capital 

is uniform throughout the economy. 

Thirdly, the special case in which all industries have an equal 

internal composition of capital, dealt with by Samuelson(3): this is 

featured by 

(33 ) a i ~ xc, F ~ xC 

Fourthly, the case in which the von Neumann proportion- is em

ployed as weights of aggregation. 

The first case is too trivial, and economically meaningless, so 

that it can be disregarded. 

The fourth case, as discussed in the preceding subsection, may 

be said to justify Marx's original discussion in general terms. 

The second and third cases require, however, that the economy 

should be of a specific structure. The second case will be argued 

here. 

The uniformity in the organic composition of capital can be 

expressed by 

(34 ) 

1'R01'OSI710N 10. 

wA = <;:wFL • 

(34) implies the following: 

(i) prices are proportional to values: p ~ w 

(ii) profits are proportional to surplus values: rrpM ~ wwFL • 

1'l1.oo/-. 

(1) In view of (34), (4) can be rewritten as 

(35) w = <;: (wF) L + L a: L • 

Since w(I-A) L one has 

LA ~ L • 

Write 

(36 ) p (A) L LA , 

and it follows that 
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LM L(A+FL) 

{p (A) + LF} L 

namely. 

L = e (tM) • 

Comparing this with (20b). one has p ~ L • and hence p ~ wowing 

to (35). 

(ii) From (i). one can write tentatively 

p = kw • 

By putting this in npM. one soon obtains 

npM=kw(I-M) 

= k~wFL • 

Hence. the conclusion holds true. Q.E.D. 

It is not difficult to see that Samuelson's case. (33). is a 

specialised case of (34). 

6. Marx took note of an interesting specificity of the economic 

structure with the uniform organic composition of capital. Morishima 

extended this case to the notion of linear dependence of industries. 

and he added an important supplementary to Marx's discussion. 

An economy is said to be linea~ly dependent, if 

(37) IMI = 0 

obtains. 

Morishima's discussion is carried out in terms of the Marx-

Leontief economy. which will be described as follows. 

Suppose that goods are divided into two groups. i.e •• capital 

goods and consumption goods. The industries in a Leontief economy 

are then also divided into two major departments. Let the first m 

industries form the capital goods department (I). and the last n-m 

the consumption goods department (II). A Leontief economy with the 

above distinction between capital goods and consumption goods is 

called a f'1a~x-Leontie/. economy. Matrices A. L • F and ~1 of a 

Marx-Leontief economy are respectively represented by: 

A = 

where I and IT indicates the department concerned. 

Now, the following can be proved: 
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PROPOSl710N 11. In a Marx-Leontief economy, the following hold: 
(1) (34) implies (37). 

(ii)(33) implies (37). 

(iii)(39)<===>1TO =1T, wl=p in (20), (21) and (22). 

(As for the proof, see Morishima(4), pp.77-9.) 

According to this specialised proposition, (37) comprises the 
second and third cases pointed out in the preceding subsection, and 

is a sufficient and necessary condition to justify Marx's original 
procedure of transformation described by (21) and (22). 

The concept of the linear dependence of industries was further 

generalised by Morishima: industries are said to be of linear de

pendence of degree h, if 

(38) nw(A+FL)·M*h= w(I_M).M*h, 

where 1T = w (I_M)x c 

w(A+FL)x c 

The linear dependence of industries is the case af h = 1 in (38). 

PROPOSl710N 12. In a Marx Leontief economy, the industries are 
linearly dependent at degree h, if and only if the sequence of the 

production price generated by (23) converges to its limit in finite 
times h: (38) ~=~ wh .. : wh+l : .... = p* in (23). 

(As for the proof, see Morishima(S), pp.622-32, or Morishima~ 

Catephores, pp.170-l.) 
Our comment to be made on Morishima's discussion ia that his 

proposition is valid only in Marx-Leontief economies: the concept 

of linearly dependent industries is characteristic of the Marx
Leontief economy. (34) does not necessarily imply (38) in the 

Leontief economy case. 9 ) 

7. An antagonistic relationship between wages and profit has been 
one of the most important issues in the history of economics. This 

has already been discussed in the camp of non-Marxian economics, and 
fundamental results have been obtained. In this subsection, a short 

note on the rate of surplus value and the "age-profit curve will be made. 

In view of F = cf , the production price system can be written 

as 
p = (l+1T)p(A+cfl) , 

whilst, the rate of surplus value is expressed as 



(39 ) I jJ=---I, 
cwf 

from (l 7) • Then, 
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PROPOSI7ION 13. The profit rate is an increasing function of the 
rate of surplus value: 

(40) 

PlI.oo/.. 

d1f > 0 

djJ 

In the light of (A.3), one has 

(41) d1f < 
- 0, 
dc 

because 1f is a continuous function of c 

djJ < 0 

dc 

whereas, from (39), 

is obtained. Hence, the conclusion soon follows. Q.E.D. 

§ 4. Conclusions -- Criticism and defence. 

1. In the preceding three sections, a modernized overview of Marx's 

labour theory of value has been provided. By way of summary, the 

gist of the discussion will be repeated, and an examination of the 

criticism and a defence will be made. 
Two definitions of value introduced by Marx, Ml-value and M2-

value, are equivalent to each other in a leontief economy, because 
their existence is reduced to the productiveness of the economy. 

likewise, the reproducibility of the economy is equivalent to 
its profitability, which is termed the fundamental duality. It 

should be emphasized that the fundamental duality appears to be 
independent of the concept of value in the leontief economy. 
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The rates of surplus value and surplus labour also coincide with 

each other owing to the first equivalence of Ml-value and M2-value. 
The rate of surplus labour, however, does not necessarily depend on 
the individual values of products. 

On the basis of the above two types of equivalence, the funda

mental Marxian theorem is established in terms of the rate of surplus 

value and surplus labour. It explicates the social source of profit, 

and hence it is qualitative. 

The theory of transformation concerns the evaluation of the 

profit rate and the levels of price and profit, so that it is quan

titative. The theory of transformation is seen to consist of two 

components -- the transformation of the rate of surplus value into 

the profit rate, and the equality of total price and total profit to 

total value and total surplus value respectively. The first trans

formation can be said to be a quantitative aspect of the fundamental 

Marxian theorem, because it concerns the newly created value~portion. 

As shown by Propositions 5 - 9 and Theorem V, the regulation of price 

by value is straightforwardly observed in the von Neumann equilibrium 

of a Leontief economy. It must be remarked that one of Marx's trans

formational equalities, such as total price = total value, mirrors 

his basic idea that the total price of the products produced in soci

ety is independent of the market. 

<1> II 

DIAGRAM 1-1. 

the rate of 

1 surplus value 

· I · · (strong) 

Productivenes 51 <2> II (>0) <== · · · 
the rate of 

surplus labour 

<4> 
==> 

Profitabili ty 

1\ 
II 
II 
II 
II 
II 
V 

<3> 

Reproducibility] 

where, <1> Theorem I, <2> Theorem II, <3> Theorem III, <4> Theorem IV. 
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The synthesis of the qualitative and quantitative thoeories 

constitutes the major part of Marx's theory of value. The regulation 

of price by value, or the law of value, should be understood in such 

a way that it contains the fact stated by the fundamental Marxian 

theorem. The above diagram illustrates the logical structure of the 

qualitative aspect of Marx's theory of value. 

2. Let us examine the criticism of Marx so far made. Let us begin 

with Steedman's criticism of Marx. 

Steedman examined the equation (19): 

p = (In )p(A + FL) , 

and concluded that given technical data A, L and the wage goods 

bundle F, the profit rate n and the production price pare 

determined independently of values. Namely, the principal conclusion 

of his criticism of Marx is represnted by the following diagram: 

(Steedman(4), p.48.) 

Physical 

production and 

wage data 

DIAGRAM 1-2. 

All value 

quantities 

Profits and 

prices 

According to Steedman, there is no immediate linkage between 

the price and value systems: there is no problem called the 

"transformation problem" at all. Hence, the theory of value is 

redundant in economics. 

In addition to the above, it is relevant to mention that Samuelson 

c~iticised Marx because prices are not proportional to values. In 

fact, Marx maintained that value regulates price in the sense that 

both prices and values fall or rise in the same direction.(III,p.177) 

This notion is grasped as the proportionali ty of pr ices and values in most 

literature~ It is interesting to note that not only Samuelson but 
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also Marx's defenders attach importance to this proportionality.lO) 

3. In relation to the above criticism, let us develop our points. 

According to Steedman's diagram, it may appear, indeed, that 

there is no linkage between the value and price systems. The 

following three points should be considered, however. 

First, one has to ask why both sides of (19) can be equated. The 

inputs and outputs of a production line are different qualitatively, such 

as machines and foods for instance, but can be reduced to the same 

thing quantitatively. If goods are procured or exchanged in the 

market, this is to ask why goods can be exchanged. The most usual 

explanation of this is that prices of goods are expressed in terms 

of money. Then, the problem becomes why prices of goods are 

represented in money terms. 

Secondly, capitalists choose a certain set of techniques, if 

there are alternative techniques -- even though there are no alterna

tive techniques in a Leontief economy -- and find the maximum profit 

rate, but equation (19) describes how the positive profit rate is 

found, and not why it can be. The importance of the problem of why 

the profit rate can be positive is not trivial. 

Thirdly, in fact Marx thought that prices moved in the same 

direction as values __ but is it germane to the law of value? 

Let us discuss these points. 

If one were to stop seeking a more fundamental notion behind 

price, one would be obliged to accept the view that the price is an 

intrinsic property of a commodity itself. As is well-known, Marx 

challenged this doctrine and tried to disclose the social character 

of money. 

Goods are exchanged in the market when they are qualitatively 

different. Nevertheless, they must have something in common that 

makes them equal, because exchange is carried out between equivalents. 

Since goods exchanged in the market are qualitatively different, the 

common factor can only be quantitative. Hence, mon~y which inter
mediates in the exchange of goods represents this quantitative 

aspects of goods. 

Marx's view is that the quantitative aspect of goods is based 

on the fact that abstract human labour is embodied in goods, i.e., 

goods have values, and those values are transformed into prices at 

which goods are actually exchanged. Positive values of goods endows 
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to them a basis of their exchangeability in the market. Our funda

mental Marxian theorem presents a firm basis for Marx's view. 
The second point, profitability, is also related to the funda

mental Marxian theorem. Moreo~er, this is the most important point, 

because why the profit rate can be positive is not trivial. 

Let us note that the fundamental Marxian theorem explains why 

techniques represented by A and L are employed -- they are em
ployed because they are profitable on the basis of surplus value: 

the fundamental Marxian theorem is already addressed to the direction 

stressed by Steedman «(4), p.59.). 
Now, let us think ilbout the proportionality of values and prices. 

In order to see that this proportionality is not germane to the law 

of value, let us consider the case where values and prices are 

pr opor tinal. 

Let us recall Proposition 3, which says that the value of net 

products is equal to the amount of labour expended: this means that 
the value created is a result of labour. Hence, if the exchange of 

goods is carried out at their values in a capitillist economy in which 

surplus products are produced, the exchange will manifest itself as 

unequal exchange. That is, the workers create value amounting to 
Lx in total, but they obtain the wage goods bundle, the value of 

which is wFLx « Lx): the amount of surplus value, Lx - wFLx, will 

be expropriated from the hands of workers without giving equivalents, 

so that unpaid labour becomes bare. 
In order for surplus products to be appropriated from the hands 

of workers by others peacefully without returning equivalents, the 

subsequent two points are crucial. First, the workers as immediate 

producers should not be the possessor of products and, secondly, goods 

should not be exchanged at their values. 

Since the results of production belong to the owner of the means 

of production, workers should be free from the means of production. 

Any worker is regarded as the possessor of labour-power, and he sells 

his labour-power for bread and cheese. Labour-power is thus commod

itised, and the capitalist and working classes confront each other 
as equals in the market: they exchange equivalents. 

Once capitalists purchase labour-power, the productivity of 

labour appears as that of capital. Creativeness of labour is now 

embodied in capital. Contributions made by workers are now expressed 

in wages, so that the results of production manifest themselves as 
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the fruits of capital. Value and surplus value are transformed into 

prices and profit respectively, and h-ence unequal exchange into equal 

exchange. 
As regards the importance of the transformation and the funda-

mental Marxian theorem, Morishima(4} summarized as follows: 

"(T)he transformation problem has the aim of showing how 'the 

aggregate exploitation of labour on the part @f the total social 

capital' is, in a capitalist economy, obscured by the distortion 

of prices from values; the other aim is to show how living labour 

can be the sole source of profit." (Morishima(4), p.S6.) 

With reference to the social source of profit, Baumol also 

maintained: 

"The point of the value theory may then be summed up as follows: 

goods are indeed produced by labour and natural resources to

gether. But the relevant /.loci-at source of production is labour, 

not an inanimate 'land '. Thus, profits, interest and rent must 

also be attributed to labour, and their total is equal (tautol

ogically) to the total value produced by labour minus the amount 

consumed by labour i tsel f. The competitive process, that appears 

to show that land is the source of rent and capital the source 

of profits and interest, is merely a distributive phenomenon and 

conceals the fact that labour is the only socially relevant 

source of output. This is the significance of the value theory 

and the transformation analysis to Marx." (Baumol(l), p.59.) 

That is, the kernel of Marx's theory of value lies in the fact 

that it explains the social source of profit, and the source of profit 
is obscured by the social system itself, because the transformation 

of values into prices is necessitated by private ownership of capital 

in the sense that prices guarantee efficient utilization of each 
component of capital in all production lines. 11) 

4. Criticism of Marx proceeds further. 

The fundamental Marxia~ theorem states the "equivalence" of the 

positivity of the profit rate and the rate of surplus value. Steedman 

and Samuelson cast a question on the validity of the theorem in this 

respect. 
Samuelson maintained, first, that Marx's theory of value and 

surplus value could have been discovered in terms of orthodox economics 
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if orthodox economics had tried, and, secondly. that the fundamental 

Marxian theorem and the theQry of transformation can be construed, in 

the opposite direction to Marx, as an explanation of the rate of 

surplus value in terms of the profit rate: he developed a orude 

"parody" so as to demonstrate the fundamentality of price to value. 

(Samuelson(4J, p.4l7.) 

Steedman also maintained that the fundamental Marxian theorem 

would not constitute a positive explanation of the positivity of the 

profit rate, because "it runs both ways."(Steedman(4), p.58.) 

Moreover, he wrote: 

"Bohm-Bawerk, one of Marx's most significant neo-classical critics, 

did not seek to deny the existence of surplus labour but sought 

rather to show that it existed 'ecau~e ot 'time preference' and 

the 'productivity of roundabout production '." (Steedman (4), p. 58. ) 

In other words, variants of the fundamental Marxian theorem 

could be obtained if orthodox economics were to start from a 

different notion. 

They have two critical comments here: first, equivalence 

explains nothing, and, secondly, even neoclassical economics can 

render a basis for the positivity of the profit rate, such as time

preference, or the productivity of roundabout production; hence. 

labour is not source of profit. 

5. Now, as to which side of the fundamental Marxian theorem should 

explain the remainder, there will be no room for discussion. Un

equivocally, the real world or the phenomenal world is the world of 

price, and not the world of value. One of the duties of science 

is to explain phenomena, but pheno~ena on no account explain them

selves. 

Accordingly, it is relevant to read the fundamental Marxian 

theorem in such a way that value and surplus value explain price 

and profit. Note that in the fundamental Marxian theorem, the 

equivalence of the two is stated as the synthesis of the two desti

nations: there exists value and surplus value behind price and 

profit, i.e., necessity = a descending direction, and value and 

surplus value are transformed into prices and profit respectively, 
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equivalence should be made carefully, but one should not reject its 
importance. 

Whether or not labour alone can be the relevant source of prof

it may be beyond the scope of a mathematical discussion, so that 
this point will not be treated further in this volume. 

Nevertheless, it must be reconfirmed that Marx's value theory 
based on the concept of labour is consistent in the sense that the 

relationships among goods, i.e., the production price system, is 

based on the relationships among men in production, i.e., the value 

system. lZ ) The core of Marx's theory of value resides in the funda

mental Marxian theorem. 

It is also important to confirm that the fundamental Marxian 

theorem presents a basis for the discussion of the market. It dis

closes why profit is possible in the market, but gives no further 

clue to the functions of the market. 

Orthodox economics has been concerned with explaining the func
tions or the behaviour of the market, whilst Marxian economics has 

been concerned rather with the basis of the market -- why profit is 

possible. Unambiguously, the two have differnt objectives -- they 

discuss different aspects of the capitalist economy. In this re
spect, Morishima is right in saying that Marx and Walras are two 

major disciples of Ricardo. 

Finally, it is worth mentioning that the fundamental Marxian 

theorem discloses a superhistorical basis for the possibility of 
growth, on which exploitation can be based. In this sense, the 

theorem gives a clue to the foundation of exploitation: where there 

is no reproducibility, there can be no exploitation: exploitation is 

the process in which the reproducibility of the economy -- based 

on surplus labour -- is realized in the form of capital accumulation 

by private ownership of the means of production and the commodi

tisation of labour-power. 



CHAPTER II 

FIXED CAPITAL AND THE THEORY OF VALUE 

In tr oduction 

The framework of the Leontief economy reveals at the same time 

its limitations. The validity of Marx's theory of value would soon 

be queried, if the conditions which stipulate the Leontief economy 

were removed one after another. 
This short chapter is devoted to introducing an economy in which 

the existence of fixed capital is permitted: (F.l) will be removed. 1) 

It is von Neumann that first t'ried to apply the analytical 
framework of joint-production to solving problems of fixed capital. 

though joint-production itself was, as in the production of meat and 

leather, noticed by classical economics. Namely, von Neumann re
garded aged fixed capital of age s employed in a production line at 

the beginning of a certain period as being transformed into fixed cap
ital of age s+l at the end of the period: aged fixed capital is 

jointly produced with other types of goods. The framework of joint
production is adopted in this chapter in so far as fixed capital is 

concerned, but joint-production in general will still be disregarded. 

The two sections discuss value, price and quantity systems with 

reference to fixed capital which functions with constant efficiency 

until used up. Value and price, and the fundamental Marxian theorem 

in the case of constant efficiency have been discussed by Okishio

Nakatani and Shiozawa~). In this chapter, the quantity system is 
also discussed, and the whole discussion will be reviewed in the 

context of the dual dualities. The purpose of doing so is that an 

important characteristic of value and price analysis is made clear 

if fixed capital is introduced. 



36 

§ 1. Value and price in a narrow plain economy. 

1. An economy which admits fixed capital alone as a joint-product is 

called a plain economy, if it satisfies the following conditions: 

(Shiozawa (1) • ) 

(F.5a) Fixed capital has a finite durability. 

(F.5b) The efficiency of fixed capital is constant irrespective of 

its age. 

(F. 5c ) 

(F. 5d ) 

No cost is required to scrap used up fixed capital. 

No process produces aged fixed capital alone as its net 

product. 

A plain economy restriced by the following additional condition 

is called a na~~ow plain economy: 

(F.5e) Aged fixed capital is nontransferable. 

Namely, an economy satisfying (F. 5a) through (F. 5e) as well as 

(F.2) through (F.4) is called a narrow plain economy. 

Suppose that there are n types of O-year-old good in the economy, 

all employable both as fixed capital and nondurable capital goods, 

if the difference in ages is disregarded. These n types of good 

are called the lahic type of good. Let 

Tj durability of good j as fixed capital, 

T:;(Tl, •• ,Tn ): durability vector, 

and the economy has L: types of good formally, if aged fixed capital 

is regarded as a different type of good, where 

(1 ) 

These L: types of good are called the to~maf typeh of good. 

Without loss of generality, the first n types of good of all L: 

kinds of good can be regarded as O-year-old goods. A numbering of 0-

year-old goods is called a lahic o~de~. A numbering of goods from 1 

to L:, which is called a to~mal o~de~, is completed by arranging the 

groups of goods from O-year to the maximum age, in each age group 

goods being ordered in the basic order. 

Take the processes producing good i, and suppose that fixed cap

ital is allocated as follows: the first process is equipped with 0-

year-old fixed capital alone, and fixed capital in process s is older 

than that in process s-l by one year except that which should be re-
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placed owing to wear and tear by fixed capital of O-year: fixed 

capital of process s-l is carried over to process s. Thus, the 

cycle of processes, such as process 1 --0;:> process Z --0;:>' •• --..,. 

process T --0;:> process 1, is considered, where 

(2 ) 

The set of T processes is called an industry, As each indus

try consists of T processes, there are nT processes in the economy, 
and hence a narrow plain economy is formally an economy made of nT 

processes producing r types of goods: albeit in a restricted 

sense, (F.Z) is relaxed. 

Nevertheless. a narrow plain economy can be regarded as an econ

omy producing n types of goods of the basic types with n indus
tries, which is called the L~onti~t-ta4i4 of the economy. 

The combination of inputs of process 1 in an industry determines 

that of other processes in that industry, in the sense that the amounts 

of labour and other material inputs are the same irrespective of the 

ages of fixed capital and the combinations of fixed capital of other 

processes are derived from that of process 1. Hence, the combination 

of inputs of process 1 in each industry is called the ta4ic one in 

each industry. 
The combination of fixed capital in the first process of each 

industry is composed of only O-year-old fixed capital, so that this 

combination can be expressed by an n x 1 vector, called basic fixed 

capital inputs. Fixed capital inputs of other processes are ex

pressed by r x 1 vectors according to the formal types of good, 

whereas nondurable capital goods are O-year-old goods, and hence 
their inputs are expressed by n x 1 vectors fundamentally. 

For industry i, let 

r x 1 

n x 1 

n x 1 

r x T 

n x T 

r x T 

fixed capital input of pro~ess v , 

basic fixed capital input vector, 

nondurable capi tal goods input vector, 

labour input, 

fixed capital input matrix, 

nondurable capital goods input 

matr ix, 

enlarged nondurable capital goods 

input matrix, 
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1 x T: labour input vector, 

Then, the input structure of the economy as a whole is repre

sented by 

and 
1 n 1.. = (L , ••• , L ) • 

As for the output structure, let us distinguish the output of 

brandnew goods and that of aged fixed capital: for industry i, let 

E xl: aged fixed capital output of 

process v, 
. 1 -. T-· 

B *1 = ( b 1 , ••• , b 1 ) ExT aged fixed capital output matrix, 

1 *i = (e i , ••• , e i) , ExT O-year-old goods output matrix, 

and the output matrix of the economy as a whole is expressed by 

(3) 

where 

ments 

(4) 

where 

lB = (B*l 1*1 B*n 1*n) - + , ••• , + .• 

Bearing in mind the cycles of processes, one has 

Vb i = v+lki v+lki 
- 1 ' 

v+l ki 
1 

of v+l ki 

is obtained by replacing the n+l-th through E-th eler 

by zeros, and T+lki = OE. Hence, 

B*i = K*iET 
- [ :n 

0 K*iET , 

0 
ET (e 2,e 3 , ••• ,el ), T x T , is a permutation matrix. 

2. Since the input-output relationships have been made clear, the 

value and price systems can b3 established. Let 

K (Kl, ••• ,Kn) 

A (al, ••• ,an ) 

L 1 n (L , ••• , L ) 

F 

w 

0 1 w x 

W = (w,w o ) 

n x n 

n x n 

1 x n 

n x 1 

1 x n 

(E-n): 

basic fixed capital input matrix, 

basic nondurable capital input matrix, 

basic labour input vector, 

wage goods bundle, 

value vector of O-year-old goods, 

value vector of aged fixed capital, 

value vector, 



pIx n 

po 1 x (E-n) 

p (p, po) 

1f 

w = pF 

1 
Wi (1f) = 'i- l 

r (In)s 
o 

W = (WI"'" W n ) 
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price vector of O-year-old qoods, 

price vector of aged fixed capital, 

price vector, 

prof it rate, 

wage rate, 

rate of depreciation (by the annuity 
method ), 

depreciation-rate vector. 

Now, the value system of all formal types of goods ean be ex

pressed as 

(5) wm 
which can be reduced to 

(6) w = w(t-lK+A)+L. 

Likewise, its price system 

(7) pm = (In)p( 1\ + F 1) 

can be reduced to 

(8) 

Namely, the value and price systems, (5) and (8), appear to be 

undetermined, but values and priCles of O-year-old goods are deter
mined r.espectively independently of those of aged fixed capi tal. 2) 

Write 
1!'(1f) = 1fK + $(1f)K + (In) (A + FL) , 

and it is easy to see that Pd.C. and Pf.C. can apply to (5)and (8). 

Let us assume: 

(A.l) A ~ 0 , K ~ o , 'i > 0 F > On . -
(A.l) Li > 0 . 
(A. 3) I!' (0) is indecomposable. 

And, define the rate of surplus value as before by 

(9) 1 
1J='Wt- 1 • 

Then, Okishio-Nakatani proved: 
7flE.ORCJlI 1. (fundamental. f'la/l.xian theo/l.emJ There exist 1f > 0 and 

satisfying (8), if and only if p(t-lK+A) < 1 and 1J> 0 • 

p>O 
- n 



40 

§ 2~ The quantity system and replacement in kind. 

1. The replacement of fixed capital in kind will be considered from 

the side of the quantity system, and it will be compared with the 
depreciation of fixed capital in the world of value and/or price. 

Suppose that the economy is in the state of uniform growth. Let 

i x 

x = 

F = 

qi 

q = 

g 

u 

T x 1 

[~lT , 1 

~n 

[F )EXI o E-n 

[~: ]" , 1 

n x 1 

u* = [ u ) E xl: 
OE-n 

]( = (I< *1 , •• , I< *n ) 

1 '" (\, •• , 1n ) 

intensity vector of industry i, 

intensity vector of the economy, 

enlarged wage goods bundle, 

output of good i, 

output vector of goods of O-year, 

uniform growth rate, 
capitalists' consumption vector, 

enlarged capitalists' consumption vector, 

fixed capital input matrix of the economy, 
, 

the replacement rate vector, (li (g) = Wi (g). ) 

Now, the system of equations of uniform growth is expressed by 

[
q )+ (B*l, •• ,B*n)x = (l+g)( ](+A\ +FL)x + U* , 

oE-n 

(10 ) 

which can be reduced to 

(ll ) q = (1(g)1< + gl< + (1+g) (A + FL»)x + U • 

The right hand side of (11) indicates the allocation of goods, 

i.e., replacement, accumulation and capitalists' consumption in the 

quantity system on the Leontief-basis. 

2. It is easily seen that the coefficient matrix of (11) can be 

written as ~(g), so that (11) is rewritten as 

(ll' ) q = ~(g)q + U • 
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The subsequent theorem soon follows. 

71i[ORCJ'lll.(;:undam~nial. dual.iiy) Theexistenceof g>o and q~ On 

fulfilling (11') is equivalent to the existence of 1f> 0 and p ~ On 
satisfying (8). 

That is, on the Leontief-basis of a narrow plain economy, strong 

fundamental duality holds, as in a Leontief economy: the possibili ty 

of growth and profitability are equivalent on the Leontief-basis. 

The rate of profit, however, does not coincide with the rate 

of growth, so that the volume of depreciation will not equal to the 

amount of replacement in kind. Let us discuss this quantitative 
difference between the two in what follows. 

In view of the well-known Cambridge equation, one has 

g ~ 1f , 
so tha t 

I 
W(1f) ~ 1i (g) ~ 1i (0) =--:r:-

1 

Hence, if the capitalist class consumes part of the profit, 

the amount of depreciation falls short of the amount of replacement 

in kind; hence, profit is greater than net investment + capitalist 

consumption by that amount of shortfall: 

(12 ) 1fp(K+A+FL)q = gp(K+A+FL)q + pU + (p'i(g)Kq - pl(1f)Kq). 

Since, from the angle of maintaining the quantity of fixed capital, 

the "true" volume Of depreci~tion should be evaluated on the basiS of 

the rate of replacement, i.e., the growth rate, and not the rate of 

depreciation, i.e., the profit rate .. part.of depreciation should come 

from profit in the form of overdepreciation3~- thee) part in (12). 
Nevertheless, one has 

d (p l( g) Kq - p 1 hr) Kq ) erg 1fP (K+A+FL)q < 0 , 

so that this "overdepreciation" has a brake effect on capitalists' 

consumption. 

Moreover, the maximum of the rate of depreciation is the rate of 

replacement, and the maximum of the rate of replacement is the rate of 

replacement in the world of value. If an economy in the state of 

simple reproduction with positive profit is contemplated, the rate 

of replacement is evaluated by l/Ti for fixed capital i. This sug~ 

gests that the value system is rather related to the zero-growth 

than to the zero-profit State of the economy. 
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This suggestion can be illustrated as follows. 

Take an economic variable x t representing the state of the 

economy, say output. Suppose that the actual locus of the economy 

is represented by AI A2 •• An • To assume that the economy is io the 

state of simple reproduction is to approximate the actual dynamic 

locus by a set of line-segments, A:B.s, where AJ• and B. are given 
J J J 

by (j,X j ) and (j-l,x j ) respectively. 

FIGURE II-I. 

x 

B _ •• -~ 
n .--- A _------C n ___ .... n 

----

t 

o I 2 3 n 

To suppose that the economy is in the state of simple reproduc

tion is to regard the present state as repeating itself. By doing 

so, the substance of the present state may be observed more precisely. 

Meanwhile, in the uniform growth analysis, the state of the 

economy is approximated by uniform growth paths. Given technical 

conditions and wages, the uniform growth rate gt will be evaluated, 

and f t = (1+9t)-lx t • Then, the actual economic locus is approxi-

mated by the set of ¥jS, where Cj is given by (j-l, (1+9j)j-If j >. 



3. So far, it has been shown that the value and price systems of 
a nar~&w plain economy can be reduced to their sObsystems with re
spect to O-year-old goods, and that uniform growth can be considered 
only within the Leontief-basis of the original narrow plain economy. 

Moreover, it must be noted that the reduction of the quantity 
system of a narrow plain economy to that of the Leontief basis, 
i.e., (10) to (11), is slightly different from the reduction of the 
value and/or price systems, in the sense that formally different 
kinds of goods should be aggregated together in the reduction of the 
quantity system. Since the "true" volume of amortisation is eval

ated in the quantity system, the above means that the core of the 
annuity method resides in the identification of aged fixed capital 

of the same basic type. 
Nevertheless, it can be confirmed that a narrow plain economy 

is represented by its Leontief-basis in the sense that its produc
tiveness, profitability and reproducibility are respectively equiv
alent to their counterparts of the Leontief-basis. 

Observe, however, that the narrow plain economy constructed 
above represents a type of stationary state: if tne investment of 
O-year-old fixed capital is commenced simultaneously at a certain 
period and continued thereafter, and if fixed capital is utilized 
till it is worn out physically, and if there is no market f.or aged 
fixed capital, then the state of the economy will be that of a 
narrow plain economy. 

Although, in the framework of tne narrow plain economy, free 

aging, i.e., fixed capital is not used but ages in a production 
process idly, or storage of fixed capital cannot be treated because 
of (F.5e), the framework of the narrow plain economy can be applied 
to and enrich econometric analyses, if the fixed capital coeffi

cients are known. 

4. If the efficiency of fixed capital changes as it ages, the 
framework of analyses should be extended further, which will be 
discussed in the following chapters. 



CHAPTER III 

JOINT-PRODUCTION AND THE THEORY OF VALUE 

Introduction -- Problems. 

1. It has been demonstrated that Marx's major conclusions are 

valid in a Leontief economy or a narrow plain economy. In such an 

economy, however, alternative processes, fixed capital and joint

production are not admitted to their full extent. 

An economy in which alternative techniques, fixed capital and 

joint-production are permitted without any restriction is called a 

von Neumann economy. That is, an economy with a set of linear tech

niques is called the von Neumann economy, if restrioted by (F.4) 

alone. A highly generalised discussion of value theory can be 

carried out in the framework of the von Neumann economy, bec~use the 

von Neumann economy represents a developed, complex and modern 

structure of production. 
The objective of this chapter is to develop the Marxian value 

theory in the von Neumann economy case by employing a system of 

equations and to investigate some implications. 

2. Morishima and Steedman are the ones who pointed out the diffl

cultjes which Marx's theory of value may come up against in the von 

Neumann economy. (Morishima(4), Ch.14, Steedman(l).) Their discus
sion and counterexamples will be summarized by way of introduction. 

Morishima's point is that value can take a negative magnitude. 

According to Morisima, Marx's value theory ought to treat the values 

of products as weights of the aggregation of microscopic industries 

into macroscopic major departments, and then values are required to 
be "(a) non-negative, (b) unique and (c) independent of what happens 

in the market."(Morishima(4). p.l8l.) However, it is easily seen 

that the requirement (a) is not satisfied in the following case. 

Let an economy have two types of good and one type of labour. 
Goods are called good l(nondurable capital goods), good 2(new fixed 

capital) and good 3(aged fixed capital). The input-output struc-
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ture of the economy is expressed by the following table: 

TABLE III-I. 

input matrix output matrix 

good 1 0.7 0.9 0.2 1 1 0 

good 2 0.5 0 0 0 0 1 

good 3 0 0.5 0 0.5 0 0 

labour 1 1 0.5 - - -

By sol ving the following value system: 

wI + 0.5w 3 = O. 7wl + 0.51V2. + 1 

1V1 0.9wl + O. 5w 3 + 1 

+ 0.5 , 

one has wl = 7.5 , w2= 2.0 , and w3= -0.5. That is, although the 
above economy is productive, the value of good 3 is negative. 1) 

Steedman went one step further and exemplified not only the 

possibility of negative value but also the coexistence of negative 
surplus value and positive profit. 

Given a 2 good-2 process economy described as follows: 

TABLE 1II-2. 

input output wage goods 

good 1 5 0 6 3 3 
good 2 0 10 1 12 5 

labour 1 1 - - -

Since the economy is productive, there exist positive prices 
and a positive profit rate: from 

(1+r) 5P l + 1 = 6Pl + P2 ' 

(I+r )lOP2 + 1= 3Pl + 12P2 ' 

one has r = 20 % , Pl= 1/3 and P2= 1, where wages are paid ex post. 
The values of goods are, however, determined as: 
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5w l + 1 

lOw2 + 1 

and, wl = -1 and w2= 2. Assume here that 5 units of process 1 

and 1 unit of process 2 are operated. Then, 

total labour = 6 , 

total variable capital = 7 • 

Hence, it soon follows that 

surpl us val ue = - 1 

even if the profit rate is positive. 

Thus, Steedman cast a question on the validity of the fundamen

tal Marxian theorem: he maintained that Marx's theory of value should 

be rejected as something redundant. 

Our following discussion will make it clear why these counter

examples are made possible. 

§ 1. Productiveness, value and inferior processes. 

1. Let there be n processes producing m kinds of good in a von 

Neumann economy. The input-output structure of the economy is ex

pressed by 

A m x n input matrix, 

B m x n output matrix, 

L 1 x n labour vector. 

Let 

D = B - A net production matrix, 

D 
=L ~ ) activity matrix . 
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And, 0 defines the p~oduciion p044igiliiy 4paC€ of net products: 

x 

y 

lP (0) = {Ox I x ~ On. } 

As usual, let 

n x 1 

m x 1 

intensity vector, 

net product vector, 

and the net product vector is defined by 

(1) y=Ox. 

As mentioned before, the fundamental requisite of an economy 

is that it is productive. The productiveness condition of a von 

Neumann economy will be stated as 

(Pd. C) 3 x ~ On : 0 x > Om • 2) 

In a productive economy, for a y > Om, (I) has a solution x 

~ On so that there exists a general ised inverse of 0 such that: 

(2) OO-y=y. 

The solution of (1) can be thus expressed as 

(3) x = 0 - 3) y • 

The strong productiveness condition is given by 

(S.Pd.C) 1/ m 3 n For y ~ 0, x ~ 0 : y = Ox • 

As is easily seen, strong productiveness implies productiveness, 
but, as opposed to the Leontief economy case, the converse is not 

true in the von Neumann economy case. The production possibility 

space of a strongly productive economy contains the first quadrant 

of the goods space, F:, i.e., 

mm c P(O) , 
+ -

but that of a productive economy has some points in common with:Rm , 
+ 

i. e. , 

mm n P(O) f. ¢ 
+ 

Now, as usual, let us assume: 

(B.l ) A ~ 0 , B ~ 0 , L > On 

PROPOSl7LON 1. S.Pd.C. ==~ 3 0 > 0 • 

P/l.oo/.. 

Put y = e j , j=l, .. ,n, in (3), and the conclusion soon follows. 

Q. E. O. 
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The converse is not true. In fact, there are productive eocno

mies having D > 0 , but which are not strongly productive. 

A nonnegative matrix (I_A)-l can be invariably considered in 

a Leontief economy, because S.Pd.C. is equivalent to Pd.C. therein. 
) -1 In a von Neumann economy, however, a generalisation of (I-A 2:, 0, 

i.e., D-~O, can be made only in a restricted case. This is the 

first point to be taken note of. 

2. The first definiton of value by Marx, Le., Ml -value, can be 

extended as follows. 

Let 

w I x n Ml-value vector, 

and the value equation system can be extended to 

(4 ) wB =: wA + L 

A solution of this defines Ml-value. 

Equation (4), however, is not invariably solvable. Therefore, 

let the following condition be introduced: 

(V.S) rank D =: rank D 

This is a necessary and sufficient condition for the solvability of 

(4), and is rewritten as 

(5) 

This condition means that the labour vector L and each row of 

the matrix D are mutually constrained: the rows of D 

how net products are allocated to the processes, and L 

by this form of allocation. 

represent 

is affected 

A simple Leontief economy satisfies V.S., whilst a Leontief 

economy which is generalised in such a way that alternative tech

niques are permitted does not. 4 ) Plain economies fulfil V.S. 

If V.S, is satisfied, then (4) is solvable, and its solution 

can be written as 

(6 ) w =: LD 
Since a generalised inverse of a rectangular matrix D con

tains parameters, it is not unique. Hence, MI -value expressed by 

(6) is not unique, even if it exists. The introduction of V.S. is 
the second point to be taken note of. 
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Now, let us consider the axiom called the impossibility of land 
of Cockaigne (Koopmans, p.50.): 

{ I - m+l n } (Im.C) x Dx~O , x~O = 0 • 

Next, the indispensability of labour in production can be 
represented as: 

(Id.l) x ~ On and Dx > Om =~ lx > 0 • 

Then, one can show: 

PROPOSI710N 2. (Im.C) ¢=::> (Id.C) • 

Pltoo/.. 
(lm.C) is eqllivalent to the fact that, for \! x ~ On, Ox > Om+l 

does not hold. If one has x ~ On and Ox > Om, then it follows 

that -Lx < 0, i.e., lx > 0: (ld.C) holds. 
The converse is trivial. Q.E.D. 

In what follows, the subsequent assumption will be made: 

(B.2) labour is indispensable in production: (Id.l) holds. 5) 

Investigate next whether or not positive values exist in a von 

Neumann economy satisfying V.S. 
PROPOSl710N 3. Assume V.S. Then, 

w y = l x 

Pltoo/.. 
From (5) and (6), one has 

wy = lD-Dx = lx • Q.E.D. 

PROPOSl7ION 4. Assume V.S., and Ml-value of at least one good 

is positive: wiOm. 

Pltoo/.. 
Since Lx > 0 for y ~ Om, it follows that W! Om in view of 

Proposition 3. Q.E.D. 

As is seen from the above, all the values of products cannot 

be negative. Nevertheless, some products may have negative values, 

which was what Morishima and Steedman argued. 
In order to disclose why negative value becomes possible, let 

the subsequent definition be introduced: 

DctINl710N 1. (In/.€ltiolt PItOC€~~€~) Processes belonging to category J 

are said to be inferior to processes belonging to category I (with 

respect to product s), if there exis t kt ~ 0 such tha t 

(7 ) 
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(> for product s), where I, JC{I, •••• n}. In J =0 and ;{i is the 
- 6) i-th column of D. 

Unambiguously, inferior processes of J produce, in comparison 

with processes of I. less net amount of product s with a greater 

amount of input. It should be observed here that the inferiority 

of processes does not depend on the valuations of goods. 

Then, one can show: 

7fltOR£f'l 1. Ml-values are positive. if and only if there is no infe

rior process operating in the economy. 

P//.oo!-. 

One has only to apply Stiemke 's theorem. In fact. the operation of 

inferior processes is equivalent to the sol vabili ty of D Z > Om+l , 

which is in turn equivalent to the fact that there exists no positive 

solution wD = 0 n Namely, in such a case, there exists 

no w > Om' where w = (w,l) • (Cf. Lemma 13.) Q.E.D. 

Having a closer look at the "only if" part of the theorem, the 

information on which goods have nonpositive values can be obtained. 

COROLLARY. At least one of the values of the goods, in the produc

tion of which some processes are inferior, is nonpositive. 

P//.oo!-. 

Without loss of generality, one may divide the processes and 

goods into two groups: processes I are not inferior, whilst proc

esses II are inferior to I in the production of good II. No proc

ess is inferior in the production of good I. Then, one can parti

tion D, Land w as: 

D , L 

Equation (4) can be rewritten as 

(8 ) 

whereas, for a Z 

(9) 

wID I r + wrr DI[ ] Lr 

wID I I[+ wI[ Drr I[ Lrr 

t(ZI'Zrr) ~ On, (7) is written as 

DI r zI == DI rrzrr 

DrrI zI > DlIlIz lI 

LI zI ,;;, Lrr zlI 
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Postmul tiply the two equations in (8) by zI and Z:o: respectively, 
and subtract both sides of the results. In view of (9a) and (9c); 
one has 

wI[( OI[ IZC OI[I[ zrr> < 0 • 

In the light of (9b), wI[ t Da;> , where a = card. J • Q.E.D. 

It must be observed tnat one cannot say anything about wI. 

The above theorem and its corollary expound why Horishima and 

Steedman encountered negative values: their counterexamples contain 
inferior processes. 7) 

3. Productiveness plays a central role in a Leontief economy, 

being equivalent to the existence of positive HI-value. Such a 

strong duality, however, does not hold in a von Neumann economy. 

Neither the solvability of the value equation nor the inferiority 

of processes depends on the productiveness of the economy. This is 

the third point to be taken note of. 

A class of von Neumann economies as a straightforward extension 
of the Leontief economy may be formed as follows. 

First, it is easy to see that a strongly productive economy is 
an immediate extension of the Leontief economy, if V.S. is satisfIed. 
In a strongly productive economy, one has: 

PROPOSl710N 5. Assume V.S. Then, S.Pd.C.==~ w > 0 
= m 

In fact, 

The core 

that 0- ~O . 
(P.g.I) 

in view 

of this 

Hence, 

3 0 

of Proposition I, one gets, w = L 0- ~ Om 
straightforward extension resides in the point 

the class of von Neumann economies satisfying 

~ 0 • 

may be considered. It is easy to see that P.g.I. is weaker than 

S.Pd. C. 

In the ensuing discussion, P.g.!. is often referred to, because 

the class of economies satisfying this presents an interesting angle 

to the argument of the value theory in the von Neumann economy case, 

and not because it is of importance. 
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§ 2. Alternative definitions of value. 

The aim of this section is to introduce alternative definitions 

of value and investigate their equivalence. 

The second definition of the value of goods by Marx; i.e., M2 -value, 

is defined by the amount of labour directly or indirectly necessary 

for the production of a uni t of its net product. (Definition 1-4 ) .• 

As opposed to the Leontief economy case, M2 -value cannot be 

defined in terms of equality, because a general joint-production 

system cannot produce only a unit of net product of a certain kind 

without extra output of other kinds of product. Therefore, M2 -value 

should be formulated in terms of an inequality. 

Let 

w* 1 x m M2 -value vector, 

and M2 -value is defined by 

(10) * . { L iD i i xi~ . On } w. = m~n x > _ ~ x =e , • 

Then, one can show: 

7H[OR[N II. There exists a unique M2 -value in a productive von 

Neumann economy: Pd. C. ===» 

P/too!-. 

3 w* > ° m 

If Pd.C. holds, then the linear programming problem (10) has 

an optimum solution, and hence w! is unique and nonnegative. 

Q.E.D. 
That is, M2 -value is related to the productiveness of the 

economy. 

Compare Ml-value with M2 -value, and one has: 

PROPOSI7ION 6. Assume Pd.C. and V.S. 

(i) If Ml-value is positive, then it does not exceed M2-value: 

w ~ Om ===» w* ~ w • 
(ii) Ml-value is equal to M2 -value, if and only if S.Pd.C. holds: 

w = w* ~==» S.Pd.C. 

P/too!-. 

(i) Premultiply (10) by w = LD- (~Om)' and one has 

i - i - i Lx = LD Y ~ LD e , 

i. e. , 
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(ii) It is trivial that w* = w if and only if yi= e i for ~ i, 
which is in turn equivalent to S.Pd.C. Q.E.D. 

As is seen from the above, Ml-value does not generally coindide 
with M2-value in a von Neumann economy. The existence of M2 -value 

rests on the productiveness of the economy, but Ml-value is not re
lated to it. On the other hand, in a Leontief economy, S.Pd.C. and 

Pd.C. are equivalent, and V.S. is also satisfied, so that Ml-value 

is equal to M2-value. Moreover, there exists no inferior process 
therein owing to (F.l). This is the fourth point to be taken note of. 

Now, consider: 
DErINI7ION 2. (na4ginal valu£) The marginal value of a product is 
the amount of labour directly or indirectly necessary to increase 

a unit of its net product. This is also termed n 3-valu£. 

Let 

w** 1 x m marginal value vector, 

and it can be formulated as 

(11 ) 

where, 

iii Bx * - Ax * + Y + e 

i n 
x ~O , 

The relationship between Ml-value and M3 -value is made clear 
by the following: 

PROPOSI7ION 7. Assume rank(B-A) m < n. Then, V.S. implies 
w = w** • 

P400/.. 

rank(B-A) = m < n implies that the subspace 1P(D) is an m-

dimensional convex cone, and hence 3 y ~ F(D)· for ¥ i ~ {I } c.. • c.., •• ,m , 

y+e i € 1P(D) • 1t follows that 

so that w = w**. 
w'!E"* = Lx* - Lxi 
~ 

- i LD e , 

Q.E.D. 

Note that w** appears to rest on y, but, as shown by the 

above, it does not in fact do so. 

The product LD itself exists invariably, and if the assump-

tion of the above is satisfied, LD represents M3-value. Since 
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it does not depend on V.S., it is less restrictive than Ml-value. 

Nevertheless, the M3 -value of some goods can be negative. 

Morishima proposed the definition of value as being shadow price. 

DclINI7ION 3.(Opiimum value} An optimum solution of the following 

linear programming problem: 

(1Z) 

is called the optimum value of products with respect to q. 

The dual problem of (lZ) is described by 

(13 ) Min {Lx I Bx ~ Ax + q , x ~ On .} 

The following proposi tion states hbw HI-value and Mz-value are related 

to the optimum value. 

PROPOSI710N 8. Let flo be the set of the solutions of (12). 

(i) Assume Pd.C. Then, AO # 0 . 
(ii ) Assume Pd. C., V. S. and q <;;.P(O). Then, w > 0 implies m 
that Ml-value is an op timum value: w > 0 ===> W E AO • m 

W**E AO• (iii ) Assume S.Pd.C. Then, MZ-value is an optimum value: 

P/1.00/.. 

(1) If Pd.C. holds, it is trivial that (13) has an optimum solution. 

Hence, an optimum value exists. 

(ii) Since q ';P(O) , there exists x = O-q ~ On, for which 

min Lx min LO-q = min wq 

holds; whilst, from AD :; L in (lZ), it follows that 

AOO-q Aq :;LO-q = wq 

That is, w is an 

(iii) There exists 

optimum solution of (12). 

x j = O-e j , and for '\ j h q = L qje , one as 
j 

Namely, 

min Lx = min LO- L q .e j 
J 

w'!" = A •• if q = e j . 
J J 

Q. E. O. 

Optimum value, defined in terms of the inequality, will be dis
cussed in the next chapter. 

In what follows, the following assumption will be made: 

(B. 3 ) The economy is productive: Pd.C. is fulfilled. 
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§ 3. Profitability and reproducibility -- The fundamental Marxian 

theorem. 

1. The ultimate purpose of capitalist production is the production 

of profit and its appropriation. The fundamental Marxian theorem 

that grasps surplus value as the source of profit has,been,challenged 

by Steedman as mentioned in the introduction to this chapter. 

First, let the rates of surplus value and surplus labour be 

formulated as before. Let, as usual, 

F m x 1 wage goods bundle, 

and make the following condition: 

The rate of surplus value can be defined as 

(14 ) )l (w) = 1- - 1 , 
wF 

if the amount of value created by a unit of labour is normalized as 

unity. )l() indicates that JI depends on the valuations of goods. 

As is easily seen, if V. S. holds, )l can he evaluated •. Ml-value 
however, is not unique. so the magnitude of the rate of surplus 
value cannot be determined uniquely. 

Now, the necessary output vector can be extended to the 

necessary intensity vector: let 

n x 1 necessary intensity vector, 

and this is defined by 
(I 5) 

Then, the rate of 

(16 ) 

Dx = FLx • 

surplus labour can be defined by 

Lx TJ=--l. Lx 
Consider here a dual condition of V.S. concerning the wage 

goods bundle: 

(Wg.C) F £ P (D) • 

This condition means that the economy can produce the exact 

amount of goods necessary for the reproduction of labour-power 

without any extra amount of products. In such a case, (I5) can be 

solved with respect to x: Wg.C. implies 
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(17) 

The converse, however, is not true. 

As for the two definitions of surplus, one has: 

PROPOSI7IOI 9. If V.S. and Wg.C: hold, then 

(18) jl(w) = T] • 

PlI.oot. 

From V.S. and Wg.C., it follows that 

Lx = LD-FLx = wFLx • 

Hence, from (14) and (16), (18) holds. Q.E.D. 

The set of dual conditions, V.S. and Wg.C., holds in a produc

tive Leontief economy, because Pd.C., being equivalent to S.Pd.C. 

therein, ensures Wg.C. as well as V.S. Hence, the following corol

lary is trivial: 

COROLLARY. Assume V.S. and S.Pd.C. Then, jl(w) = T] • 

Observe that 

and that 

jl(w**) = u(w) , 

in so far as the condition specified in Proposition 7 is fulfilled. 

2. Let us next consider profitability in general. Let 

P 
II 

1 x m 
1 x n 

and write, 

(19) 

valuation vector, 

processwise profit vector, 

M = A + C , C = FL , H = B - M • 
The profitability condition is now expressed by 

3 
(Pf.C) p ~ Om : pH > On 

The profit vector is defined by 

(20) II=pH. 

It is plausible to suppose that profit accrues if no wage is 

paid. Hence, the primitive profitability condition may be intro

duced: 

(P.Pf.C) pO > 0 • 
n 

This condition is always fulfilled in a productive Leontief economy. 

Now, the following theorem can be established: 
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7HEOREn III. (randamenial na~xian iheo~em) Assume Wg.C. 

(i) If an economy is profitable, then the rate of surplus labour 

is positive: Pf.C. ==='> n > 0 • 

(ii) Suppose V.S. holds. Profitability implies the positivity of 

the rate of surplus value: Pf.C. and V.S. ==='> u(w) > 0 .8) 

P~oot. 

(i) Pf.C. implies that there exists p > Om' such that 

pO - pC > On 

Postmultiply this by O-FLx > On, and one has 

(pOO-F - pCO-F)Lx = pF (Lx - Lx) > 0 • 

Since p ~ Om and F ~ Om, it follows that pF > o. Hence, 

Lx - Lx > 0 , i.e., n > 0 • 

Q. E. O. (ii) Trivial in view of Proposition 9. 

COROLLARY. Assume P.Pf.C. and P.g.I. 

of surplus value implies profitability: 

The positivity of the rate 

u(w) > 0 ==='> Pf.C. 

P~oot. 

If U > 0 , there exist p ~ Om 

p = ITO- O-Fw )-1 

and IT > ° n such that 

in the light of P.g.I. and Lemma 7. Then, one has 

pO - pFLO-O = ITO 0 • 

Hence, from V.S. and P.Pf.C., there exist 

that pO - pC = II> On • 

p > 0 - m and II > Osuch 
n 
Q.E.D. 

As is made clear by the above theorem, Steedman's counterex

ample concerns the economy that does not fulfill Wg.C. 

3. The surplus condition can be written as: 

(S.C) 3 x ~ On: Hx > Om. 

Let 

s m x 1 surplus products vector, 

and this is determined by 
(21 ) s = Hx • 

The relationship between reproducibility and the rate of surplus 

value is expressed by the following: 
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PROPOSl710N 10. Assume V.S. 

(i) If w ~ Om' then S. C. implies lJ > 0 • 

(li) Suppose Wg.C. and P.g.I. lJ > 0 implies S.C. 

PJtoo/.. 

(i) S.C. implies that there exists x ~ On such that 

Ox - Cx > Om. 

Premultiply this by w LO- ~ Om' and it follows that 

LO-Ox - LO-Cx > 0 , 

so that, in view of V.S., 

Lx - wFLx = (l-wF)Lx > 0 • 

Since Lx > 0 from (B.2), one has l-wF > 0 , Le., lJ > 0 • 

(ii) Write tentatively v = 0 F. Then, wF Lv, so that 

1 )-1 (I-Fw)- ~ ° is equivalent to (I-vL ~ ° . (Cf. Lemma 7.) 

If lJ > 0 , then from the assumption, there exist x ~ On and 
s > Om fulfilling 

x = 

Then, it follows that 
Ox - OO-FLx = OO-s , 

which is reduced to 

Ox - Cx = s , 
in the light of Wg.C. and Pd.C. 

In summary, one can state: 
Q.E.D. 

7HEOREN IV. Assume V.S.; Wg.C., P.Pf.C. and P.g.I. The positivity 

of the rate of surplus value, profitability and reproducibility are 
al·l equivaler.t. 

That is, the strong fundamental duality of profitability and 
reproducibility, as observed in a leontief economy and a narrow 

plain economy, does not hold in a von Neumann economy. It now rests 

on the set of dual conditions, V.S. and Wg.C., and the positive val
uations of products. This is the fifth point to be taken note of. 

4. Let us introduce the rate of profit. As usual, let 

1f profit rate. 

The equilibrium profitability condition is written as 

(E.Pf.C) 

(22 ) 

a 1f > 0 , p ~ Om : 

pB = (I+1f)pM • 
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It is trivial that E.Pf.C. implies Pf.C., hence Theorem III 
can apply. Consider here, however, its converse. 

Introduce the subsequent condition: 

(P.Pf.C' ) 

which is a modification of P.Pf.C., and make the following two 

assumptions: 

(B.4) 

(B. 5) 

1m M > On 

P. PF. C'. holds. 

Assumption (B.4) means that in each process direct and/or 
indirect input is required. 

The fundamental Marxian theorem with respect to the equilibrium 

profit rate is stated as: 
7HEORE~ V.(Tundamenial ~a4xian iheo4em) Assume Wg.C. 

(i) Equilibrium profitability is equivalent to the positivity of 

the rate of surplus labour: E.Pf.C. <!:=~ n > 0 • 
(ii) Suppose V.S •• Equilibrium profitability is equivalent to 

the positivity of the rate of surplus value~ E.Pf.C. <!:=~ ]J(w) > o. 

P400t. 

(i) In view of Wg.C., one has 

by this, and it follows that 

poi = pci + .pMi • 
Namely, 

O-FLx > on. Postmultiply (22) 

'ffpMi = pF(Lx - Li) = pFnLi • 
If pF = 0 , • > 0 is ensured by (B.5). The converse is true 

in the light of Theorem III. 

If pF >0, then, owing to (B.4), 7T>0 <!:=~ n>o. 

(ii) Trivial in the light of Proposition 9. Q.E.D. 

As shown by this theorem, the set of dual conditions, V.S. and 

Wg.C., is crucial in the explanation of the positivity of the profit 
rate by the positivity of the rate of surplus value based on Ml -
value. If the two are satisfied, the fundamental Marxian theorem 

holds true, even if some values are not positive. 

5. The determination of the production prices and the profit rate 

by (22) may be regarded as an extension of that in a Leontief econ-
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omy, if some additional conditions are satisfied. 
PROPOSl710N 11. Assume V.S., Wg.C., P.g.I. and rank H = m 9). 

Then, 1f > 0 and p ~ Om are determined by the Frobenius rx>ot of Q= 
MH- and the eigen vector associated with it as: 

1f = _1_ , P = ~(tQ) • 
p (Q) 

P/l.oo/-. 
1f and p satisfying (22) also fulfil pH = 1fpM , I.e., 

p = 1fpMH- , 

in view of Lemma ll(ii). 

Now, V.S. implies R(tC) ~ R(tD) ,and E.Pf.C. implies p > 0 

owing to Theorem IV, so that it follows that 

H-= D-(I-Fw)-l ~ 0 • 

Hence, MH ~ o. Therefore, Frobenius' theorem can apply. Q.E.D. 

§ 4. Transformation theorems. 

1. The purpose of this section is to show that the transformation 

of Ml-value into price is possible in a certain restricted von 
Neumann economy. 

Let us consider a transformation formula in the von Neumann 

economy case on the basis of Proposition 11. Consider the following 

sequences {wt} and {1ft} : 

(23 ) 

wt.Mx ' 

where o n 10) 
w = w • x e::R+ • 

Repeating (23), one has: 
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PROPOSI7ION 12. For any x £ ~~ the following holds: 

w t+l Hx = w t • Hx , (t = 0,1, 2, • •• ). 

In fact, postmultiply (23a) by x, and take (23b) into account. 

The conclusion soon follows. 

This proposition shows that the transformationl formulae spec

ified by (23) transform values into prices keeping the total profit 

equal to the total surplus value in each iteration step. 

PROPOSI7ION 13. Assume that V.S., Wg.C., P.g.I. and rank H = m hold, 

and that Q = MH- is indecomposable and stable. If ~ > 0 , then: 

(i) The sequence generated by (23) is convergent, and 

p** lim t e(tQ) = w 
t...>oo 

lim t 1 
1f 1f 

t...>oo p (Q) 

(ii) p**Hx = wHx 

P/l.oo!-. 

(i) Since rank H = m , (23a) can be rewritten as 

t+l 
1f t wt 'MH-w 

Now, ~ > 0 implies that (I-Fw)-l~ 0 , i.e., H-~ 0 in view of 

Lemma 7. Hence, Q MH-~ O. Because of the indecomposability 

and stability of Q, the convergence of the sequences generated by 

(23) is proved in the same manner as in Okishio(4).11) 

(ii) Trivial in the light of Proposition 12. Q. E. D. 

The price vector p** satisfies (12) by dint of Proposition 11. 

It represents an absolute production price in the sense that it is 

normalized so as to yield the equality of the total profit and the 

total surplus value. 

2. In the case of transforming Ml-value into price, Proposition 1-

7 can be formally extended to: 

PROPOSI7ION 14. If any two of the subsequent three equalities, i.e., 

pBx wBx 

p Mx wMx 

pHx wHx 

hold true, then the remaining one is also true. 

(The proof is trivial.) 
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Since p = p** implies the equality of the total profit and 

the total surplus value (pHx = wHx), total pric!l ± total value is 

now equivalent to total cost price = total cost value. In order 

to investigate this a little further, let us consider the dual 

aspect of (22). 

c 
g 

Introduce the von Neumann growth path. Let 

n x 1 von Neumann proportion, 

von Neumann growth rate. 

These are determined by 

(24) 

The set of gC and xc, thus defined in terms of equality, defines, 

together with 1T and p in (22), the von Neumann equilibrium in the 

present restricted economy. 

PROPOSI7ION 15. Assume V.S., Wg.C., P.g.I. and rank H = m • Then, 

n > 0 implies that 

the Frobenius root of 

with it as: 

c 
g 

Q* = H M 

are determined respectively by 

and the eigen vector associated 

1 

p (Q*) 
P/l.oo/-. 

Wg. C. R(C)~R(D), so that H = D(I-D-C) = D(I-vL), 

where v = If n > 0 , then ( -1 I-vL) ~ 0, owing to Lemma 7 t 

and hence it follows that 
H (I_vL)-lD- ~ 0 • 

Namely, Q* = MH ~ 0 , because of Lemma 12. 

satisfying (24) also fulfill 
xC gCQ*x c 

the rest of the proof is trivial in view of lemma 2. Q.E.D. 

Now, in the present case, the following can be derived: 

COROLL~RY. (i) 1T = gC. 

(li) 

(iii) 
7T = \l 

(The proof is trivial.) 

Thus, it is seen that in the class of economies considered 

here, the transformation of values into prices is possible. 
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§ 5. Conclusions. 

1. The discussion developed in this chapter shows how the concepts 

which are equivalent in the Leontief economy case are different in 

the von Neumann economy case, and, at the same time, displays the 
difficulties of Marxian value theory which is based on the value 

equation: five related points are mentioned in our discussion. 

The solvability of the value equation in a von Neumann economy 

is severed from the productiveness of the economy, so that V.S. it

self should be assumed in the Ml-value based analysis. Ml-value is 

no longer equal to MZ-value in general. 
It must be emphasized that the straightforward fundamental 

duality between profitability and reproducibility does not hold in 

the von Neumann economy case. In order to establish it, some con
tions and especially nonnegative values are seen to be necessary. 
This leads to the introduction of the concept of value. This is 

one of the most important results obtained in this chapter. 

As Ml-value differs from MZ-value, so does the ra te of surplus value 
differ from the rate of surplus labour. In order to prove t·he funda

mental Marxian theorem on the basis of Ml-value and the rate of sur

plus value, the condition on wage goods, Wg. C., should be intro'duced 

together with V.S.: these two constitute a dual set of conditions. 
If Wg.C. is not fulfilled, Steedman's counterexample makes sense. 

Note that if Wg.C. is fulfilled, the fundamental Marxian theorem 
can be established in terms of the rate of surplus labour, even if 

V.S. does not hold. This gives an important clue to the further 

generalisation of Marxian value theory~ 

z. Even if Ml-value exists, its positivity is not related to the 

productiveness of the economy. Ml-value is positive lf and only if 
there is no inferior process operating in the economy. 

Steedman maintained, however, that at a sufficiently high rate 
of profit even an inferior process can be operated. 

Steedman's criticism here is made on the basis of the wage-profit 

curve theory. Let us note, however, that the discussion of the 

choice of techniques based on the wage-profit curve does not take 

into account the dynamic aspect of how techniques are chosen. 



Since the employment of a process is commenced by investment, 

let us ask in which phase of the economic dynamic process, especially 

business cycles, investment embodying new techniques is made. A 

possible Marxian explanation of bu~iness cycles and the choice of 

techniques would go as follows: investment embodying new techniques 

is started in the d~pression phase, and not in the boom phase: in 

the depression phase, a huge amount of capital is scrapped and new 

processes embodying advanced techniques will be introduced; in the 

boom phase, investment will be made extensively, not necessarily 

accompanied by technical development. If this were to be the case, 

techniques employed at a very low level of the profit rate in the 

depression phase could never be inferior, and hence positive values 
of goods would be obtained. 

3. Nevertheless, it is obvious that the above Marxian view is a 

weak explanation. What is learnt from Theorem IV is that values 

should be positive and they must be related to the evaluation of 
the rate of surplus, so that a more relevant explanation is required. 

As pointed out in the above, there is room for the concept of 

M2-value and the rate of surplus labour to be generalised further: 

the condition Wg.C. is required in the proof of the fundamental 
Marxian theorem based on surplus labour in this chapter simply 

because the necessary intensity vector is defined in terms of the 
equality. This generalisation will be made in the next chapter. 



CHAPTER IV 

MARX-VON NEUMANN'S THEORY OF VALUE 

In troduction. 

The theory of value based on the system of value equations 

comes up against a crucial difficulty in a von Neumann economy, 

unless the additional conditions as discussed in the preceding 

chapter are fulfilled. To presuppose such conditions will, need. 

less to say, circumscribe the validity of Marx's theory of value, 
If the value equation is not solvable, the rate of surplus val

ue cannot be evaluated. There still remains the possibility, how

ever, that the rate of surplus labour reflects the volume of surplus. 
How then is the rate of surplus labour defined in general terms? 

Although Morishima put forward a criticism of Marx's value 

theory with Steedman, he went a step further to pave the way for the 

generalisation of Marx's value theory: he reconstructed Marx's val

ue theory in terms of the inequality d la von Neumann, and discussed 

the relevance and significance of the fundamental Marxian theorem. 
The discussion of the fundamental Marxian theorem and related topics 

d la von Neumann, originally adovocated by Morishima(5) and 
Morishima-Catephores, is called Marx-von Neumann's theory of value 

in this volume. 

The purpose of this chapter is to place Marx-von Neumann's 

theory of value in the development of value theory. 

The same framework and the notation as employed in Chapter III 

will be used and similar assumptions will be made. The basic as

sumptions are: 

(B. 1) A ~ 0 , B ~ 0 • L > 0 • F 2: Om . = n 

(B.2) x > On and Ox / 
Om ===:> Lx > 0 

= 
(B.3) The produotiveness oondi tion holds: 3 x ~ On: Ox ~ Om , 

(W,Pd.C). 

Note that the set of techniques A, Band L in this chapter 

is that of technically possible techniques. Also note that the 

produotiveness condition can be weakened here. The remaining as

sumptions and conditions will be introduced as the discussion 

proceeds. 
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§ 1. The theory of optimum value. 

1. In order to evaluate the amount of surplus in general terms, let 
us begin with the following definiton: 
Dl7INI7ION 1.rnlnlmum n~c~44a4Y ialou4) The smallest amount of la

bour necessary for the production of the wage goods distributed to 

the workers is called minimum necessary labour. 

Let 

xa n xl: actual intensity vector, 

and for a given xa , consider the subsequent linear programming 

problem: (LP.A) 

(1 ) Min { Lz I Bz ~ Az + FLx a , z ~ On } 

It is easy to see that the minimum magnitude of this gives the 
amount of minimum necessary labour. It is also seen that the prob

lem represents the maximisation of the productivity of labour. In 
what follows, let a minimiser be called: 

ZO n xl: necessary intensity vector. 

Since minimum necessary labour represents how much the actually 
employed workers exert their labour so as to produce the wage goods 
they receive, it is natural to state: 

Dl7INI7ION 2.rSU4piu4 ialou4) Surplus labour is the actual expend
iture subtracted by minimum necessary labour: 

surplus labour = Lxa_ Lzo • 

This is a natural extension of the definition of surplus labour 

previously made. Then, the rate of surplus labour can be defined by 

(2 ) Lx a 
11=---1. 

Lzo 

This is formally the same as the traditional definition. 

PROPOSI7ION 1. The rate of surplus labour is uniquely determined. 
P400/.. 

(LP.A) is feasible in view of (B.l), and Lz > 0 from (B.2). 
Namely, the objective function is bounded from below. Hence (LP.A) 

has an optimum solution, and Lzo= min Lz is unique. (Cf. Lemmas 15-
1 7. ) 

Note that the proportion of ZO does not depend on 
Q. E. D. 

a 
x • 

2. Consider the dual problem of (LP.A). It is stated by: (LP.B) 
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(3) Max { AFLxa I AB ~ AA + L , A ~ Om.} 

As mentioned by Definition 111-3, an optimum solution of (3) de
fines the optimum value with respect to FLx a • 
DCflNl710N 3.rn4-value) An optimum value with respect to FLx a is 

called M4-value, or simply optimum value. l ) 

The optimum value is the shadow price of products with respect 

to the minimisation of labour necessary for their production. Let 

AO I x m: M4-value vector, 

and, as mentioned by Proposition 111-8, a nonnegative M4:value exists 
in a productive von Neumann economy. Note that the proportion of 
AO does not depend on xa. 

In view of the duality theorem of linear programming, one has 

(4) Lz o = lIoFLx a • 

The maximum value of (3), i.e., AOFLx a , represents the volume 

of wages in terms of M4-value, and hence is regarded as paid labour. 
Thus, the rate of unpaid labour may be defined by 

(5) 

so 

u' = 
Lx a _ AOFLx a 

AOFLxa 

Next, net products are represented by 
a (B-A)x a y = , 

that surplus val ue in terms of M4-value is given 

surplus value = AO (B-A )x a _ AOFLxa . 
Therefore, the rate 

(6) u = 

of surplus value 

11° (B_A)xa _ lIoFlx a 

AOFLx a 

can be defined 

by 

by 

The relationship among these three rates of surplus is stated 

by the following proposition: 

PROPOSl710N 2. n = u' ~ u • 
Pfl.OO/.. 

From (4), n u' is trivial; whereas, from (3), one has 

AO(B _ A)xa ~ Lx a , 

and hence, 
110 (B-A )x a _ lIoFLx a ~ Lx a _ Lzo , 

by dint of (4). Thus, n ~ u Q.E.D. 

Accordingly, it is seen that the rate of surplus value, which is 

not uniquely determined, is an incomplete measure of exploitation. 
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§ 2. The fundamental Marxian theorem, generalised. 

1. As opposed to the leontief economy case in which the quantita

tive as well as qualitative aspect of equilibrium is made clear by 

Frobenius' theorem, only a little has been known about equilibrium 

in the von Neumann economy case. The theory of von Neumann equi

librium concerns chiefly the qualitative aspect of equilibrium. 

Given the technical matrices and the wage goods bundle, the 

von Neumann equilibrium can be defined by the solutions of the 

subsequent problems: 

(7) 

(8 ) 

w 7T 

w p 

c g 

c x 

Min {7TW I pWB ~ (1+7Tw)pwM , pW > Om} • 

Max {gC I Bx c > (l+gc)Mx c , XC > On 

let, as usual, 

warranted rate of profit, 

1 x m von Neumann price vector, 

von Neumann growth rate, 

n x 1 von Neumann proportion, 

and the von Neumann equilibrium is described by the quadruplet, 
(7TW, pW, gC, xc). 

Now, let the subsequent assumptions be made: 

(B. 4) BIn > Om, 1 M > ° m n 

The first assumption here means that each type of good is produced 

by at least one process. (As for the second, see p. 59. ) 

The following proposition is well-known: 

PROPOSl710N 3.(i) There exists a von Neumann equilibirum, with 

7TW ~ gC 

(ii) 7T ~ 7T W , if 7T is the profit rate satisfying 

pB a = (l+7T)pM a , p > 0 , - m 
where and are respectively output and augmented input 

matrices of the engaging processes. 

(As for the proof, refer to Klein, pp.358-67.) 

Let us note that the theory of von Neumann equilibrium concerns 

mainly the qualitative aspects of equilibrium~ in the sense that it 

discusses the existence of equilibrium and establishes the inequality 

concerning the von Neumann growth rate and the warranted profit rate. 
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Nevertheless, von Neumann equilibrium does not exclude the case 

in which the economy is contracting. Since von Neumann equilibrium 

concerns the possibility of growth and profitability, such a case in 

which the von Neumann growth rate, for instance, is nonpositive is 

economically meaningless. Then, one has to ask under which condi~ 

tions von Neumann equilibrium makes sense -- gC> 0 and/or 1T W> o. 

It was Morishima that discussed the relationship between von Neumann 

equilibrium and the rate of surplus labour on the basis of the above 

problem. He thus shed light on the most important problem of modern 

growth theory. 

Let P.Pf.C'. of Chapter III(P.59) be extended as: 

(B.5) min { 1TM I pMB ,$ (1+1TM )pMA , pM ~ Om • } > 0 • 

This means that if wages are not paid, the warranted rate of profit 

can be positive. 

Then, Morishima demonstrated the following propositions: 

PROPOSI7LON 4. 'l > 0 implies 1Tw > 0 • 

In fact, from (1), (2) and (7), it follows that 

wow 0 'lP FLz ,$ 1T pMz , 

and the conclusion is soon obtained. 

PROPOSI7ION 5. gC > 0 implies ).1' > 0 • 

In fact, premultiply (8) by AO , and postmultiply (3) by 

It soon follows that 

gC AOMx c ,$ ).1' AOFLx c 

Hence, the conclusion follows. 

7~cORcN I. (fundamental Na~xian theo~em, gene~ali~ed) 
W 

1T > 0 , 

gC > 0 and n > 0 are all equivalent. 

c x • 

(As for the detail of the proof of these three propositions, see 

Morishima(~, pp.619-21, or Morishima-Catephores, pp.51-3.) 

2. Some additional discussion will be made here on an extension of 

Morishima-Seton's equality. 

The organic composition of capital in terms of M4 -value is ex

pressed as 

(9) 
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Although the magnitude of the denominator is given by the maximum 

value of (LP.B), and hence is unique, that of the numerator is not 

unique. Hence, note that ~(Ao,xa) itself cannot be unique. 

Define the maximum equilibrium growth rate as 

(10) 

Then, one can show: 

7HEOREn II. (rundamenial na~xian in€qualiii€~)3) 
(1) gM < ~ 

=~(Ao,xa)+l 

(ii ) 

where ~*(xc) = ~(pw,xc) and ~* = ~(pw). 
P~oot. 

(i) Premul tiply (10 ) by Ao(x a ) , and, in view of (6) and (9) , the 

inequal i ty soon follows. 
a (ii) The third inequality can be proved by applying (1) to the x = 

case. 

(i) : 

The first inequality can be derived in the same manner as in 

postmultiply (7) by xc, and rearrange the result. 

Needless to say, the second comes from Proposition 3. Q.E.D. 

The above (ii) gives an extension of Morishima-Seton's equality. 

The inequalities shown here hold with equality in the Leontief eco-

nomy case. 

3. How is the von Neumann equilibrium influenced by changes in 

the rate of surplus value? 

(11 ) 

where 

f 

c 

(2' ) 

Let the wage goods bundle F be rewritten again as 

F = cf , 

m x 1 standard wage goods vector, 

the number of units of the standard wage goods bundle. 

The rate of surplus labour can be vewritten as 

Lxa 
TJ = --:-=;.:.:...-:-- - 1 • 

AOcfLx a 

It is easy to see that M4 -value, AO , does not depend on c, 

and that if x a is not influenced by c, cAofLx a is an increasing 

function of c. Hence, TJ is a continuous function of c, and 
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(1Z) dn' dc > 0 • 

Now, take two different magnitudes 

to different and and write 

nl and nZ correponding 
c c 

Mi= A + cifL , 9i ' xi and 

where i = 1 and Z, corresponding to these two. Then, one has: 

PROPOSI710N 6. nl > nZ implies g~ > g~ and w w 'lT1 ~ 'lTZ • 

P400/.. 

From (lZ), nl> nZ implies MI ~ MZ ' Then, one has 

Bx~ ~ (l+g~)Mzx~ ~ (l+g~)Mlx~ • 

Now, by the definition of c gl ' one obtains Likewise, 

Q.E.D. 

This proposition means that the interval ('lTW,gC) tends to shift 
upward if n is increased. The Marxian interpretation of this is 

that decreases in real wages are based on harder exploitation in the 

capitalist economy. 

§ 3. Concluding remarks. 

1. It has been shown so far that the fundamental Marxian theorem 

can be extended to the von Neumann economy case, and that the con

cept of optimum value is significant for the fundamental Marxian 

inequal i ties. 

What was advocated by Morishima as the most relevant extension, 

however, was not the optimum value as discussed above, but "true" 

value.(Morishima-Catephores, p.37.) 
DErlNl710N 4. (74ue value} The minimum necessary labour for the pro

duction of a composite commodity Y is called its true value: 

(14) A~= min { Lz I Bz > Az + Y , z ~ On. } 

Needless to say, the true value of good i is given by 
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Therefore. it is easily seen that the true value of good i is its 

M2-value. 

A remarkable property of the true value is that it is not addi

tive: the following inequality holds. 

A~ ~ U.\ ..... AO m)Y • 
e e 

Various critical comments have been made with respect to the 

nonlinearity of optimum value and true value. It must be noted. 

however. that the linearity of the valuation of goods is On no account 

necessary in so far as the fundamental Marxian theorem is concerned. 4 ) 

It must be observed. moreover. that the true value is no longer 

related to Marx-von Neumannls theory of value: the propositions in 

§§l-2 are not dependent on the concept of true value. The true value 

satisfies the three conditions of value stipulated by Morishima, but 

it has not yet been shown whether or not the true value is effective 

as a weight of aggregation. 

An important role is played by the concepts of minimum neces

sary labour and optimum value. The concept of minimum necessary 

labour alone suffices to show the fundamental Marxian theorem. but 

the notion cf M4-value is indispensable in establishing the growth 

constraint and the fundamental inequalities. 

Hence. the true value as introduced by Morishima may not be the 

"true" extension of M2-value. M2-value should be generalised in 

such a way that value is the shadow price of the composite commodity 

representing wage goods. 5 ) 

2. The theory of optimum value comprises the theory of value 

developed in the Leontief or narrow plain economy case. 

The discussion made in the following context of "M 2-value --~ 

the rate of surplus labour --~the fundamental Marxian theorem and 

the fundamental inequalities" is completely reconstructed in Marx

von Neumann IS theory of value. Moreover, it is seen that the gener

alised fundamental Marxian theorem now manifests the fundamental 

duality once discarded in Chapter III: the positivity of the rate 

of surplus labour is necessary and sufficient for the fundamental 

dual ity to hold. 

It is also easy to see that if TIw > 0 and pW ~ Om' then 

AO > 0 This can be construed as the value basis of price. albeit 
m 

in a weak sense. 
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3. It is worth mentioning that the rate of surplus labour is 

measured in a set of techniques that minimises the expenditure of 

labour, and that this set is usually different from the set which 

determines the ongoing profit rate. This can be illustrated by the 

following figure. 

w 

A 

B 

0 

Write 

I(x) is the 

I e{l, •• ,n} 

index set 

of operation x. 

FIGURE 

, and 

of the 

Suppose that a particular 

the enqaging processes I(x a ), 

IV-l • 

W 
1T 

I(x) = { i £ {l, •.• , n} I xi > 0 } , and 

engaging processes for a given level 

xa is given, which fixes the set of 

called technique(I), and that the von 

Neumann equilibrium corresponding to a given F (=cf) is at point C. 

The minimisation of labour in (LP.A), however, fixes a set of 

processes I(zo), called technique(II). Therefore, the rate of surplus 

labour is measured at pOint A on the basis of technique(II), and not 

at point B corresponding to technique (I). 

Nevertheless, it is not necessary to evaluate the rate of surplus 

labour at point B, because the fundamental Marxian theorem states that 

the warranted profit rate at point C is positive if and only if the 

rate of surplus labour at point A is positive. Moreover, since I (zo) 

does not depend on xa , point A represents the state in which the 

minimisation of labour in the given technically possible processes is 
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attained. This is a remarkable feature of the fundamental Marxian 

theorem established here, because the set of the technically possible 

processes does not depend on the market. 

This fact is important when the durability of fixed capital with 

changing efficiency is considered. The economic durability of fixed 

capital depends on the profit rate if its efficiency is changing. 

and is supposed to be shorter than its physical durability. The 

above remark means, however, that in establishing the fundamental 

Marxian theorem it is not necessary to take into account the depend

ence of the economic durability of fixed capital on the profit rate. 

4. Thus, it can be concluded that Marx-von Neumann's theory of 

value succeeds the qualitative aspect of the traditional value 

theory, and as such, is an extension of value theory. 

5. Let us observe here again that the von Neumann equilibrium with 

a positive von Neumann growth rate and a positive warranted profit 

rate concerns the possibility of growth and profitability of an 

economy, and that it is not the actual equilibrium. Nevertheless, such 

an economically meaningful von Neumann equilibrium represents a 

growing economy with positive profit in the sense that its existence 

is equivalent to the possibility of growth -- whether or not balanced 

and the profitability of the economy. 

It is important to note that the theory of von Neumann equilib

rium becomes a truly economically meaningful theory if based on the 

fundamental Marxian theorem. 



CHAPTER v 

REDUCTION OF HETEROGENEOUS LABOUR 

Introduction -- Problems. 

1. Heterogeneous capital has already come up for a wide discussion 

in economic literature, but various types of heterogeneous labour 

having unequal wage rates have been rarely discussed. although they 
are also Qbservable in an economy. The reason for this seems to be, 

at the outset, that one of the aims of economic analysis is to make 

clear the distributional relations between capital and labour. As 

for capital goods, there is no distributional difficulty, even if 
they are heterogeneous, because an equal rate of profit is applied 

to them. 

In Marx's economics, however, which reveals that the expenditure 

of labour forms value, and that it is divided into necessary and 

surplus labour, heterogeneous labour raises an important problem. 
The amounts of different types of labour expended are embodied in 

unequal amounts of labour even if they are expended in an equal 
duration of time, and thus create unequal magnitudes of value, and 

hence enter into the total amount of labour with unequal weights. 

In Marx's economics, therefore, the problem of heterogeneous labour 

concerns production theory. 
Marx naturally took notice of heterogeneous labour. Namely, he 

grasped the heterogeneity of labour as the difference between skilled 
and unskilled labour, and pointed out, albeit very briefly, how skilled 

labour is reduced to unskilled labour. This is called the reduction 

problem in Marx's economics. Nevertheless, this was not developed 

in Capi.tal, and the incompleteness of Marx's treatment was challenged 

by Bohm-Bawerk in later years. It was Hilferding that m·ade if defenoe 

of Marx and showed the correct destination in explaining the reduc

tion of skilled labour to unskilled labour.(Cf.Sweezy(2).) 

2. An overview of the reduction of skilled to unskilled labour 

will be stated here according to Marx and Hilferding. 

When Marx referred to the notion of commodi ty value, he was forced 

to mention the difference between skilled and unskilled labour. That 
is, he wrote: 
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"It (mere human labour) is the expendi ture of simple labour-power, i. 

e., of the labour-power which, on an average, apart from any special 

development, exists in the organism of every ordinary individual. 

Simple average labour, it is true, varies in character in different 

countries and at different times, but in a particular society, it 

is given. Skilled labour counts only as simple labour intensified, 

or rather, as multiplied simple labour, a given quantity of skilled 

being considered equal to a greater quantity of simple labour. 

Experience shows that this reduction is constantly being made. A 

commodity may be the product of the most skilled labour, but its 

value, by equating it to the product of simple unskilled labour, 

represents a definite quantity of the latter labour alone. The 

different proportions in which different sorts of labour are 

reduced to unskilled labour as their standard, are established 

by a social process that goes on behind the backs of the producers, 

and, consequently, appear to be fixed by custom."(I.p.44) 

Marx, however, presupposed: 

"For simplicity's sake we shall henceforth account every kind of 

labour to be unskilled, simple labour; by this we do no more than 

save ourselves the trouble of making the reduction." (I, p.44.) 

As cited above, Marx pointed out the qualitative equality and 

quantitative difference of skilled labour and unskilled labour, and 

the social character of the reduction process, but no detailed 

exposition was made on the matter. Then Bohm-Bawerk, criticising 

Marx, cast a question to the effect that one should know the amount 

of value created by them in order to know the reduction ratios of 

skilled to unskilled labour, but in turn the value of a commodity 
depends on the reduction ratios of skilled labour: Marx's exposi

tion falls into tautology. 

In defence of Marx, Hilferding discussed the social character 

of the reduction process, albeit without an analytical framework, 

and suggested the possibility of reducing skilled to unskilled 
labour in Marx's sense: 

"The value-creating quality is not per se inherent in any labour. 

Solely in conjunction with a definite mode of social organization 

of the process of production does labour create value. Hence, we 

cannot attain to the concept of value-creating labour merely by 

contemplating isolated labour in its concreteness. Skilled 

labour, therefore, if I am to regard it as value-creating, must 
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not be contemplated in isolation, but as part of social labour." 

(Sweezy(2), pp.140-41.) 

Then, Hilferding proceeded: 

"The question consequently arises, what is skilled labour from 

the social standpoint? Only when we can answer this can we expect 

to attain to a position from which we shall be able to recognize 

the principles according to which the aforesaid social reduction 

can be effected. Manifestly these principles can be none other 

than those which are contained in the law of value."(ifid,p.141.) 

A difficulty one encounters here, however, is 1:hat one cannot apply 

the law of value immediately to labour itself. Nevertheless, 

"We must not deduce the higher value which skilled labour creates 

from the higher wage of skilled labour power, for this would be 

to deduce the value of the product from the 'value of labour'." 

(ifid. ,p.141. ) 

"To deduce the value of the product of labour from the wage of 

labour conflicts grossly with the Marxist theory •••• neither 

directly nor indirectly does the wage of a skilled labour power 

give me any information regarding the value which this labour 

power newly creates."(ifid., pp.142-3.) 

Now, how should one explain the reduction of skilled to un

skilled labour in harmony with the law of value? 

"Average unskilled labour is the expenditure of unskilled labour 

power, but qualified or skilled labour is the expenditure of 

qualified labour power. For the production of this skilled 

labour power, however, a number of unskilled labours were requisite. 

These are stored up in the person of the qualified labourer, and 

not until he begins to work are these formative labours made fluid 

on fEhall 01 ~ociEty. The labour of the technical educator thus 

transmi ts, not only value (which manifests i tsel f in the form of 

the higher wage), but in addition its own value-c~Eating powe~. 

The formative labours are therefore latEnt a~ la~ a~ ~ociety i~ 

conce~nEd, and do not manifest themselves until the skilled labour 

power begins to work. Its expenditure consequently signifies the 

expenditure of all the different unskilled labours which are 

simultaneously condensed therein •••••• Thus in (a) single act 

of-the expenditure of skilled labour a sum of unskilled labours 

is expended, and in this way there is created a sum of value and 
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surplus value corresponding to the total value which would have 

been created by the expenditure of all the unskilled labours 

which were requisite to produce the skilled labour power and its 

function, the skilled labour. From the standpoint of society, 
therefore, and economically regarded, skilled labour appears as 
a multiple of unskilled labour, however diverse skilled and un

skilled labour may appear from some other outlook, physiogical, 

technical, or aesthetic."(l'ld., pp.144-5.) 
"The more unskilled labour that skilled labour embodies, the more 

does the latter create higher value ••• "(l'ld., pp.145-6.) 

"Thus the Marxist theory of value enables us to recognize the 

principles in accordance with which the social process of re
ducing skilled labour to unskilled labour is effected. It there

fore renders the magnitude of value theo/U!.tlcally mea.6u/l.a'le." 

(Uld., p.146.) 

In short, one type of labour is skilled labour from the social 

viewpoint, and a greater creativity of skilled labour is fully ex

plained by the law of value: it is not explained by the high wages 

the skilled labour-power receives, but by the transmission of value

creating force from the educators to the educands in the fermative 

precess. This is the outline of Marx-Hilferding 's reduction preblem. 

3. In order to furnish an analytical framework far reducing 

skilled labour to. unskilled labour, let us introduce the theoretical 
concept, skills. 

Man has, in general, the capacity to exert simple, unskilled 

labour. Through education, moreover, he can acquire specific capa

bil i ties which enable him to. perform complex work: these are called 
.6klll.6. They are specialised types of good. 

By introducing the concept of skills, the reproduction process 

ef labour-power is conceptually divided into. two parts: the produc

tion of skills and the consumption of skills, the latter, precisely 

speaking, being the true process in which skilled labour-power is 

produced. 

Skills have both values and use-values: their value is the 

value of skilled labour-power, and their use-vaJue is the function 
to enable workers to perform skilled labour. Since skills are ac

quired by workers, and can exist only if embodied in a worker's 
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body, they constitute the core of skilled labour-power; skills can 

be identified with skilled labour-power, and their use-value with 

skilled labour. 
An industry in which skills are produced is called an education 

sector. Let us note in advance the specificity of the education 

sectors. 
Each production line is the synthesis of the labour process and 

the value-creating and/or augmenting process. One must look at the 

education sectors as such. As a value-creating process, the value 

of skills is produced, whilst, as a labour process, the use-value of 

skills, i.e., skilled labour, is "created." This, however, is not 

a precise expression. What takes place therein is the transference 

of value-creating force from the educators to the educands. Living 

labour is not embodied as dead labour in the education sectors, 

whereas it is embodied as value in the ordinary sectors. 

The specificity of the education sectors will be made clearer 
if the following three types of metamorphosis of labour are dis

tinguished. That is, (i) embodiment, i.e., from living to dead la

bour, (ii) transference, i.e., from dead to dead labour, and (iii) 

formation, i.e., from living to living labour. These metamorphoses 
constitute the cycle of labour. In this cycle of labour, the em

bodiment of labour is a core. In order to close the cycle of la

bour, however, its inverse, from dead to living labour is required, 

but the inverse of embodiment must not take place in the same di
mension as embodiment: when dead labour constitutes the value of 

labour-powcr, its use-value becomes living labour, and acquires the 

potentiality to create value. Thus, the cycle of labour becomes 

closed and autonomously expandable. It should be noted that labour

power is specific in the sense that it is the critical point in the 
cycle of labour. An ordinary industry is the synthesis of (i) and 

(ii), whereas an education sector is that of (ii) and (iii). This 
consideration is the basis fcr solving the reduction problem. 

Another point to be noted here is that the workers in the 

education sectors need to perform self-efforts in order to acquire 

qualified capabilities. 
In the education sectors a given combination of capital goods 

and various types of formative labour is utilized. The amounts of 

capital goods and labour required to produce a unit of skill in the 

education sectors define the educational coefficients. They are 
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defined in the same way as ordinary production coefficients are de

fined. 

It is worth mentioning that in the present discussion workers 
do not possess any means of production to produce skills or skilled 

labour-power, because, according to Marx, workers possess no means 

of production, but they utilize the use-value of all the inputs into 
the education sectors -- for instance they rent a house, and other 

durable consumption goods. 

Hence, it should be observed furthermore that a good called 
skills can be regarded as a composite commodity of both material 

and incorporeal inputs into the education sectors. Skills may be 

said to represent the comprehensive function of those inputs. That 

a worker consumes a unit of skill means that he utilizes this com

prehensive function and reproduces his labour-power. 
For the sake of convenience, the education sector for unskilled 

labour will also be contemplated. Thus, a complete closed economy 

containing the reproduction of labour-power will be expressed by an 
analytical framework. 

4. The distinction between skilled and unskilled labour based on 

the formative process of skilled labour-power is socially most im
portant for the classification of labour into variegated categories. 

Another classification of various types of labour, however, is 

also possible. Heterogeneous labour in general, characterised only 

by unequal wage rates, includes such a peculiar type of labour as 

one based on individual talent or never linked to its formative 

process. 

Nevertheless, according to the stance that the wage goods vector 
corresponding to unequal wage rates represents the requisites for 
the reproduction of qualified labour-power, the reduction of het

erogeneous labour in general will be explained by the use of the 

same framework as applied to the reduction of skilled labour to un
skilled labour. 

The aim of this chapter is to discuss the reduction of heter
ogeneous labour centering around skilled labour. 

In §I, Marx-Hilferding's exposition of the reduction process is 
investigated in the Leontief economy case. Once Okishio(2) (3) and 
later Rowthorn(l) (2) tackled the problem, but in our following dis

cussion a crucial modification will be made to their system of 
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equations to determine values and reduction ratios. After the the

ory of value and surplus value is dealt with in §l, the fundamental 

Marxian theorem and related topics are discussed in §2. Then, §3 

will be devoted to a generalisation of the discussion from the 

Leontief to the von Neumann economy, and from the reduction of 

skilled labour (to unskilled labour) to that of heterogeneous la

bour in general. The final section, §4, introduces the discussion 

made from different angles by other economists on this subject, and 

some concluding notes will be made. 

§ 1. Reduction of skilled labour to unskilled labour in a Leontief 

economy -- The theory of value and surplus value. 

1. An economy with education sectors producing skills is called a 

·Cl06~d L~onti~t ~conomy, if it satisfies (F.l) through (F.3). That 

is, with regard to the education sectors, each sector produces a 

single type of skill, and there is no alternative educational process. 

Suppose that n types of ordinary goods are produced, and that 

s types of labour are employed in the economy. Each type of labour 

is called labour j, j::l,2, •• ,s, and unskilled labour is denoted by 

labour 1.1) 

An industry supplying skill j is called the education sector j, 

and the function of a unit of skilled labour-power j is a unit of 

skilled labour j. A worker who performs skilled labour j is called 

a worker j. Hence, the number of the workers of the same type 

exactly mirrors the amounts of various types of labour. 

The processes are divided into two departments: department I, 

abbreviated as dept.I, produces ordinary goods, whilst department II, 

abbreviated as dept. II, produces skills. As for dept.I, let 

n x n input matrix, 

s x n labour matrix, 
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and, as for dept. II, let 

n x (s -1 ) input matrix for production of skills, 

T*s (s-l) x (s-l): skilled labour matrix for production of skills, 

t* 

E = 

T*= 

nlj 

n2j 

n.= 
J 

1 x (s-1) unskilled labour vector for skills, 

input matrix (0, ES ) 

( : t* 

T*s 

nlj +n2j 

The above 

formative labour matrix, 

the length of (exclusive) education periods for 

worker j, 

the length of working periods of worker j, 

the average life-span of worker j. 

information is assumed to be given. 
Now, one can define: 

DErlNl710N 1. (R€duciion ~aiio) A ratio of value created by skilled 

labour to that by unskilled labour is called the reduction ratio of 
skilled labour to unskilled labour. 

Without loss of generality, the magnitude of value created by 
a unit of unskilled labour can be normalised as unity. 

As for variables, let us denote: 

w 1 x n value vector of ordinary goods, 
s 1 (s -1 ) value vector of skilled labour-power, v x 

VI value of unskilled labour-power, 

v = (vl'vs ) value vector of labour-power, 

yS 1 x (s-l) reduction ratios of skilled labour, 

y I x s reduction ratio vector, 

2. Let us construct a system of equations to determine the values 

of goods and labour-power, and the reduction ratios of various 

types of labour. 

The values of goods are determined by the amounts of value 
transferred from the means of production added to value which is 

newly created by various types of labour. 
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(1) 

The reduction ratios of skilled labour are evaluated, as stated 

by Definition I, by the quantities of value which skilled labour can 

create, Le., potentialities. Since potentialities reside in living 

labour itself, they must be distinguished from value (dead labour) 

itself • 

Another closer look at the formative process should be made in 

advance. The value-creating force of labour exerted by the educators 

in the formative process is transmitted to the educands entirely: 

the value-creating force is retained by the educands in the form of 

living labour. On the other hand, goods invested in the formative 

process also transfer their values to the products of the process, 

because they are used up in production. Their value, however, is 

already embodied, as dead labour. The dimension of dead labour 

should be clearly distinguished from that of living labour. More

over, according to the law of value, the value of goods, or dead 

labour, cannot be immediately transformed into value-creating 

force, or living labour. Thus, the value of capital goods in the 

education sectors cannot be added to formative labour of the edu

cators, and hence cannot enter into the reduction ratios of skilled 

labour. Consequently, the reduction ratios are determined by th~ 

formative labour of the educators and the self-efforts of the educands. 

Now, since the total amount of skilled labour which worker j 

performs during his working periods, n 2j , is equal to his own self

efforts over his life added to the amount of formative labour which 

he absorbs in his education periods, one can establish: 

namely, 

Let us write: 

n 

T T*n = 

T = 1 + n s 

Y(T*}jnlj + nj 

education/working period ratio, 

[: ~s) augmented fODmative labour matrix, 

1 x s: self-efforts vector, 

where t and TS are counterparts of t* and T*s respectively. 
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T and T being known here, the reduction ratios are deter
mined by 

(2 ) y = yT + T • 
2) 3) 

It must be observed that yL T in (1) differs from yT in (2). 

The former indicates the magnitudes of value, because LI has the 
dimension of labour per unit of goods, whilst the latter represents 

the val~e-creating force, for T expresses quantities of labour per 

unit of value-creating force: y plays the role of an operator, 

which yields the quantity of value embodied in dept.I, and the level 

of the value-creating force transmitted ·in dep t. II. 
The problem remains: where does the value of capital goods in 

dept.II go? If the definition of the value of labour-power mentioned 
in Chapter I is recalled, it is immediately seen that it enters into 

the value of skills. That is, the value of skilled labour-power 

consists of the cost of education, which includes capital goods and 

skilled and unskilled labour-power in the formative process, and the 

value of consumption goods. As value-creating force is transmitted 

from the educators to the educands, so is the value of skilled labour

power through the same process. 

Let us write: 

n x 1 wage goods bundle per unit of labour j, 

1 s) F 1= (F , ••• , F wage goods matrix, 

augmented input matrix of dept. II. 

The value of labour-power is now determined by 

(3) v = wJ + vT • 

Thus, the system of equations, (l) through to (3), determining 

the values of goods and labour-power, and the reduction ratios of 

skilled labour is constructed. 

3. The next task is to make clear conditicns under whicil the values o-r 

goods and labour-power and the reduction ratios determined by (1)- (3) 

are nonnegati~e, by general ising the discussion made in Chapter I. 

Dept. I and II concern the production of value, irrespective of 

material or incorporeal. so that equations (1) and (3) can be 

united into one as 



85 

(4) (w,v) = (w,v) [:1 ~) + 

In what follows, let us call the set of dept. I and II, i.e., the 

sphere of value production, the clo~£d (L£onii£tJ ~y~i£m. Let us 

write: 

A = [:1 ~) closed input matrix, 

L = (L I , 0) closed labour matrix. 

Matrices A and L above are straightforward extensions of 

the input matrix and the labour vector introduced in the simple 

Le9ntief economy: each row of the two represents the input struc

ture of the process in either dept.I or dept.II. 

It must be reconfirmed that, from the standpoint of 'formality, no 

labour is expended in dept. II. Namely, value-creating force is trans
mitted, b.ut the labour of the educators does not create value nor is it 

crystallized as value immediately therein. Since the labour-power of 

the educators merely transfers its value to its products, i.e., 

skills, it must be treated as a component of constant capital. 

On the other hand, equation (2) is independent: it represents 

the process which is not related to value production immediately and 

thus is concealed behind the backs of the producers. 
The productiveness condition can be applied to the sphere of 

value production, for the input structure of value production is 

now revealed. Let 

xI n x 1 output vector of dept. I, 

xlI s x 1 output vector of dept. II, 

x = 
[ ::) output vector, 

YI n x I net product vector of dept.I, 

YlI s x 1 net product vector of dept. II, 

y = 
[::) 

net product vector, 

And, one can write 
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(5) y = x - Ax • 

In order to make clear the relationship between the productive

ness condition concerning A and the nonnegativeness of the values 

and reduction ratios, let us make the following assumptions as usual: 

(A.l l ) AI ~ 0 , ES ~ 0 , TS ~O , LI ~ 0 , Fj > On (for V j ) . 
(A.1 2 ) ,s > 1 s-l . 
(A~2) 1 sL > 0 n . 
(A. 3) AI and TS are indecomposable. 

Assumption (A.2) means that any process in dept.I requires 

labour input. This is a straightforward extension of the counterpart 

in the simple Leontief economy. 

Now, a series of propositions will be verified: 

PROPOSl710N 1. A is productive. if and only if both AI and TS 

are productive: p (A) < 1 ~=~ p (AI) < 1 and p (TS) < 1 

P/l..oo/!.. 

The productiveness of the closed system is expressed by 

(6 ) 

namely, 

(I - AI) -1 J (I - T) -1 ) ~ 0 • 

(I - T)-l 

Hence, (6) is equivalent to (I - AI)-l ~ 0 and (I - T)-l ~ 0 

Furthermore, the latter is equivalent to (I - Ts)-l ~ 0 , and hence 

peTS) <1 in view of (A.3). This completes the proof. Q.E.D. 

In other words, the productiveness of the closed system is re

duced to the productiveness of its two subsystems. 

PROPOSl710N 2. The productiveness of the closed system is equivalent 

to the existence of positive values and reduction ratios: (6) ~=~ 

3 
w > On ' Y > Os • 

P/l..oo/.. 

In view of Proposition 1, one has 

y = ,(I - T)-l 

from (2), and 
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-1 
w = yLI(I-A I ) > On 

from (1). Conversely, if y > Os in (2), then it follows that 

(I_T)-l > ° , 
because T > Os ' and, if 

Likewise, one can prove: 

w > ° n and w > wA I " then one has 

PROPOSI7ION 3. The productiveness of the closed system is equiv

alent to the existence of positive values of goods and labour pow

er: (6) <===> 3 w > On' v > Os' 

Consequently, if the closed system is productive, the system 

of equations (1), (2) and (3), or (2) and (4), can be uniquely 

solved, yielding: 

(7) -1 y T(I-T) , 

(8 ) w T(I-T)-lLr(I-A)-l 

(9) v T(I-T)-lLI(I-A1)-lJ(I-T)-1 

(7) means that a greater value-creating force is formed be

hind the sphere of production through education and/or training. 

(9) indicates that the value of labour-power is reduced to the 
value of goods which are directly or indirectly required for its 

reproduction. Namely, (9) can be rewritten as 

wJ(I-T)-l= w(J + JT + JT2+ ••• ) , 

and the first term in the bracket on the right-hand side of this 

represents the quantity of goods directly required, and the 

remainder the quantity indirectly necessary. 
From (4) and (5), one can easily prove: 

PROPOS I7ION 4. 
(10 ) wYr+ vYrr= yLrx r • 

The meaning of this proposition is that the volume of net 

products, crystallized as value, is equal to the amount of value 

created by labour expended in dept.r. 

PROPOSI7ION 5. rf the closed system is productive, then 

(i) 

(ii) Fj> Fl implies that V S > vIIs_I' (jf.l). 

Pltoo/.. 
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(i) In the light of (A.2), it soon follows that 

Y = T(I_T)-l > • , 

which implies s 
Y > Is_I' 

(ii) It is easy to see that 

v = wJ(I_T)-l > vIIs' 

Q.E.D. 

That is, the reduction ratios of skilled labour are greater 

than the level of value-creating force of unskilled labour, so 

that the value of skilled labour-power is normally greater than 

that of unskilled labour-power. It does not follow, however, 

that skilled labour with a greater reduction ratio is concomitant 

with a greater value of skilled labour-power: 

necessarily imply v j > vi • 

does not 

4. Let us annex the transmittance of value-creating force, i.e., 

the labour process of the education sectors -- which may be called 

the third sphere of the economy -- to the sphere of value produc

tion. Then, equations (1) - (3) will be integrated into one system. 

The closed system with the third sphere is called the hype~

clo~ed ~y~tem. The hyper-closed system includes all the three 

types of metamorphosis of labour. Let 

hyper-closed input matrix, 

T = (0,0,.): hyper-closed labour vector. 

The hyper-closed (Leontief) system is described by A and T. 
Therein one can write 

(11 ) (w,v,y) (w,v,y)A + T 

Since the productiveness condition can be applied to A as before, 

one can establish the following: 

PROPOSl710N 6. The productiveness of the closed system is equiv

alent to that of the hyper-closed system. 

P~oot. 

Since one has 



89 

(I_A)-l~ 0 is equivalent to 

tion 1. 

(I_A)-l~ 0 in the light of Proposi

Q.E.D. 

According to this proposition, Propositions 2 and 3 are made 

up into one: 

COROLLARLIj. The productiveness of the hyper-closed system is 

equivalent to the existence of positive values of goods, labour

power and reduction ratios. 

Here, let the subsequent assumption be made: 

(A. 4) The closed system is productive. 

In the next place, consider the quantity system: let 

Xm s x I output vector of the third sphere, 

x 
[:mJ 

hyper-output vector, 

Ym s x 1 net product vector of the third sphere, 

'1 

[~m} 
hyper-net product ve c to r. 

What takes place in the third sphere is the transference of 

value-creating force, and this transference occurs simultaneously 

with the production of skills. The output vector of the third 

sphere indicates the level of value-creating force transmitted 

therein in terms of skilled labour. If wages are paid in advance, 

skills acquired by the workers employed additionally in the next 

period are also produced in this period. 

Let us evaluate the number of workers employed in the closed 

system. It will be termed the ioia€. pOPldai/..on. On the other hand, 

the number of workers employed in dept. I is called simply the 

quantity uf ,"-mp€.oymeni: let 

N* s x 1: population vector. 

Since xm contains the level of value-creating force of the 

additional workers in the next period, it does not mirror the pop

ulation of this period. Consider the simple reproduction case, 

and one gets the population of this period. That is, from 

one has 
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(12 ) 

This shows that the total population is equal to the amount of em

ployment directly or indirectly required in dept.I. 

Now, one can establish: 

71lWREfYl I. 

P/l.oot. 
Q.E.D. 

This theorem indicates that the expenditure of various types 

of labour in dept.I is an accumulation of self-efforts made by the 
whole population. 4 ) One cannot overexaggerate the importance of 

this-theorem in Marxian economics. 

Let us next formulate the labour matrix and the wage goods 

matrix in the closed and the hyper-closed system. 
Since a unit of skill j suffices for the reproduction of a unit 

of skilled labour-power j, as assumed previously, the fcrmal wage 

goods bundle takes a specific form. 

F = ( ~ ) n+s x s formal wage goods matrix, 

F = ( ~ ) n+2s x s: formal hyper-wage goods matrix, 

L ;: (L, 0) hyper-labour matrix. 5) 

5. Let us tackle the theory of surplus value. Three types of 

surplus rate will be discussed. 

For labour j, let 

~j rate of surplus value, 

~' j rate of unpaid labour, 

nj rate of surplus labour. 

Since the value created by skilled labour is determined by its 

reduction ratio, and the value of skilled labour-power is already 

evaluated, one has the formula: 

(13 ) 
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The rate of unpaid labour can be defined as follows. Since 

part of the value-creating force of skilled labour comes from the 

educators, self-efforts made by the educands alone represent their 

net contribution; therefore, 

(14) unpaid labour = Tj - wJ j , 

alld hence, 

(15 ) IJ! 
J 

The quantity of surplus labour is evaluated as follows: let 

N = LIx I : employment vector, 

x n x 1: necessary output, 

~ s x 1: necessary employment vector. 

As argued in Chapter I , the necessary output is evaluated by 

(16 ) x = AS( + FLx 

Hence, 

(17) 

which yields 

(18 ) surplus labour N - ~ • 

Hence, one can define 

N. 
(19 ) 11.= __ J - 1 • 

J ~. 
J 

It is easily seen from the above that the magnitude of the 

rate of surplus varies from one type of labour to another. More-

over, different definitions of the rate of surplus yield unequal 

magnitudes with respect to any type of labour. 

Let us next investigate the relationship among the various 

rates of surplus. 

Surplus value created by each type of labour is expressed by 

(20) y - v (T-wJ) (I_T)-l 

(T-wJ) + (T-wJ)T + (T_wJ)T 2+ ••• 

This indicates that surplus value is the unpaid labour accumulated 

in the formative process. From this result, one obtains: 
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PlWPOSI710N 7. If for Vj Ilj > 0 , then for \l j Ilj > 0 

PltOO/.. 

From the definition of 1.J j and I it is easily seen that for 
Ilj' 

V. 
J 1.J j > 0 is equivalent to Y - for V j 1.J~ > 0 is 

J 

equivalent to T - wJ > Os In the light of (A.4), one has 

~ 0 , so that from (18) it follows that T - wJ > Os imp] ies 

Os' This completes the proof. 

(I_T)-l 

y - v > 

Q.E.D. 

It must be observed that the rate of unpaid labour influences 

the rate of surplus value. 

Consider the aggregated volumes of surplus value, unpaid labour 

and surplus labour. 

Since no labour is expended formally in dept.II, surplus value 

is created solely in dept.I. Thus, the following equality holds: 

(21) surplus value 

The total amount of unpaid labour is evaluated by the total 

self-efforts subtracted by the amount of input in the formative 

processes and consumption goods: 

(22) unpaid labour = (T-wJ)N* 

The total volume of surplus labour is given by 

(23) surplus labour = y(N-N) 

These three volumes of surplus are equal: 

7HEOREA II. Surplus value = unpaid labour = surplus labour. 

Pltoo/.. 

From (16) and (17), it follows that 

) -1 y(N-N) yLIx I - wJ(I-T Llx I 

namely, surplus value 

(T-wJ )N* 

(y-v)LIx I 

surplus labour; whilst 

(T(I_T)-l_ wJ(I-T)-l)LrX r 

(y-v)Lrx I ' 

i.e., unpaid labour = surplus value. Q.E.D. 
That is, the amount of surplus takes the same magnitude in 

the dimension of value created, the expendi ture of unskilled labour 

and the expenditure of various types of labour to create value. 
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Let us next evaluate the rates of socially aggregated surplus. 

Define 

(24 ) 
yLlx I 

- 1 social rate of surplus value, II 
vLlx I 

(25) II ' 
TN* 1 social rate of unpaid labour, -- -

wJN* 

(26) 1!!. - 1 
social rate of surplus labour. T) 

yf'l 

Then, these three are also equal: 

7licORcl'l I II. II = II ' = T) . 
PIl.OO/.. 

Let us first show that· yLlx r = TN* = yN. In fact, from the 

definition of N, it soon follows that yLlx I = yN ; whilst, in 

view of Theorem I, one has TN* = yLlx I • Then, owing to Theorem 

II, one gets 

(27) vLlx I = wJN* yf'l. 

Therefore, II = ll' = T) • 

m 
II 

Note that the equality (27) in the above expresses: 

variable capital = paid labour = necessary labour. 

A corollary of the above may be obtained: let 

min llj 
j 

minimum rate of surplus value, 

ll,m= min II ! 
J 

minimum rate of unpaid labour, 

and, 

M 
11 

,M 
11 

j 

min 
j 

max 
j 

max 
j 

T)j minimum rate of surplus labour, 

llj maximum rate of surplus value, 

ll! 
J 

maximum rate of unpaid labour, 

T)M max T)j maximum rate of surplus labour. 
j 

PROPOSI710N 9. (1) 11m> 0 implies 1l,M, T)M, II > o. 

(1i) ll,m> 0 implies llM, T)M, 11' > 0 

(iii) implies M II , 

Q.E.D. 

In fact, since ll, ll' and T) are all weighted averages of 

lljS, lljs and T)jS, the proof is trivial in view of Theorem III • 
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6. So far, an analytical framework for Marx-Hilferding's exposi-

tion of the reduction problem has been discussed. 

It can be reconfirmed that the gist lies in the creativeness of 

labour. Man has the capacity to exert simple, unskilled labour, but 

through education and training, self-efforts performed by workers are 

accumulated, thus forming various types of skilled labour. Self

efforts mani fest themselves when the workers in dept. I perform labour 

of one type or another and create value. Surplus val.ue created only 

in dept.I is the result of the self-efforts made by allthe workers, 

including those in dept.II. 

Observe that the equality of surplus value and surplus labour 

does not explicitly rest on self-efforts, which confirms the latency 

of reduction. 

§ 2. The fundamental Marxian theorem. 

1. In the system of commodi ty production, in which all kinds of good 

are produced and exchanged as commodities, skills are also subject to 

the law of commodity production. In the capitalist mode of production 

skills are also evaluated at their production prices. 

Let us establish the production price system with respect to 

the closed Leontief system. Let 

PI 1 x n price vector of ordinary goods, 

PIT I x s price vector of skills, 

p (p I' PIT) : price vector, 

7T profit rate, 

and the production price system can be described by 

(28) p = (In )pM • 

where 
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(29 ) M = A + FL , 

Or, in detail, 

(PI'PII)= (l+7r)(PI'PII)[:: ~) 

That is, PII is the transformed form of the value of labour

power, and hence represents the wage rates of various types of labour. 

The dual system of (28) is described as follows: let 

c n x 1 xI von Neumann proportion of dept.I, 

c 
xII s x 1 von Neumann proportion of dept.II, 

x c = 

[:~l 
von Neumann proportion, 

gC von Neumann growth rate. 

Then, the von Neumann proportion and the von Neumann growth rate are 

determined by 

(30 ) 

Note that the profitability condition and the surplus condition 

discussed in Chapter I can be applied to the matrix M. 

Now, how can (28) and (30) be generalised to the hyper-closed 

system? Let 

Pm 1 x s price vector of labour, 

c 
xm s x 1 von Neumann proportion of the third sphere, 

j5 = (p, Pm) hyper-price vector, 

-c x = 

[:~ 1 
hyper-von Neumann proportion, 

-c g hyper-von Neumann growth rate, 

1T hyper-profit rate. 

Then, equations (28) and (30) can be extended respectively to 

(31) 

and 

(32 ) 
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where 

(33) M = A + FL 

It is easy to see that the enlarged value systems (4) and (11) 

are transformed into (28) and (31) respectively by Marx=Okishio's 

transformation formulae. By comparing (28) and (31), one can see 

what takes place in the transformation of values into prices. 

First, let us show: 

PROPOSl710N 9.(i) (p,Os) and n satisfy (31) if P and n 
satisfy (28). 

(li ) If and satisfy (30), then and fulfill 

(32) • Conversely, if x: C and ~c satisfy (32), then 

and [:il' '"' satisfy (30). 

(These are derived from simple mathematical manipulation.) 
The converse of the conclusion (i) must here be considered care-

fully. The converse of (i) is trivial, because Pnt: Os in (31) 
is the trivial solution of a subsystem of (31), i.e., 

Pm= (l+n)Pm T • 

How can this fact Pm= Os in (i) be construed? 

In (4) and (11), it is seen that labour-power is different from 

living labour. However, in the production price system, it is not 
obvious whether wages are paid for labour or labour-power: labour

power and labour overlap each oth-er. The fact that Pm= Os heI1e can be 

construed as one of Marx's conclusions that labour has no price, al
though labour-power has its price, i.e., wages. Thus, comparing the 
closed and hyper~losed systems, one can see that in commodity pro

duction the contribution of labour to production is concealed behind 

labour-power, and hence the price of labour-power appears as that of 
labour. 

The converse of (il) is also trivial. Namely, that x~= x~ 

is economically plausible, because a unit of skilled labour is 

~upposed to be based on a unit of skilled labour-power. 
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2. If attention is focused on M, it is easy to see that the 

fundamental duality holds in the closed system: the profitapility of 

the closed system is equivalent to its reproducibility. Then, what 

can be said about the relationships between the positivity of the 

profit rate and the individual rate of surplus? 

At the outset, one must recall (A. 4): the closed system is pro

ductive. This guarantees that although A itself is decomposable, 

positive profit is possible if wages are not paid. In the form rele

vant to the following discussion, one can write 

3 M M M M M 
(34) p ~ 0n+s • 1T > 0 : p::: (l+n: )p A. 

In the next stage, let us consider a degree of complexity in the 

classification of labour so as to make our dis·cussion more generalised. 

Namely, it should be noted that there are some types of labour 

which are not employed in dept.I. They are exclusively exerted in 

dept. II. A type of labour is said to be of the ti~~i kind, or p~o

duciive, if it is employed in dept.I, and of the ~econd kind, or un

p~oduciive, if it is solely employed in dept. II. This consideration 

is plausible, because in reality some types of labour, such as pure 

teaching work, are not employable in dept.I. As for the labour of 

the second kind, the elements of the row of L coressponding to it 

are all zeros. 

Thus, it is confirmed that one of the implications of the above 

is that in general Lx ~ OS , instead of Lx > Os. Let 

NI k xl: employment vector of the first kind, 

where k ~ s is the number of types of labour of the first kind. 

Without loss of generality, one can write, for instance, 

N'[:~_kl' 
(Needless to say, whether or not unskilled labour is of the first 

kind is not important.) 

Now, let us demonstrate a series of propositions: 

PROPOSI7ION 10. The positivity of the minimum rate of surplus labour 

implies the positivity of the profit rate: 
\I n m 

for x > 0 , n > 0 ==::> 

1T > 0 • 
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The necessary output is determined by (16): 

x ::: Ax + FLx • 

Rewriting the right-hand side, one has 

(35 ) 

Premultiply this by p satisfying (28), and 

px ~ pAx + (l+nm)pFLx 

whilst, from (28), one has 

px (l+7f)pMx 

Hence, 

7fpMx ~ nmpFLx 

(cd If 

(34) • 

un If 

pF as, then there exists a 7f > 0 ow in g to (A, 4) , i. e • , 

PF > a and PFLx::: 0 , then s 

px ~ (l+7f)pAx ., 

whereas, from PF > {) and N::: Lx > as , it follows that s 

px pAx + pFLx > pAx • 

Hence, 

pAx < (l+7f)pAx • 

Let us show that if pFLx::: 0 here, the present case will be 
reduced to the case (a). Let us denote the set of indices of pro

ductive labour by 

<N> ::: {kl(L.ln)k > o} • 

Since <N> f. 0 from (A. 2), if pFLx::: 0 , then for i € <N> , 

(p:o\ ::: 0 , 

Whereas 

holds. 

as for labour j, where j € {l, •• , s} , t <N > , 

Therefore, pFLx ::: 0 implies pFL::: as ' Le., the case «(d. 

If pFLx > 0 then px == pAx + pFLx > pAx , 1. e" 7f > 0 • 

(y) If pFLx > 0 , the conclusion soon follows. Q.E.D. 

o 

The converse of this proposition is not true in general. In order 

for the converse to hold true, the output, i.e., the variable of the 

quantity system, should satisfy a certain condition. Morishima

Seton's equality will give a clue to that. 

First, note that the organic composition of capital in the closed 

system is given by 
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(36) <"( )_ (w,v)FLx 
" W,l( -

(w,v)Ax 

7HGORG~ IV.(~o~ihhima-S2ionth 2quafiiy) 

(37) g 
c ]l(x C ) 

rate of surplus value aggregated by c x • 

P~oot. 

Premultiplying (31) by (w.v),_ one has 

c g == 
(w,v)x c _ (w,v)Mx c 

(w.v)Mx c 

Bearing in mind (36), one obtains (37). 

COROLLARY. gC> 0 implies n(x c ) > 0 

Q.E.D. 

As shown by the above theorem and its corollary, if the von 

Neumann proportion is employed as weights of aggregation, the von 

Neumann growth rate is determined by the organic composition of 

capital and the social rate of surplus value evaluated on the basis 

of the von Neumann proportion. The positivity of the von Neumann 

growth rate, at the same time, 

of surplus value. Hence, if 

implies the positivity of social rate 

x in the vicinity of 

ered, the same proposition will be expected to hold. 

Let us introduce here again: 

{ I On+s} G x x > Mx, x > 

which is called the growth region. 

c 
x is consid-

Also define, as before, the greatest equilibrium growth rate 

by 

(38 ) 

PROPOS1710N 11. 

P~oot. 

gM max{glx ~ (l+g)Mx}. 

gC> 0 is equivalent to G I 0 . 

Necessity is trivial. Sufficiency is derived from Frobenius' 

theorem. 

PROPOSl710N 12. nm(x) > 0 implies x(x) E G , where 

x( ) represent that they are dependent on aggregators. 

P~oot. 

In (35), if nm> 0 , then it is trivial that x E G. Q.E.D. 
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PROPOSl710N t3.(g~owth con6t~aint) 

(39) gM ~ jJ(x) 
1 + F;(x) 

P~oot. 

Premultiply (38) by (w,v), and one soon gets (39). Q.E.D. 

It is worth mentioning that Theorem IV and Proposition 13 are 

formally the same as Theorem I-V and Proposition 1-9 respectively. 

This again confirms the fact that with respect to the production of 

value the education sectors are not different from the industries 

producing ordinary goods. 

PROPOSl70N 14. gC> 0 implies jJ(x) > 0 for x E G • 

P~oot. 

gC> 0 implies G f. 0 , and there exists an x E G. For an 

x E G, gM(x) > 0 , and hence )..I(x) > 0 • Q.E.D. 

PROPOSl710N 15. x E G implies nm(x) > 0 • 

P~oot. 

x E G implies that x > Ax + FLx , and hence 

x > x 
Namely, Lx > Lx , and hence nm(x) > 0 Q.E.D. 

In summary, one obtains: 

7H£OR£~ V.(fundamentai ~a~~ian theo~em, gene~aii6ed) TI > 0 , gC>o 

and )..I (x ) > 0 are equivalent for \I x E G 1 and x > On. 

(In fact, TI = gC by dint of Proposition 1-8.) 

3. Once heterogeneous labour is taken into account, the funda-

mental Marxian theorem suffers from the constraint "for \I x E G 

and x> On", Nevertheles·s, this constraint is not so restrictive as 

might be imagined. 

If the economy lies in the growth region, surplus products are 

actually produced. Outside the region, some sectors are contracting, 

and eventually negative production will occur therein. Hence, sooner 

or later, the economy should return to the growth region. This state 

of the economy can be persistent, if surplus products are produced, and 

hence surplus labour is performed as regards all the types of labour. 

Therefore, Marxian value theory is valid for the expalanation of 

the possibility of long run equilibrium growth and profitability 

associated with it in this respect. 
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§ 3. A von Neumann economy with heterogeneous labour. 

1. Consider the von Neumann economy in which heterogeneous la

bour is permitted. Such an economy is called a Cl04€d ~on N€umann 

€conomy. 

In order to facilitate a clearer mathema-tical discussion, the 

von Neumann economy discussed in Chapter IV will be extended, in a 

straightforward manner, to include heterogeneous labour. Let 

A q x n input matrix, 

B q x n output matrix, 

L s x n labour matrix, 

F (1 s) • F , •• , F • wage goods matrix 

These are assumed to be given as technical data. Furthermore, let 

n x 1 actual intensity vector, 

actual employment vector. 

These are treated as parameters. 

(B. 1 ) 

(B.2) 

(B.3) 

2. 

(40) 

As usual, let us make the following assumptions: 

A ~ 0 , B ~ 0 , L > 0 , Fj > oq Na > Os. - , 

x > On and Bx > Ax ==~ Lx > 0 

:I > On: Bx > Ax (weak productiveness). x -

Consider the subsequent linear programming problem 

! 18
2> 

Az + FNa, 

.J Min 
k kNa~ Lz , z ~ On, k ~ 0 

as (LP.I): 

The first inequality constraint is easily seen to be an ex

tension of the inequality defining necessary labour in the homo

geneous labour case. What, then, does the second inequality sig

nify? 

Since it can be written as 

k = max 
i 

(Lz)i 

the magnitude of k represents how much of the actual employment 

(Na ). should be allocated at most for the production of wage goods, 
1. 
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because (Lz)i!(Na)i represents the ratio of necessary labour to 

the total labour expended with respect to labour i. Therefore, 

the necessary intensities and the least necessary labour will be 

determined by (LP.I). 

From Proposition IV-I, for a productive von Neumann economy, in 

which labour is indispensable, there exists an optimum solution 

of (LP.I), denoted as zoo Hence, min k = kO can be uniquely 

determined. These two define: 

ZO necessary intensity vector, 

kO maximum necessary labour ratio. 

Note that these two quantities depend on xa. 

According to the meaning of k, Na _ Lz o can be regarded as 

the surplus labour vector. Hence, the ~at€ ot ~u~plu~ lagou~ for 

labour j may be defined by 

(41) T). = 
J 

(Na ) 
--:-&j - I . 
(LzQ)j 

Since ZO is not unique, T)j cannot be determined uniquely. 

Moreover, T)j varies from one type of labour to another. Never

theless, T)j corresponding to kO takes a unique magnitude. 

DErlNl710N 3.(Ov€~a€l ~at€ ot ~u~plu~ lagou~) 

(42 ) T)tcxa)= I _ I • 
ko(x a ) 

It is easy to see that 
(43) T) t ~ T)j 

That is, the overall rate of surplus labour is an extension of the 

minimum rate of surplus labour in the closed Leontief economy. Note 

that unless 1'1 t= T)j for \l j, T)j> 0 for some j , even if kO = 1. 

In the next stage, consider the dual problem of (lP.I). It 

is described as: (LP.II) 

(44) 

and 

I I AB ~ AA + yL , ) 
Max AFN a 

yNa ~ I , A ~ 0 q , Y ~ 0 s • 

Since (LP.I) has optimum solutions, so does (LP.II). Let AO 

yO stand for optimum solutions of (LP.II). These two define: 

optimum value vector, 
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yO optimum reduction ratio vector. 

Since (LP.I) means the maximisation of labour productivity, to 

call the optimum solutions of (LP .1.L) .as in the above way makes sense. 

Note that, however, AO and yO are normalized by Na • 6) 

The amount of surplus value can be measured by AO and yO 

As the values of net products and the total wages are determined 

respectively by AO(B_A)x a and yOFN a , it follows that 

surplus value = AO(B_A)x a _ yOFNa • 

Hence, the ove~all ~ate ot ~u~plu~ value may be defined by 

(45 ) ut = AO(B_A)x a _ 1 , 
AOFN a 

and the individual rates of surplus value by 

(46) 
yO 

u. = ---1..j' - 1 • 
J AOF 

As for the relationship between nt and ut , one has, as 
Proposition IV-2, the following: 

PROPOSl710N 16. nt~ ut • 
P~oot. 

In fact, from (44), one has 

AO(B_A)x a ~ yOLx a ~ 1 , 

and, in the light of Lemma 15(ii), 

(47) kO = AOFLx a • 

Hence, the conclusion is immediately derived. Q.E.D. 

Since AO and yO are not unique, u t cannot be unique. The 

overall rate of surplus labour, however, is uniquely determined, 

and hence, may be regarded as a more relevant measure of surplus 

than the overall rate of surplus value. In a capitalist economy, 

nt> ° means exploitation. 

It is evident that if labour is homogeneous, the above dis

cussion will be reduced to that made in Chapter IV. 

3. Is it possible to confirm the validity of the fundamental 

Marxian theorem in the closed von Neumann system? 
For a given set of A, B ,L and F, the von Neumann equil

ibrium is defined as follows. Consider 
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Min {nWlpWB ~ (l+nw)pw(A+Fl), pW~ 0 } 
q 

Max {gCIBxC > (l+gc)(A+Fl)x c , xc~ On} 

As before, let pW and XC stand for the optimum solutions of 

(48) and (49) respectively, and nW and gC be the minimum and 

the maximum of the two respectively. These define the von Neumann 

equilibrium (nw, pW, gC, xc). Also write 

M = A + Fl , 

and make the following assumptions: 

(B.4) 

(B. 5) 

The ensuing discussion will be developed as in the closed 

leontief economy case. 

Define the growth region as 

G = {xlBx > (A + Fl)x, x ~ On} • 

The greatest equilibrium growth rate can be defined as 

(50) M a g ex ) 
PROPOSl710N 17. nt> ° implies nW> ° . 
P /l.oo/.. 

(0:) If pWF = 0 s' 
nW> ° is guaran teed by (B.5). 

( S ) Suppose pWF ~ 0 . From (lP.I), one has s 
Bzo > Azo +(l+nt)Flzo. 

Premultiply both sides of this by pW, and 

pWBzo > pWAzo +(l+nt)pwFlzo" -
whilst, postmultiplying (48) by zO, one gets 

( 51) 

Hence, 
ntpwFlzo~ nWpw(A+Fl)zo • 

If pWFlzo> 0, the conclusion soon follows. If pWFlzo = ° , then 

nW> ° follows from (51) and (40a): mul tiply (40a) by pW, and then 

(l+nw)pwAzo ~ pWBzo ~ pWAzo + pwFNa > pWAzo. 

PROPOSl710N 18. (i) G I ~ is equivalent to gC> ° . 
(ii) nt(x) > ° is equivalent to zO(x) E G • 

P /l.oo/.. 

Q.E.D. 



105 

(i) It is trivial that gC> ° 
G ~ 0 , there exist 9 > ° and 

Hence, by (50), gC: max 9 > ° . 
(ii) From (LP. 1), one has 

implies 

x > On 
G ~ 0. Conversely, if 

such that Bx ~ (l+g) (A+FL)x. 

(52 ) 

If zo(x) e: G , then there exists a k < I , i.e., kO: min k 

< I. Hence, nt(x) > ° . 
Conversely, nt(x) > ° suffices ZO e: G , for 

Bzo~ Azo+ I ° ° FLzo Q.E.D • "j(FLz .?: Az + . 
Now, for the sake of brevity, write 

!;c(x c ) !;(lIo(x c ),x c ) 

(53) !;a(x a ) !;(lIo(x a ),xa ) 

!;*(zo) !;(pw,zo(x a » 
All these three magnitudes are finite and nonnegative. Then, 

7H£OR£~ VI.(rundam~ntae in~qualiti~~) (i)(g~owth con~t~aint) 

M< Il t (x a ) (54) 9 
= I + !;a (x a) 

(ii) 
Il*(x a ) w C Il t (x c ) (55) ~ 1T ~ 9 ~ 

1 + !;*(zo) I + !;c(x c ) 

where Il*(x a ) Il(p w , xa ). : 

P~oot. 

Premul tiply (50 ) by 11° , and one gets 

(l+gM)lIo(A+FL)x a ~ 1I0 Bx a • 

In view of (45) , (54 ) is derived from th is. 

(ii) The first inequality follows, if (48) is postmultiplied by 

ZO (xa ) and the resul t is rewri tten in a relevant manner. From Proposi

tion IV-3. 1Tw ~ gC. The third inequality holds, if (54) is applied 

to the xa = XC case. Q.E.D. 

PROPOSI7ION 19. 

P~oot. 

gC > ° implies 
t a 

11 (x ) > ° 

From Proposition l8(ii), gC> ° implies 
M a) t a one has 9 (x > 0. Therefore, 11 (x ) > 0 

fo r \I x a e: G • 

from (54). Q. E. D. 

7H£OR£~ VII.(Tundam~ntal ~a~xian th~o~~m, g~~~ali~~d) gC > ° , 
1TW > ° and n t (x a ) > ° are all equivalent for \I x a e: G • 
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(This follows from Propositions l6~ 17 and 19.) 

Finally, one can show: 

PROPOSITION 20. nW > ° implies max > ° . 7) 
= 

P/l.OO/.. 
Premultiply (49) by J\o(x a ), and 

J\o(xa)Bx c ~ (l+gc)J\°(x a ) (A+FL)x c , 

whilst, postmultiply (44a), with respect to xa , by xc, and 

J\o(xa)Bx c ~ J\o(xa)Ax c + yo(xa)Lx c • 

Hence, 

(yo(x a )_ J\o(xa)F)Lx c ~ gCJ\o(xa)(A+FL)x c • 

Since gC ~ nW, Lx c > OS and J\o(xa)(A+FL)x c > 0, nW> 0 implies 

so tha t max 

yo(x a ) - J\o(xa)F l Os 

1l.(Xa ) >0. 
J = 

Q.E.D. 

Thus, it is seen that similar propositions and theorems 

as in the closed Leontief system discussed in §§1-2 hold with 

minor modifications, even if heterogeneous labour is permitted in 

a von Neumann economy. Just as the discussion developed jn rh~p

ter I is generalised in Chapter IV, so is the discussion made in 

§§1-2 extended in §3. It is not difficult to point out the simi

larity or parallelism between the two generalisations. 

4. How will skilled labour be reduced to unskilled labour in a 

von Neumann economy? This subsection will be devoted to making 

various remarks on how the discussion of this section would en

compass the discussion made in §§1-2. 

Consider a von Neumann economy which consists of dept.I and 

II: dept.I has n processes, exclusively producing m types of 

good, whilst dept.II, having r processes, is principally con

cerned with the production of skills. Note that dept.II is per

mitted to produce jointly both goods and skills, whilst dept.I is 

not. Let 

Bl m x n output matrix of goods of dept.I, 

B2 m x r output matrix of goods of dept.II, 

B3 s x r output matrix of skills of dept.II, 

Al m x n input matrix of goods of dept.I, 
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J m x r input matrix of goods of dept. II, 

T s x r input matrix of skilled labour of 

LI s x n labour matrix of dept.!. 

Then, the output ma,trix of the closed system 

sphere of value production is expressed by 

B = [:' ::J 
and the input matrix by 

A = (:1 ~J 
Likewise, the labour matrix is represented by 

L = (L I , 0), 

dept.II, 

mirroring 

whilst, the formal wage goods matrix is given, as before, by 

F = [~] 
As for the hyper-closed von Neumann system, one has 

B 

[ B 0 J' o B3 

L = (L, 0) , 

T (Om'Os")' 

where with respect to self-efforts, let us assume: 

(B.1 2 ) , > 1 , 
.... s 

the 

Besides, similar notation will be employed, if necessary, so as to 

stand for the variables of the hyper-closed von Neumann system. 

Now, since A and B are rectangular in general, it is hard

ly possible to extend (II) without alterations. Instead of an 

equality, it is necessary to consider an inequality as 

- -(56) (w,v,y)B ~ (w,v,y)A + T . 
It is evident that the solution of this inequality system 

yields values of goods and labour power and reduction ratios in 

a generalised sense. The following two points, however, should 

be taken note of. 

At the outset, 

corresponds to (w,v) 

AO obtained in the previous subsections 

in (56), and yO is the counterpart of y 
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in (56). AO and yO are determined in the sphere of value pro

duction. In the next stage, therefore, self-efforts are disregarded 

in the previous subsections. The immediate purpose of this sub

section is to make notes on these two points. 

By applying the weak productiveness condition to the system 

and A, one has described by B 

PR£.POSl710N 22. The weak productiveness of the hyper-closed system 

is equivalent to the existence of nonegative solutions of (56): 

~ x ~ On+r such that 

such that (56) holds. 

P4oot. 

(B - A)x ~ Om+s 

Put W = B - A , and Minkowski-Farkas' lemma (Lemma 14) can be 

applied to this system. Q.E.D. 
To state the problem precisely: first, (w,v,y) satisfying 

(56) belongs to the set of the feasible solutions of (44), but is 

not necessarly its optimum solution. What is the condition that 

renders the solution of (56) an optimum solution of (44)? Next, 

the discrepancy between (56) and (44) is caused by the treatment of 

T. What is its implication? 

As for the first point, (44) is a subsystem of (56), with a 

more relaxed restrictio.n. The optimum solutions AO and yO of 

(44) satisfy (56), if 

yO(B 3 -T) ~ T 

holds. A comparatively small B3 -T suffices for this. 

With respect to the second point, one should point out that 

values and reduction ratios are determined by (44) from the angle 

of the maximisation of the productivity cf labour, and that self

efforts hardly matter therein, because the maximisa tion of the pro

ductivity of labour can be taken into account within the sphere of 

value production alone. In the dimension of value production, the 

process transmitting value-creating force is latent. 

Furthermore, in so far as the objective function of (44) is 

concerned, it may be said that the value of labour-power formally 

determines the reduction ratio. 

If the discussion in this section (§3) is applied to a closed 

Leontief economy, one has 

AO = YL(I_A)-l, 
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and 

to which 

y(I-T) = T 

seems to be merely appurtenant. 
That is, in a Leontief economy, the determination of value 

and reduction ratios by the maximisation 

labour coincides with that by the system 

of the productivity of 

of equations because of 
, -1 (I-TJ ~ () • In a von Neumann economy, however, the coincidence 

of the two becomes again impossible in general, as was discussed 

in Chapter III. 

Nevertheless, even if self-efforts are in eclipse, the funda

mental Marxian theorem still holds true, as established in this 

section, in explainging the quality of production and distribu
tion. 8) 

§ 4. Concluding remarks -- On other discussions. 

1. This section is concerned with critical comments on discussions 

made by some other economists. 

Steedman argued about the reduction problem as part of his 

criticism of Marx. (Steedman (4), Ch.7.) Let there be N types of 

heterogeneous labour, with wj and ~i standing respectively for 

the wage vector per unit of labour j and the vector of the amounts 

of labour i directly or indirectly necessary for the production of 

various types of goods. Define V= (v .. ), where v .. = ~i'wj. Let 
lJ lJ-

L t(l N) (1 N) ~, ••. ,i ~O;W= w, ••• ,w >0, 

and one has 

v = LIV ~ 0 • 

For simplicity's sake, assume that V is indecomposable. 

First, that VE < E holding true for employment E means that 
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surplus labour exists. A necessary and sufficient condition for 

this is that V is productive, Le., (I_A)-l~ O. Surplus labour 

is seen to exist without the reduction of heterogeneous labour. 

Secondly, let M and ai' i:l, •• ,N, stand foran input coef

ficient matrix and a (direct) labour input vector respectively. 

~roduction prices pm and the profit rate r are determined by 

pm: (l+r)pm(M+ ~w"a.) , 
j J J 

again without the reduction of heterogeneous labour. 

In short, Steedman's conclusion is that the reduction of 

heterogeneous labour is redundant. 

The above two points are a straightforward extension of his 

criticism of Marx as mentioned in Chapter I. That is, the first 

point corresponds to the fundamental duality, whilst the second 

is of the same type with the argument that the production price 

system in general can be determined by technical conditions and 

distribution. 

The necessity of the concepts of value and reduction should 

not be sought in whether the production price system depends on 

value or reduction immediately and quantitatively: their sig

nificance resides in the understanding of the positivity of the 

profit rate and the growth constraint. Steedman's criticism of 

Marx here does not invalidate Marx's theory of value. 

2. Bowles and Gintis approached the fundamental Marxian theorem 

wi th heterogeneous labour from a different viewpoint. (Bowles

Gintis(l), (2}.) 

Let C and L denote an input matrix and a labour matrix 

respectively. Introduce A : (Ari ), where Ari stands for the 

amount of labour r required to produce one unit of goods i. A 

is determined by the following equation: 

A : AC + L : L(I-C)-l. 

Let Band y be a wage goods matrix and an output vector 

respectively, and (I-AB)Ly represents surplus labour. Note 

that V: AB : (vrj ) here is identical with Steedman's V. 

From the above, the rate of exploitation can be defined by 



a(y)- (I-V)Ly 
vLy 
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and, for an individual type of labour, 

er(y)= (1- vr)/vr ' 

where vr = Li.sAsibir. 

Bowles-Gintis discussed the relationship between the profit 

rate and these ratios, which are defined without the reduction of 

heterogenous labour, within the framework of a Leontief economy. 

The propositions derived from their argument are spec.ialised cases 

of Propositions 11, 20, and Theorem VIr proved in this Chapter. 8 ) 

Bowles-Gintis neglected the significance of the ratio expressed 

by {(LY)j/(vLY)j} - 1 as a measure of exploitation, but this 

ratio corresponds to the rate of surplus labour in our previous 

discussion, and hence it would be irrelevant to disregard it. 

3. The above two types of argument eventually ascribe the possi

bility of surplus labour to a property of the matrix, the components 

of which represent the amount of goods workers obtain, as Steedman's 

and Bowles-Gintis' V. 

U.Krause(l) gave a thorough and formal argument on this point 

by introducing the standard reduction ratio. 

Let A (n x n), L (m x n) and F (n x m) stand for an input 

matrix, a labour matrix and a wage goods matrix respectively. 

Production prices p ~ On and the profit rate are determined by 

p (l+r )pM r ={l/p(M)}- 1 

where M = A+FL, A ~ 0 , F ~ 0 ,and L > 0 • 

Assume the economy is productive: (;_A)-l~ 0 • And, H~O, H = 

L(I_A)-lF, (i,j) component of which represents the amount of labour 

i necessary to produce a unit of labour j. The -6iandaJl.d Ml.du.ciion 

Jl.aiio is defined by n* satisfying 

(57) n*H = p(H)n* • 

The rate of surplus value is defined by 

(58) m ( n, y ) = ny - nHy 
nHy 

for n e:mE and y e: If. Then, Krause showed: 
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K4aU4~'4 P~opo4ition. Assume A is indecomposable, 
1 B > Om. For y > Om such that a*y > 0 , 

1 L > On and 
m 

n -
(i) r > 0, if and only if m(a*,y) > 0 • 

( ii ) r > 0 imp 11 e s r ~ m ( a * , y) • 9) 

P~oot. 

(i) From (57) and (58), one has m(a*,y) 

show p (M) < 1 , if and only if p (H) < 1 • 

{l-p(H)}/p(H). Let us 

Now, if p(M) < 1, then 3 p~Om p > PFL(I-A)-l, I.e., pF 
>pFL(I-A)-lF =pFH. Hence, p(H) <1. 

Conversely, if p(H) < 1 ,then 3 p > Om: p > pH , I.e., 
pL"> pHL. It follows that 

pL+pL(I_A)-lA > pHL+ pL(I_A)-lA , 

and hence, 

Since 

pL(I_A)-l> pL(I_A)-l(A+FL) = pL(I_A)-lM. 

pL(I_A)-l> 0 for p > 0, p(M) < 1 • n m 
(ii ) 

and 

and 

First, put U = (I_A)-lFL. Let us show p(U) = p(H). As U 

H playa symmetrical role, it suffices ta show that p(H)~p(U). 

It is trivial that p (H) ~ P (U) , if p (H) = o. Assume p (H) > 0, 

::I x > Om: xL 2: On' and 

xL(I_A)-lF = p(H)x • 

In view of LU = HL , one can rewrite this as 
xLU = xHL = p(H)xL , 

and hence p(H) ~ p(U). 
Likewise, p(U) ~ p(H). Hence, p(U) = p(H). 
Next. let us demonstrate that p(U) ~ p(M) ,if p(M) < 1 • 

Now, 3 Y > On: Uy = p(U)y. Since I-M = (I-A)(I-U), 

y - My = (I-A)(I-p(U)y 

From (I_A)-lFLy p(U)y, and FL ~ 0 

(I-A)y ~ On 

holds for p(U) > 0 • 

If p (U) ~ 1 , then 

i.e., p(M) ~l 
If p(U) < 1 

y - My = (I-A)(l-p(U)y ~ On, 
In other words, p(M) < 1 implies p(U) 

, then 

y - My = (l-p(U)(I-A)y ~ (l-p(U)y • 
That is, p(U)y ~ My , and hence p(U) ~ p(M) • 

Hence, if p(M) < 1 , p(H) = p(U) ~ p(M) < 1 • 

< 1 • 

Q.E.D. 
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The use of the standard reduction ratio validates the funda

mental Marxian theorem for any output. Moreover, it is independent 

of the conditions in the market. 

Let us apply the standard reduction ratio to the previous dis

cussion made in §§1-2. In the closed Leontief economy, one has 

H = L(I_A)-IJ(I_T)-I. 

Let w* and v* be the value of goods and the value of labour 

power corresponding to 

(59) a*H 

a* respectively, and 

a*L (I-A) -1 J (I-T)-l 

w*J(I_T)-1 

v* = P (H ) a* 

The following two points will be deduced from this: first, 

since H is the coefficient matrix which appeared in the evalu

ation of necessary labour, (17), a* is also related to the rate 

of surplus labour: secondly, a* as the reduction ratio equalizes 

the rate of surplus value to that of surplus labour, so that for 

all the types of labour the rate of surplus labour takes'one and 

the same magnitude. This is a remarkable property of the standard 

reduction ratio. 

Nevertheless, the standard reduction ratio can be defined in 

an ecenomically adequate manner only in the Leontief economy case 

with (I_A)-l ~O • 

4. It is HOllander(l) that tackled the fundamental Marxian the

orem with heterogeneous labour by giving a different type of re

duction ratio. He argued the validity of the fundamental Marxian 

theorem in the case that the reduction ratio is proportional to 

the wage rate. An extension of his argument will be examined here. 

Consider a von Neumann economy as in §3, and make the same 

assumptions. Consider the following linear programming problem: 

(LP. III) 

(60 ) 

where W £ lR Since this has an optimum solution, let it be 
+ 

denoted by yO(w,x). 

The dual problem of the above is described as (LP.IV): 

( 61) Max {qFLxlqB < qA + WL , q ~ Om} • 
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Let qO(w,x) be an optimum solution of (LP.IV). In the light 

of the duality theorem, one has 

(62) Lyo(w,x) = qO(w,x)FLx 

Define the ag~i~aci ~aie ot ~u~plu~ lagou~ by 

WLx 
o(w,x) = ° -1, 

WLy (w,x) 

and the ag~i~aci ~aie ot ~u~plu~ value by 

gO(w,x)(B-A)x 
V(w,x) = -1. 

qO(w,x)FLx 

As qefore, one can derive 

v(W,x) ~ o(W,x) , 
because one has (62) and the following from (LP.IV): 

qO(w,x)(B-A)x - qO(w,x)FLx ~ WLx - qO(w,x)FLx • 

Besides, let the individual ag~t~act ~aie ot ~u~plu~ value be de-

fined f;ly 

(63 ) 
Wj 

vj(w,x)= • - 1 • 
qO(w,x)FJ 

All the variables here depend on the parameter W. Then, how 

should it be specified? Hollander argued the case where W = pF, 

assuming the Leontief economy case. 

Hoelande~'~ P~opo~iiion. Suppose B 

be determined by 

I , and let the price system 

(64) p = (l+7T)p(A+FL), p ~ On' 
(i) v(W,x) = o(W,x). 

(ii)(Hollander) Suppose A is indecomposable and W 
if and only if v(W,x) > ° . 10) 

P~oot. 

(i) Since qO(W,x) = WL(I-A)-l in this case, one has 

WLx = qO(w,x)(I-A)x , 

and hence, v(W,x) = o(W,x) • 

pF. 71>0, 

(ii) Postmultiply (64) by yO(w,x), and premultiply (60) by P 

satisfying (64), and it follows that 

71(pAy o(w,x)+ Lyo(w,x») = o(w,x)wLyo(w,x) • 

Since (pA+WL)yo(W,x) > ° and WLyo(w,x) > ° , 71 > ° is equiva-

lent to o(W,x) > 0. From (U, the conclusion follows. Q.E.D. 

Let us next extend Hollander's argument to a von Neumann 

economy. Only the conclusions are enumerated below. Employing the 

same notation as introduced in §3, one can show: 
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PROPOSI7ION 23. 

(i) M < v(l/J,x) 
g = 0 

I + ~(q (I/J,x),x) 
(ii ) Assume pWF = I/J. o(l/J,x) > 0 implies 

(iii) gC> 0 implies o(l/J, x) > 0 for x E G • 

(iv) ~w > 0 implies max v.(I/J,x) > 0 • 
J 

It should be remarked that pWF= I/J required in the above would 

hold provided that all the rows of F were to be proportional to each 

other. This may be the only case that justifies Hollander's argu

ment. Therefore, the fundamental Marxian theorem suffers from this 

restriction in Hollander's context. 

Moreover, (i) and (iii) do not hinge on the concrete speci-

fication of I/J This fact is not peculiar, because surplus is 

invariably defined as a residue, which depends fundamentally on the 

necessary output or intensity. 

5. By way of summary, some concluding remarks will be made. 

In order to interpret Marx-Hilferding's reduction problem, 

three types of metamorphosis of labour should be clearly distin

guished. On the basis of this distinction, it is seen that the 

industries producing ordinary goods are different from the educa

tion sectors, which produce skills, in the sense that different 

types of metamorphosis of labour are synthesised. rhe major dif

ference is that in the former industries living labour is embodied 

as value in goods, whereas in the latter transference of value

creating force, I.e., living labour itself, takes place simultane

ously with the production of skills, and hence living labour per

formed therein is not embodied as value. The education sector is 

the synthesis of value production, i.e., the production of skills, 

amd the formative process, i.e., the transference of living labour. 

The specificity of the education sector is that in its labour proc

ess, i.e., in the formative process, the use-value of labour-power, 

i.e., living labour itself, is retained. 

Based on our insight into the metamorphosis of labour, one can 

construct the closed system of value production and establish the 

system of equations to determine the values of goods and skills and 

the reduction ratios of skilled labour. It is also seen that the forma-
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tive process is latent behind the backs of the producers. Note that 

the closed system is a decomposable system, but this does not create 

any difficulty in our discussion. 

Formation of skilled labour is the accumulation of self-efforts 
which are exerted by aLl the constituent members of society. The result 

of production is the outcome of collective labour exer'cised by all the 

workers, whether or not they contribute to production immediately. 

This result established by Theorem I is very important in Marxian 

economics, because it shows that self-efforts alone are the ultimate 

source of new value. It must be observed that by Okishio's or 

Rowthorn's reduction ratios one cannot establish this theorem. 

On the basis of the above, the amounts of surplus from three 

different angles are seen to be equal, as shown by Theorems II and 

III, and Morishima-Seton's equality is also true, as shown by Theorem 

IV. 
Once various types of labour are admitted, however, the funda

mental Marxian theorem, Theorem V, suffers from the following con

straint: the fundamental Marxian theorem is valid for the state of 

the economy lying in the growth region. 

Nevertheless, the state of the economy outside the growth region 

can no longer be persistent, and accordingly the economy should 

return to the growth region. 

Negative rates of surplus labour may be concomitant with the 

state of the economy outside the growth region. This may be con

strued as the exploitation of workers by workers, but the exploi

tation of workers by capitalists is then incomplete. 

Shifting the focus from the Leontief to the von Neumann econ

omy, one encounters again the difficulty of general ising the anal

ysis in terms of equality. The problem should be formulated in 

terms of inequality from the angle of the maximisation of the pro

ductivity of labour. The fundamental Marxian theorem and related 

propositions nonetheless hold, as in the closed Leontief economy, 

thereby retaining the qualitative aspect of Marx's value theory. 

In this sense, it can be reconfirmed that the Marxian theory of 

value is still germane to an understanding of the capitalistecanomy. 

Anyway, no one exploits capitalists in the capitalist economy. 



CHAPTER VI 

FUNDAMENTAL ANALYSIS OF DIFFERENTIAL RENT 

Introduction -- Problems. 

Modern society is composed of various classes possessing differ

ent types of production factor, and each class obtains income corre

sponding to its factor of production. In Marx IS economics,. the source 

of income and its distribution among the two major classes are treated 

first: the form of income other than wages is called profi t in gen

eral, and those who appropriate profit are called capitalists. 
If attention is concentrated on the agricultural sector, it 

is seen that there is a class of landowners, from which capitalists 

rent a patch of land and cede part of their profit as rent. Marx 

wrote: 

"Landed property is based on the monopoly by certain persons over 

definite portions of the globe, as exclusive spheres of their 

private will to the exclusion of all others." (III, p.615.) 

Possession of land, or monopoly of land, constitutes a historical 

premise to capitalism, but landholding itsel f does not determine the 

economic value of landed property. The economic value of landed 

property in the capitalist economy depends on the various condi

tions of the economy. 

Consider a capitalist economy in which landed property required 

for agriculture is monopolized by the landowner class. Not only in 

the industry sector but also in the agriculture sector, the capital

labour relationship is established. The capitalists in the agricul

ture sector are the capitalist farmers, employing workers to plough 
land and paying a certain amount of money determined by contracts to 

the landowners. 

Since the purpose of capital is the production and appropria

tion of profit, the capitalist farmers also invest their capital 

and price their products in subjection to the law of value. These 

conditions of a capital ist economy determine the economic value of 

landed property, i.e., rent. 
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Landed property, OJ;'! the natural forces and/or natural conditions 

represented by landed property, is not a product of labour, so that 

it is on no account the source of value or surplus. 

Then, how will the economic value of landed property be 

measured? Compare a factory powered by a steam engine with an

other using a waterfall. Suppose that the same type of product of 

equal quality is produced by the two which apply the same production 

technique, except for the source of power, and that they are sold 

at the same price in the market. Then, the factory powered by the 

waterfall would be more economically favoured, provided that the 

waterfall itself were to be available for nothing. This factory 

will produce ~u~plu~ p~otii, i.e., the portion of profit over the 

average profit, which is created by economising on the steam 

engine. However, 

"The possession of this natural force constitutes a monopoly in 

the hands of its owner; it is a condition for an increase in the 

productiveness of the invested capital that cannot be established 

by the production process of the capital itself; this natural 

force, which can be monopolized in this manner, is always bound 

to the land." (III, p.645.) 

Let the waterfall belong to a landowner, then 

"(T)he surplus profit which arises from the employment of this 

waterfall is not due to capital,· but to the utilization of a 

natural force which can be monopolized, and has been monopolized, 

by capital. Under these circumstances, the surplus profit is 

transformed into ground-rent, that is, it falls into possession 

of the owner of the waterfall." (III, p. 646. ) 

What applies to land can also apply to other forms of natural 

forces and conditions related to production. Owing to differences 

in natural conditions an equal amount of capital may yield unequal 

results of production. This can be attributed to the fertility and 

location of land. 

The fertility of land depends on the chemical composition of 

the soil of land, and is determined by chemical and mechanical 

developments in agriculture: 

"Fertility, although an objective property of the soil, always 

implies an economic relation, a relation to the existing chemical 
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and mechanical level of development in agriculture, and, there

fore, changes with this level of development." (III, p.651.) 

Therefore, the fertility of land is not a mere natural fertil
ity, but an economic fertility. 

The same consideration can be applied to the location of land. 

Fundamentally, it is the distance relationship between a plot of 

land producing a certain kind of good and the market. Hence, the 

location of land is also an economic location of land that depends 

on the development of the transportation system. 

The part of capitalists' revenue which, owing to the monopolisa
tion of landed prop'erty, must be ceded 1;0 landowners in proportion to 

differences in degrees of fertility and/or location under the pro
duction price system is called ditt€~€ntial ~€nt. 

Landholding itself has nothing to do with the creation of the 

value-portion representing rent. Natural forces and conditions are 

not the source of surplus profit, but its natural basis. That is, 

landholding is 

" ••• not the cause of the creation of •• surplus profit, but is 

the cause of its transformation into the form of ground-rent, and 

therefore of the appropriation of this portion of the profit, ••• , 

the owner of the land or waterfall." (III, p.647.) 

From the angle mentioned above, Marx developed his theory of 

differential rent. Although he made an expatiation with the help 

of many complicated numerical examples, the objectives of his analy
sis can be reduced to the two points: how differential rent is de

termined in accordance wi th the theory of production price, and how 

it is influenced by changes in the productivity of capital. 

The purpose of this chapter is to apply a microscopic frame
work of analysis to Marx's theory of differential rent, and so 
clarifying the basic points of his discussion. 

In §l, the determination of differential rent in the Leontief 

economy case will be discussed, which corresponds to Marx's analy

sis of the first form of differential rent. 

Changes in differential rent caused by unequal productivities 
of capital, or the seconq form of rent, will be argued in §2. 

It must be underscored that this chapter is limited to the 

fundamental problems of differential rent. 

In what follows, the term "fertil i ty" is regarded as the repre

sentation of the natural conditions which can be monopolized. 
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§ 1. Differential rent in a Leontief economy. 

1. Consider a< capitalist economy accompanied by priv.ate landholding. 

The economy is composed of three classes, namely, the capitalist, 

the working and the landowner class. 

The economy is made up of industry and agriculture. The indus

try sector produces n types of product, while only a single type 

of good is produced in the agriculture sector. It is called, ac

cording to the tradition of political economy, corn. 

Let there be s types of land, which will be called land 1, 

land 2, ••• and land s. Land is indispensable for agricul ture, but 

is not necessarily required by the industry sector. Hence, only 

the capitalists engaged in agriculture rent plots of land from the 

landowners. 

The economy is supposed to be of the Leontief type, except for two 

points: (1) in agriculture, different types of technique can be 

applied to different kinds of land, and (2) agricultural techniques 

are not necessarily linear, where only a single kind of technique can 

be applied to each type of land. Namely, the choice of (nonlinear) 

techniques concomitant with the heterogeneity of land is permitted 

in agriculture. This type of economy is called a L€onti€t €conomy 

with land€d P~OP€~ty. 

Now, the following notation will be employed: 

A n x 

d 1 x 

a 1 x 
0 

Kj n x 

OJ 
L. 

J 

Hj 

H = L Hj 

It. 
J 

X 

F 

PI 1 x 

Pa 

n 

n 

n 

1 

n 

input matrix (from industry to industry), 

input vector (from agriculture to industry), 

labour vector of industry, 

input vector of industrial goods on land j, 

input of corn on land j, 

labour input on land j, 

acreage of land j cultivated, 

total acreage of land cultivated, 

produce of corn from land j, 

total supply of corn, 

wage goods bundle, 

price vector of industrial goods, 

price of corn, 



'IT 

w 

Aj 

Kj 

mj = Kj/H j 

where 

profit rate, 

wage rate, 
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rate of surplus profit, 

amount of capital on land j, 

amount of capital per acre of land j, 

Kj = PI Kj + PaQj + wLj 

The production function is wrltten as: 
t j 

Xj = Xj ( K ,Qj,Lj;Hj> , 

where Xj = 0 if Hj = 0 • 

Now, let us introduce: 

D£:fINI710N 1. (Di/./.ell.eniiai Il.eni) Differential rent is the difference 

between the produce obtained by the employment of two equal quanti
ties of capital on equal areas of land. (III, p.649.) 

Given PI' 'IT and w, the production price of corn from 

land j can be written as 

(1) 

The difference in the above definition can be evaluated as 

PaXj/H j - PaXi/Hi = (l+'IT)(mj-mi ) + Ajmj-Aim i • 

Wi thout loss of generality, one can put Ai:: 0 • If mj=mi and Hj=H i , 

PaXj/H j - PaXi/Hi = Ajm j 

is obtained. Therefore, let us write: 

R A differential rent on land J,.l) j = jmj 

Then, the production price of corn from land j can be rewritten as 

PaXj = (l+'IT)(PIKj+PaQj+WLj) + RjH j • 

Thus, surplus profit is transformed into differential rent, which 

is at the same time rent per acre of land. 
The whole system of equations to determine prices and distribu

tion is now represented as follows: 2 ) for j E {l, •• ,s} , 

(2 ) PI (1+71) (PIA + Pad + wa o ) 

(3) PaXj (l+'IT) (PIKj + PaQj + wLj) + RjH j 

(4) Rl····R s 0 

( 5) LX j X 

(6) Pa 1 
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Equat~on (2) defines the production price of industrial goods 

aDd (3) shows that in agriculture the following equality 

total production = production price + rent 

holds, whilst (4) indicates that at least one type of land has zero 

differential rent, so that the production price of corn is determined 
by (2) and at least one of (3) : next, (5) means that the total 

produce of corn should be equal to a given magnitude. Needless to 
say, (6) is the nume raire equa tion. 

The system of equations, (2) through to (6), consists of n+s+3 

equations in 
the val ues of 

n+2s+3 unknowns, i.e., PI' Pa' Rj , Xi' 'IT and Ill. 

S unknowns are given, the remaining unknowns are 
simultaneously determined. 

If 

In the ensuing discussion, the production programmes of the 
capitalist farmers, Xjs, are assumed to be given. Then, equation 

(5) becomes redundant, so that the prices, the profit rate and rent 
are determined as functions of the real wage rate. 3 ) 

From the above formulation, it is seen that 

(7) 

That is, the rate of surplus prof it on one type of land appears as the 

ratio of rent to capital invested in that land. To determine rent is 

to determine surplus profit, but the latter is more important, albeit 

latent. In order to see this, let us consider here: 

p (j) 
a individual production price of corn produced on land j, 

where 
(8) 

Then, one has 
(9) 

and the following is easy to show: 

PROPOSl110N 1. Assume 1+'IT > 0 and P O) > 0 a • Then, 

(11) Pa p~j) if and only if Aj = 0 

Thus, the ranked order of the rates of surplus profit is equiv

alent to that of the in~ividuyl prices, which means that from the 

angle of the capitalist class the ranked order of fertility of land 
is expressed by that of the rates of surplus profit rate, AjS. 
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Since mj differs from one type of land to another, the ranked order 

of differential rent is not equivalent to that 'Of the rates 'Of 

surplus prQfit; Rj > Ri ~I~ Aj > Ai' In this sense, the surplus 

profit is transfQrmed intQ differential rent. 

If A. > A. , then land j is said tQ be more fertile than land i. 
J 1. 

The ranked 'Order 'Of land frQm less fertile tQ mQre fertile land is 

called the a~cending o~de~, whilst the reversed order the de~cending 

o~d€~. Since A. is a functiQn 'Of the real wage rate, the ranked 
J 

order 'Of rent may undergQ changes when the real wage rate is altered. 

Such a change will render a type 'Of land which has nQt yielded rent 

rentable, and vice versa. 4 ) 

2. NQw, supPQse that the real wage is specified as 

(10 ) w= (PI,Pa)F. 
Let us write 

A* (j ) 

[ : L(j) 

and 

M*(j) = A*(j) + FL(j) , 

where the subsequent assumptiQns are made: 

(A. 1 ) A ~ 0 , Kj > On, d > 0 , Q. > 0 , X.> '0 , f > On+l. 
- n J J 

(A.2) Lj > '0 , a > 0 
0 n 

(A. 3) The matrix A is indecQmpQsable. 

Then, 'One can see that A*(j) is alsQ indecQmpQsable.(Cf.Lemma 4.) 

The equilibrium with differential rent is defined as: 

DErlNl710N 2.(Equilig~ium with ditte~ential ~~nt) The equilibrium 

with differential rent is the state 'Of the eCQnQmy such as n > '0 , 

PI > On ' Pa > '0 and Rj ~ '0 satisfying (2) through tc (6) and (10) 

fQr w > '0 • 

7HEORE~ l.(i) The existence 'Of the equilibrium with differential 

rent is equivalent tQ 
(11 ) p(M*(k») < 1 , 
with k defined by 

(12 ) Ak min A. 0 . 
J 
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(ii ) o is equivalent to 

(13 ) P (M* (k») := p (M* (j ) ) 

for v j , where k concerns (12). 

P/l.oo/.. 

Since (in is trivial,. only (i) needs to be verified. 

Sufficiency: as seen from (11), there exist TI > 0 , PI > On 

and Pa > 0 in view of Frobenius' theorem. From (12), one has 

Rk:= 0 and Rj ~ 

Necessity! 

o • 

since Pa > 0 

(k) > p(j) 
P a = a 

and 'IT > 0 , one has 

in view of Proposition 1. If Rj ~ 0 , then 

Pa ~ p~j) , 

whilst, from ( 4 ) , there exists j £: {l, ••• ,s} such 

Pa := P (j) 
a 

Hence, 
p (j):= (k ) 

Pa max Pa a 

that is, 

Ak := min Aj := 0 . 

that 

It is obvious that PI > ° n' Pa > 0 and 'IT > 0 implies (11 ). 

Q.E.D. 

Needl ess to say, this theorem is val id even if A. 
5) J 

for more than two j-s. 

o holds 

According to the Marxian interpretation, this theorem discloses 

that the positivity of differential rent depends ultimately on the 

profitability of the economy, (11): without profit, capitalist 

differential rent cannot exist. Since positive profit, as made 

clear by the theory of value and surplus value, implies exploitation 

of workers, the capitalist and landowner classes share common inter

ests in the exploitation of the workers. 

The following analysis will be confined to the case of equilib

rium with differential rent. Let us assume: 

(A.4) 

(A. 5) 
3 

3 k 

i, j 

p(M*(k») < 1 • 

p(M*(i») t p(M*(j») i t j 
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3. Let us refer to other forms of the ratio of rent. Let 

rate of rent per output, 

rate of rent in kind. 

The rate of rent per output is defined by the total rental 

divided by output: 

(14 ) ~ 
Xj 

Next, the rate of rent in kind is expressed by total rental di-

vided by price-output: 

(15 ) 

It is easy to see that 

(16 ) KjPa= OJ • 
Concerning the relationship among 

PfWPOSI710N 2. The ranked orders of 

alent: ~=::l> K. 
J 

P/l.OO/.. 

Aj' 

Aj , 

> Ki 

OJ and Kj , one has: 

OJ and K. 
J 

are all equiv-

, i I- j 

The second equivalence is easy to see in view of (16); whilst, 

from (2)·, it follows that 

Pa = p!j) +K j , 

so that the first equivalence is obtained in the light of Proposi-
tion 2. Q.E.D. 

This proposition confirms that the ranked order of the rates of 

rent is the fundamental one. 

4. The necessary terminolgy will be introduced here. 

If capital can obtain average profit by cultivating a type of 

land, the type of land is said to be compe.iiP.le., and if it is actual

ly cultivated, it is said to be compe.iing. A type of land which partici

pates in the determination of the price of corn, namely, a type of 

land which is cuI tivated but does not yield rent, is called ma/l.ginal 

land, and the technique appl ied to marginal land is called a ma/l.ginal 

ie.chnlque.. A type of land which can yield rent is said to be /l.e.ni-
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aile. Rentable land is also competible. 
Now, let us consider changes in the profit rate in the case 

in which marginal land is replaced. 
Suppose that marginal land j is replaced by land k somehow or 

other. This replacement can take place either in the ascending or 

descending order. If it occurs in the acsending order, land j will 

not be cultivated any longer, for it is less fertile than land k 

under the existing real wage rate; if it does in the descending 

order, land j will turn out to be rentable, and still competible. 

Before and after such a replacement, the two systems of equa

tions hold: 

(17) 

and 

(18 ) 

7H£OR£~ II. The replacement of marginal land in the ascending 

(descending) order increases (decreases) the profit rate: if 

(19 ) 

then 

Pltoo/.. 

7T>7T. 

From (17) and (19), it follows that 

Hence, 

1 < p(M*(k»). 
1+7T 

Consequently, iT < 7T • (Cf. Lemma 5.) Q. E. D. 

It must be observed, however, that nothing can be said about 

changes in the prices. 6 ) 

In the next stage, consider how the total rental varies in 

response to increases in the acreage of cultivation. Let 

R 

Z; 

where, 

total rental, 

average rate of rent, 

average rate of rent per acre, 

amount of capital invested in land j, 

total capital in agriculture, 
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I< L I<j 

The total rental is defined by 

(20 ) R = LR.H. = P X - (1+71)1< • 
J J a 

The average rate of rent is defined by the total rental divided by 

the total capital invested in agriculture: 

(21) 

And, the average 

(22 ) 

Assume here 

rate 

u = 

that 

R 

I< 

of 

R 

H 

the 

X = p -- (1+71) 
a K 

rent per acre is determined by 

X (1+71) ~ = p - - . 
a H H 

input-output proportions are constant, 

irrespective of the extent of cultivation: the proportion 

Xj: I<jl:·····: Kjn: OJ: Lj : Hj 

is constant, so that one can write 

1 
X. 

2 Xj 3 K. 
(23) E.= J. E.= f.= J. 

J K. J H. J H. 
J J J 

and one has: 

PROPOS1710N 3. Assume marginal land is not replaced. 

(1) 

(ii ) 

P/lOO/.. 

impl ies a R 
aK. > 0 • 

J 

is equivalent to 

is equivalent to 

E~ > X 
J K 

(1) From (20), it follows that 

aR 1 aT< = P E. - (I +71) • 
j a J 

Pa > 
and I+7T «) 

Since there exists anequilibrium satisfying (2) - (6) and (10), one 

has 

so that 
1 PaEj > 1+71 ; namely, one has 

aR 
aK.>o. 

J 
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(i1), (iii). Likewise, the conclusions follow from 

ax. 
~K- X 

al; J W = p a--'-"----
j (K)2 K 

= 

and 

Q.E.D. 
The first result (i) means that if the production of corn is 

extended on a rentable and competing type of land, the total rental is 

increased. The second indicates that extending cultivation of 

land j increases the total rental, if the capital-output ratio of 

land j is greater than the average output-capital ratio. The third 

can be interpreted in a similar fashion. 

Roughly speaking, the extension of cultivation of land j with 

above average fertility increases the total rental and the average rate 

of rent. This confirms one of Marx's conclusions: 

"So long as the price of grain remains unchanged because the 

yield on the worst, rentless soil remains the same; so long as 

the difference in the fertility of the various cultivated types 

of soil remains the same; ••• ri4~t, the rental constantly in

creases with the extension of cultivated area and with the con

sequent increased capital investment, except for the case where 

the entire increase is accounted for by rentless land. Secondly, 

•• If we leave out of consideration the case in which the expan

sion takes place only on the rentless soil, we find that the 

average rent per acre (total rental divided by the total number 

of the cultivated acres) and the average rate of rent on the 

capital invested in agriculture (total rental divided by the 

invested total capital) depend on the proportions which the 

various classes of soil constitute in the total cultivated area; 

••• In spite of an increase ••• in the total rental with the ex

tension of cultivation and expansion of capital investment, the 

average rent per acre and the average rate of rent on capital 

decrease when the extension of rentless land, and land yielding 

little differential rent, is greater than the extension of the 

superior one yielding greater rent. Conversely, the average rent 

per acre and the average rate of rent on capital increase propor

tionately to the extent that better land constitutes a relatively 
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greater part of the total area and therefore employs a relatively 

greater share of the invested capital." (III, pp.666-7.) 

5. Consider the extension of the cultivated area either in the 

descending or ascending order as specified in the following. 

Suppose the ranked order of fertility of land is g;l.ven by land 1, 

land Z, ••• , and land s: Al > AZ > ••• > As' The cultivable area 

of each type of land is given by Hj • The extension of cultivation 

goes on in the subsequent way: in the case of the ascending order, 

the cultivation of the first one acre of land j+l follows that 

last one acre of land,j, thus from the first one acre of land 1 to 

the last one acre of land s; whereas, in the case of the descending 

order, the cultivation of the first one acre of land j follows that 

of the last one acre of land j+l, and hence from the first one acre 

of land s to the last one acre of land 1. 

Here, as a corollary of Proposition 3, one can confirm: 

PROPOS17lON 4. (1) Aj ::: 0 =-= ", .R ClK j 
< 0 : Aj = 

(11 ) A j = 0 ==:::l> a2 l,; > 0 ; A'= max Ai ==:::l> n 
aK~ J aK Z 

J j 

PII.OO/.. 

(i) The proof is trivial. 

(ii) By a mathematical manipulation, one gets 

D _ _ Zp a (El X ) = _2.f. ~ 
aK3 - '(j()'2 j - K aK j K 

Now, consider the ascending order case. 

max Ai ==:::l> R aK j 
> 0 . 

< 0 

Q. E. D. 

While land 1 is culti-

vated, rent does not accrue. Once the cultivation is extended to 

land 2, rent accrues, and the total rental and the average rate of 

rent increase with the extension of cultivation. Since the replace

ment of marginal land does not take place, the quantity of capital 

can be measured by the same prices, so that one has the following 

Figure 1. 

Next, in the case of the descending order, it is invariably on 

marginal land that the extension of cultivation takes place. Hence, 

as marginal land is replaced, the prices undergo changes: only 
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within the range of the extension of cultivation on one type of 

land, can changes in I; be traced. Figure 2 shows the graph of 

r; in this case. 

FIGURE VI ~l. 

K 
o 

FICURE Vr-2 . 

o K 

(Land k is being marginal.) 
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Note that in the light of Proposition 4(ii), one has the infor

mation about the slopes of the two curves drawn here. It is inter

esting that the curve in Figure I is increasing with decreasing 

gradients, whereas the other is decreasing with increasing gradients. 

6. Let us briefly confirm here a classical proposition that there 

is an antagonistic relationship between the capitalist and landowner 

classes. 

PROPOSITION 5. The rate of profit is a decreasing function of rent: 

> 0 • 

Pltoo/.. 

Take two vectors of rent, Rl and R2, and the price system can 

be written as 

where i = 1 • 2. 

Suppose Rl > R2 , and one has 

1 
P (l+nl)plM + RlH > (l+nl)plM + R2H 

Since M is indecomposable in view of (A.3), it soon follows that 

n 2 > n l in the light of Lemma 5. Q.E.D. 
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§ 2. The prodUctivity of capital and differential rent. 

1. The extensive cultivation of land invariably comes up against 

the natural limitation of the area of cultivable land, so that ac

cumulation of capital should be shifted from the extensive to inten

sive form of agriculture. That is, capital accumulation should be 

carried on in such a way that an additional amount of capital is 

successively invested in the same plot of land. This becomes the 

fundamental form of capital accumulation in agriculture. 

The productivity of capital may undergo changes as the accumu

lation of capital goes on, so that each unit of additional capital 

may yield unequal amounts of rent. Such an unequal result is called 

the second form of differential rent by Marx. 

The second form of differential rent will be analysed on the 

basis of the first form of differential rent: 

that the production price of corn is determined 

still applies. 

Let the following notation be in trod uced : 

land j, 

Kj(i) n x 1 i-th investment of industrial 

OJ (1) i-th investment of corn, 

L j (!) i-th expenditure of labour, 

Xj (!) i-th increment of output, 

Aj (!) i-th increment of the surplus 

Rj (!) i-th increment of the rate of 

Kj (!) !.-th increment of capital, 

Obviously, one has 

Kj I Kj (1) OJ IOj(1) Lj 
(24 ) i 

Xj IX.(1) 
i J 

R. IR.(!) 
J i J 

namely, the principle 

by marginal land 

with respect to 

capital goods, 

profit rate, 

rent, 

IL.(1) 
i J 

, 

Since additional surplus profit produced by additional invest

ment is transformed into additional rent, one can write: 



(25) 

and in view of 

(7' ) 

it follows that 

(26) 
~i Aj ( i) K j ( i) 

Kj 
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That is, the rate of surplus profit is the weighted average of the 

additional surplus profit rates. 

The second form of differential rent was defined by Marx as: 

DE."flNI7ION 3. (7h.ll. .6Il.cond /'o/l.m O/. di/./.Il./I.ll.ntiaf. /I.ll.nt) The difference 

between the results which are obtained by the employment of equal 

amounts of capital successively invested in the same plot of land 

is called the second form of differential rent. 

Let 

the second form of rent, 

and, this is expressed by: k k-l 

(27) 

~ A.(i)K.(i) ~ A.{i)Kj(i) 
I J J I J 

R * j (k) = -"--~k------iki:-_'l----

I Kj(i) I Kj{i) 

Soon, one can derive: 

PROPOSI7ION 6. 

That is, the second form of differential rent represents the 

change in the first form of differential rent given rise to by addi

tional investment. It concerns the concept of the rate of change 

or marginal rent. Therefore, the analysis of the second form of 

differential rent will be reduced to the treatment of the changes 

in the first form of differential rent caused by alterations in the 

productivity of capital concomitant with additional investment. 

In order to describe changes in the productivity of capital~ 

the three usual cases, i.e., constant returns to scale, increasing 

returns to scale and decreasing returns to scale, will be considered; 

they are abbreviated respectively as c.r.s., i.r.s., and d.r.s. 8 ) 

The production function will be rewritten as 

Xj fj(tKj , OJ' L j ) • 



134 

This is assumed to satisfy: 

(A. 6) is partially differentiable, 
af. 
~ > 0 , and 

j 
f. > O. 
J= 

(A.7) The proportion 
t . 

KJ : Qj : Lj is constant. 

Note that changes in the producti-vity of capital reflect the accu

mulation of capital, in so far as they are engendered by it. 

Now, the subsequent propositions are easy to show: 

PROPOSI7ION 7. Assume that there is no replacement of marginal 

land, and Aj f. o. Then, 

(i) If fj is c.r.s., then Aj is constant. 

(ii ) If 

(iii) 

P/l.OO/.. 

(i), (ii). 

is d.r.s. (i.r.s.), 

ap (j ) dA. 

*- ~-ai 

then 

J J 

From (l), 

a A-. 
K. ~ = P 

J j a 

it follows that 

[ ax. x. ) 
~-~ 

o • 

Hence, the results are derived by dint of Lemma 18. 

(iii) Likewise, one gets 

~Pa -1 (JA j 
aKj = T+7f aKj 

Q.E.D. 
From this proposition, it is seen that the rate of surplus 

profi t, i.e., the rate of rent, increases (decreases) according as 

the productivity of capital increases (decreases) with the accumu

lation of capital. Needless to say, changes in the individual pro

duction prices are inversely proportional to those in the rate of rent. 

The production price of corn is determined by marginal land: 

how does change in the productivity cf capital invested in marginal 

land effect the profit rate? The following proposition concerns 

this: 

PROPOS17lON 8. 

(i) If f. 
J 

(ii ) If 

P/l.OO/.. 

Assume Aj = 0 • 

is c.r.s., then 7T, PI 

is d.r.s. (i.r.s.), then 

Since one has 

and remain constant. 

7T decreases (increases). 



it follows that 

i. e. , 

a(Kj/x.) 
J 

> 
~ 0, 

,hI < ax; 5 0, 
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according as fj is d.r.s., c.r.s., and i.r.s. respectively. 

Furthermore, if fj is c.r.s., then PI and Pa do not 

undergo any change. Q.E.D. 

That is, if the productivity of capital on marginal land is 

kept constant, the production price system undergoes no alteration. 

An increase (decrease) in the productivity of capital, however, 

heightens (lowers) the profit rate. Note that in this case, nothing 

can be said about changes in relative prices. 

As for the total amount of rental, the following holds: 

PROPOSl710N 9, Assume that marginal land (land k) is not replaced, 

and fk is c.r.s. If fj (j f. k) is c.r.s. or i.r.s., then 

::j > 0 

j 

PI1.00/.. 

In the light of the assumptions made here, PI' Pa and 71 are 

kept constant. From (3), it follows that 

RjH j = PaXj - (l+71)K j > 0 , 

and hence, if fj is c.r.s. or i.r.s., then one has 

aR. 
H.~ 

J j 

ax. >p Xj_ 
Pa~K~ - (1+71) = a K. (1+71) > 0 • 

J J 

In view of Lemma 18, the result follows. Q. E. D. 

Accordingly, if the production price system is kept unchanged, 

rent increases with the accumulation of capital in so far as the 

productivity of capital invested in rent-yielding land is not d.r.s. 

The accumulation of capital will give rise to changes in the 

productivity of capital, and thus the ranked order of fertility of 

land and the production price system. Once marginal land is re

placed, however, it becomes difficult to discuss changes in relative 
prices. 
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2. Suppose that each type of land is partitioned into several 

plots. and that different amounts of capital with unequal produc

tivity are invested therein: land j. to which production function 

fj is applied. is partitioned into mj plots. 

With respect to the a-th plot of land j. write: 

H. area 
J.a 

Kj·a n x 1: input vector of industrial goods. 

Qj.a input of corn. 

L. input of labour. 
J.a 

X. output of corn. 
J.a 

The production price system is now expressed as 

(29) (l+7T)(PIKj·a+P Q. +wLj )+R.H j a J.a .a J '.a 

~ ~ Xj a = X • 
j a • 

where j e: {I ••••• s} • a e: {I ••••• mj } • 
s 

The system (29) consists of n+3+ I mj equations in 
s 

n+3+s+ ~ m. 
1 J 

variables. Suppose. as before. the production programmes of the 

capitalist farmers and the real wage rate are given. and hence (29c) 

is made redundant. Then. the production prices. the profit rate and 

rent are determined as functions of the real wage. 

The following proposition concerns a necessary condition for 

equilibrium to hold: 

PROPOSI710N 70. If the system of (4). (6) and (29) has equilibria. 

then 

(30 ) 

where a f. B • 

P/l..oo/.. 

X. /H. 
J, a J. a 

Kj. a /H 
j.a 

Qj.a/Hj.a 

L. /H. 
J.a J.a 

Xj.B/H j • B 

Kj. B /H 
j.B 

Qj.B/Hj.B 

Lj,B/Hj,B 
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Since rent per acre is uniform throughout 

type of land, it follows that 

all plots of the 

same 

(31) ~[~-~)-
1+7f j,o. Hj,S -

0., Ss{l, ••• ,mj},o.I:S. 

K. Q 

-1.!..l:. 
H. Q 

J,I-' 

K. 
J,o. 
~ 

J,o. 

Suppose that neither of the two sides of (31) is zero, and one 

has 

[ X. X. Q)[K. Q ~ ___ J_,_I-' __ J_,_I-' 
H. H. Q H. Q 

J,o. J,I-' J,I-' 

K. } ~ > 0 
H. 

J,o. 

in the light of Pa > 0 and 7f > 0 • Then, the following is derived: 

f.(tKj,o.,Q. ,L. ) > 
J J,o. J,o. 

f.(tKj,o.,Q. ,L. ), 
J J,o. J,o. 

which is a contradiction. 

Consequently, both sides of (31) are zero. Q. E. D. 

This proposition shows that the establishment of equilibrium 

necessitates a uniform intensity of inputs per acre in each plot of 

the same type of land: the capitalist farmers renting the same type 

of land should adopt such production programmes as satisfy the uni

formity of capital and labour intensity per acre. 

Therefore, it may be said that in the long run the second form 

of differential rent does not exist persistently. As indicated by 

the system of (4), (6) and (29), the same type of land takes one 

and the same rent per acre, so that the second form of differential 

rent becomes a disequilibrium factor. Owing to the difference in 

the productivity of capital invested, a plot of marginal land, as 

pointed out by Marx, may yield rent, but it can come about only 

temporarily, because such a situation has the same effect as the 

replacement of marginal land in the descending order on the profit 

rate: if the productivity of capital invested in a plot of marginal 

land diminishes, the capital will be withdrawn from that plot and re

invested somewhere else. 

Nevertheless, the establishment of equilibrium in the long run 

depends on the manner of contract between the capitalist and land

own~r classes, on any coalition of capitalists in an attempts to 

maximise the profit rate and on the divisibility of capital. 
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§ 3. A simplified case. 

1. Consider a specialised case In which n = 1. Then, all the co

efficients in the system of (2) through to(6) are scalars. Let land I 

be marginal land. 
The production price system of this case will be expressed as 

(32 ) 

w 

= (l+1T) (PIA + Pad + wa o ) , 

(l+1T)(PI Kj + PaQj +wLj) + RjH j 

o 

I 

Since PI is a scalar in this case, changes in the relative 

prices can be discussed in relation to distribution. 

Suppose that marginal land, land 1, is replaced by land 2 in 

the ascending order, and let PI' Pa' Ti- and w be respectively 

the prices, the profit rate and the wage rate after the replacement. 

Without loss of generality, one may put 

Xl = X2 = 1 

The production price system after the replacement becomes: 

(33 ) 
P I ( 1 + Ti-) (p I A + Pad + wa 0) , 

Then, one can prove: 

PROPOSl710N 11. The replacement of marginal land in the ascending 

order heightens the relative price of the industrial goods. 

P/l.oo/-. 
Before and after the replacement of marginal land, the following 

hold: 

PI (1+1T>(PI(A+a oF1 ) + Pa(d+a oF2 ») 

PI (1+Ti-) (PI(A+aoF l ) + Pa (d+a oF2 ») 

In the light of Theorem II, it i~mediately follows that 

PI PI (A+aoF 1) + Pa (d+aoF 2) 
> 

PI PI (A+aoF 1) + Pa (d+aoF 2) 

from which one has PI > PI ' where p = P = 1 a a Q.E.D. 
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The subsequent corollary is easy to show: 

COROLLARY. The replacement of marginal land in the descending order 

lowers the relative prices of industrial goods. 

2. In the next place, consider the case in which land 1 is not re-

placed, but the productiyity cf capital invested therein is i.r.s •• 
Suppose that capital is withdrawn from other types of land and 

reinvested in land 1, with the total output of corn kept unchanged .. 9) 

Also suppose that the total quantities of capital in kind are kept 
constant. Then, a static comparative analysis can be applied. 

Now, one has 

M*(l) (Kl+LlFl )/Xl 1 
(Ql+L l F2 )/X l 

and, as Xl increases, Kl, Ql and Ll relatively decrease. Since 

capital is transferred to land 1 continuously, the elements of the 

second column of M*(l) change continuously, so that the rate of 

profit and the relative price of industrial goods also increase. 

continuously. 

Write 

K PI Ka + p aQ + wL , 
where Ka = r Kj Q r Qj , L = r L j X = r Xj 

Then, the following may be shown: 

PROPOS1710N 12. Suppose Pa = 1 Then, dr; < 0 . d7T 
Pl1.oot. 

From and , it follows that 

dK 
d7T > 0 • 

Hence, 

dr; () X dK _ 1 < 0 • 
d 7T = - p a -:-::-:z "iT1T 

(K) Q.E.D. 
Therefore, the profit rate and the average rate of rent are in 

an antagonistic relationship, which implies a conflic.t between the 

capitalist and landowner classes. Moreover, it appears that the wage 

rate goes up with an increase in the profit rate. This implies tnat 

real wages should go up if the relative price of industrial goods 
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rises: the real wage rate does not change against the profit rate. 

However; this may imply the possibility of a coalition of the 

c~pitalist and working classes against the landowner class, as ob

served in the early stage of ' capitalism in England. 

However, it s~ould be remarked that the above proposition rests 

on the numeraire: if PI or w is taken as the numeraire, the an

tagonistic relationship cannot be observed. Thus, in general class 

relationships among the three classes are complex. 

§ 4. Concluding remarks. 

1. So far, fundamental problems of differential rent in the case 

where agriculture sector produces only one type of prod~ct have been 

discussed. By way of conclusion, some comments on further gener

alisation and the theory of value should be made. 

In the first place, an extension to include more than two kinds 

of agricultural product should be contemplated. 

Suppose that there are r types of agricultural good produced 

in agriculture. With respect to agricultural good i, produced on 

land j, write 

Kj 
i n 

Q~ r 
1. 

L. 
J,i 

X. 
J,i 

H. 
J,i 

D r 

PII 1 

x 1 

x 1 

x n 

x r 

input vector of industrial goods, 

input vector of agricultural goods, 

labour input, 

quantity of production, 

area cultivated (acres), 

input matrix of agricultural goods in the industry 

sector, 

price vector of agricultural goods. 
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The production price system is represented as: 

(l+1T)(PIA+PUD+wao) , 

(PII)'X, . 
1 J,l (l + 1T) (p I K~ + PI IQ ~ + wL. .) + R . H. . 1 1 J,l J J,l 

(34) R ·····R 1 s o , 

LX.. Xi 
j J, 1 

(PU)r 1 

where i £ {l ••••• r}. j £ {l, •••• s} , and 

X •• 
J.l 

t . t . 
f. . ( KL Q~. L. .) J.l 1 1 J.l 

The variables of this system are PI,P]I' X .. , R •• wand J.l J 
1T , i. e •• numbering n+r+s+rs+2 in total, whilst the number of equa

tions is n+r+rs+2. Hence, even if the production programmes of the 

capitalist farmers X .. are given. the above system of equations 
J.l 

(34) may not yield its unique solution. 

In the system of equations here. the rent per acre instead 

should be treated as given. The system (34) then determines the 

prices. the profit rates. and the production programmes as functions 

of the real wage rate. This interpretation does not violate the 

fact that rent is surplus profit, and that the prices of agricultural 

goods are determined by marginal land. 

A similar generalisation would dlso be possible in the von 

Neumann economy case. Assume constant returns to scale with respect 

to inputs of industrial and agricultural goods and labour input in 

agriculture. and the production price system can be described by: 

(35 ) 

together with (34c) and (34e). where 

A m x q : input matrix of the economy. 

B m x q: output matrix of the economy. 

R 1 x s: rent-per-acre vector. 

H s x q: input matrix of land, 

and m=n+r. q being the number of processes in the economy, and 

Aa • Ba • La and Ha respectively represent the counterparts of the 

engaging processes. 

Apply the von Neumann theory to (35). and it is easy to see 

that there exists an equilibrium. p 2: Om ' 1T > 0 for given w > 0 and 
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R ~ Os' if the warranted rate of profit of the system (A,B,L) is 
positive. As shown in Chapter I~ this condition is satisfied if the 

rate of surplus labour is positive, so that the landowner class as 
well as the capitalist class depends on the exploitation of the 

working class. 
It is also easy to see that in the system described by (35) the 

rate of profit is inversely related to each component of R. This 

implies, needless to say, an antagonistic relationship between the 

capitalist and landowner classes. 

It must be remarked that these generalisations would never cre

ate difficulties in the theory of differential rent. 

2. It must be observed that the theory of differential rent so far 

discussed does not immediately depend on the concept of value. Once 

the possibility of a positive profit rate is ensured by the funda
mental Marxian theorem, the theory of differential rent may find its 
point of departure in the theory of production price. 

Marx himself considered that the individual value of corn pro

duced by rent-yielding techniques is smaller than that produced by 
a marginal technique, and called the difference between the two 

"false social value~-- false, because corn produced by rent-yielding 

techniques is regarded as having as great a value as corn produced 
by a marginal technique. Marx thus tried to establish the value

basis of rent. 

It is not certain, however, that the individual value of corn 
produced by a marginal technique is greater or smaller than that by 
rent yielding ,techniques: in general, the ranked order of individual 

values of corn differs from that of individual prices. Therefore, 
it is not correct to explain rent in terms of false social value. 

Moreover, it is not necessary to do so: it is sufficient that rent 

is the part of profit ceded to landowners from capitalists. 

This does not create, however, any difficulty in the theory of 

value. Value does not depend on the form of property ownership, but 

the production price system does, so that there exists a discrepancy 
between the two. The value concept should not be influenced by a 

concrete form of property, whether land or capital: the value system, 

whether in equality or inequality terms, will not undergo any change. 



143 

It is obvious that the value system which can apply even to 

the system discussed in §l is the optimum value system, because the 

system comprises alternative techniques in the agriculture sector. 
And, it is also easy to see that the profit rate in that system, 

(2) through to (6) and (10), is the warranted rate of profit of the 

system. 
It is important to reconfirm that the relationship between 

rent and profit concerns the redistribution of surplus value 

between the capitalist and landowner classes, and hence has nothing 

to do with the creation of surplus value. In their conflict 

against each other, rent becomes a barrier for the accumulation of 
capital in the sense that the profit rate will be pushed down. 



EPILOGUE 

By way of summary, some concluding remarks will be made. 

In Chapters I through to V, we have discussed the Marxian value 

theory. We must emphasize that the value theory is not the price 

theory, but its basis. 

As pointed out in Chapter I, the possibility of positive profit 

in the market cannot be explained by the market itself. The exis

tence of production prices with a positive profit rate ensures this 

possibility. Furthermore, the existence of such a production price 

system is based on the positivity of the rate of surplus. We stress 

that although these reasoning are carried out in terms of equiva

lence, the Marxian value theory, the core of which is the so-called 

fundamental Marxian theorem, explains the foundation of the market 

in nonmarket terms. Note that even the existence of the production 

price system with positive profit does not depend on the market. 

A superhistorical feature of the Marxian value theory, on which 

attention has been focused, is worthy of special reconfirmation, 

because the fundamental Marxian theorem explains profit in terms of 

something more general: to explain capitaism in terms of capitalism 

may not be relevant here. Thus, the foundation of exploitation is 

made clear. 

Nevertheless, it is not necessary for detailed concepts which 

are introduced in the price system to have some explicit, micro

scopic value basis. The fundamental Marxian theorem is rather 

macroscopic, as is seen from the definition of the rate of surplus 

labour, and, as discussed in Chapter VI, a developed concept, such 

as rent, does not have a microscopic value basis, such as false social 

value. 

To discuss more developed problems, such as the choice of tech

niques, dynamics etc., obviously means to go beyond the value theory. 

This task will be done in other places. 



MATHEMATICAL ADDENDA 

1. Quadratic systems with nonnegative matrices. 

Let A = (a ij ) be an n x n nonnegative matrix. 

L€mma 1. The following three conditions are all equivalent: 

(i) 

(ii ) 

(iii ) 

x > Ax 

F or \I y > On, =t x > On 

(I _ A) -1 ~ 0 

x Ax + y • 

Remark n>n in (i) and (ii) can be relaxed to n~n. 

Let P E satisfy 

(pI - A) 8 = On, 

and p is called an eigen-value of A, and 

vector associated with it. Since such a p 

I pI - A I = 0 , wr i te 

r = {p' I pI - A , = 0 } • 

8 is called the eigen

can be obtained from 

L€mma 2.((P€~on=)r~og€niu4' ih€o~€m) Thereexists an eigenvalue p* 

E r with the following properties: 

(i) 

(ii ) 

(iii) 

(i v) 

p* ~ 0, 8* ~ On: (p*I-A)8* On. 

dp* 
~~o , ua ij -

\I Pn E r, p* ~ lpn' 

If AX(~)llx for x ~ On, then P*(~) u. 

(v) (Ill - A)-l ~ 0 if and only if u > p* 

p* and 8* above mentioned are called the r~og€niU4 ~oot and 

the (right-hand side) r~og€niu~ V€cto~ of A respectively. 

A matrix A is indecompo4agle if there exists no nonsingular 

matrix J such that 

where 

L€mma 3, 

L€mma 4. 

and A2 are square matrices. 
A is decomposable if and only if 

Let a > 0 and b > On. If 
- n 

::IPE R, x'::' 'I On: Ax~ px. 

A is indecomposable, then 

A* = [: :) is also indecomposable, where c is an arbi trary scalar. 
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1'II.OO/.. 

Suppose to the contrary. Then, there exist p ~ 0 and (:) > , "I 

On+l, x ~ 0 such that 

(*) AX+xb~pX aX+cx~px 

If x> 0, then from the supposition :Ii: Xi=o, but X I. On, 
because X On implies bx ~ On in (*a), which is impossibl~. Hence, 

X ~ , "IOn. In view of AX ~ pX from (*a), A is decomposable. 

Likewise, if x = 0 , then from the supposition X ~ On, but X 
'I On because for \Ii: a i > 0 , Xi= 0 in (*b). Hence, A is decompos-

able. This completes the proof. Q.E.D. 

Lemma 5. Let A be indecomposable. There exists an eigenvalue p* 

E r with the following properties: 

(1) 

(ii ) 

(iii ) 

(iv) 

(v) 

p* > 0 , 8* > On : (p*1 - A )8* On . 
-JF-: aij 

> 0 . 
For \I 

Pn E r : pnf. p* , p* > I Pn I . 
Ax ~ IJX for x ~ On implies * > 

«) 
p «)IJ. 

(IJI_A)-l > 0 if and only if IJ > p* • 

A nonnegative indecomposable matrix A is .(,ialle, if p* > 0 and 

At 
lim --- = A* 
t+oo (p*)t 

is finite. 
Lemma 6. Let A be stable. Then, every column (row) of A* is a 

positive column (row) eigenvector of A, both associated with p*. 

This lemma can be applied to the relative stability of a bal

anced-growth solution of the following homogeneous system: 

z(t) = Az(t-l) , 

where A is stable, and z(o) > On. For a particular solution of 
the system, z(t) = Atz(o), the following holds: 

lim~ A*z(o) 
t+oo (p*)t 

The following lemma is also useful: 

Lemma 7. Let x E lR m and y E m:R. Then, the following two hold: 

(i) I I - xy I = I - yx • 
(li) yx<l is equivalent to (I_xy)-I~O. 
(Murata(2), pp.140-2.) 
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II. Equation systems with rectangular matrices and generalised 

inverses. 

The following states a necessary and sufficient condition for 

the consistency (=solvability) of linear equation systems: 

Lemma 8. A system of equations 

A x = b 

is consistent with respect to x, if and only if 

rank A rank (A,b) • 

A g~neralised inverse concerns equatior systems with rectan

gular matrices. 

iJe/.inition. Let A be an m x n matrix. An n x m matrix X, 

which satisfies 

AXA = A 

is called a generalised inverse of A, and denoted as X = A-. 

(Rao-Mitra, Definition 2.) 

Lemma 9. {X IAXA = A}/". (op.cit., Lemma 2.2.3.) 

Remark that A- is not unique in general, and that the-symbolic 

notation A- ~ 0 means that at least one possible generalised in

verse of A is nonnegative. If A is square and nonsingular, A

is reduced to A-I. 

Lemma10.(i) A system of equations 

A x = b 

is consistent, if and only if there exists an A- satisfying 

AA-b = b , 

in which case the general solution is represented by 

x = A-b+ (I-A-A)u , 

where u is an arbitrary m-column vector. 

(ii) A matrix X is a generalised inverse of A, if and only if 

for all b such that Ax = b is consistent, x = Xb is a solution. 

(op.cit., Theorem 2.3.1. and Corollary 1 of Theorem 2.4.1.) 

Lemma 11.(1) AA-a = B is equivalent to R(B) C R(A) 

(i1) Let A be an m x n matrix, AA- = I , if and only if rank A 

= m. (op. cit •• Lemma 2.2.4.) 

Lemma 12. Let Z = A + B. If R(B) c. R(A) and II + A-al I 0 , 

then, (I+A-B)-lA- e:: {X Izxz = Z} 

PJl.oo/.. 
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Since RCB) ~ RCA) , it follows that AA-B:: B 

can be rewritten as 

Z = A (I + A -B) • 

In view of I I + A -B I .; 0 • one can define 

X :: (I + A-B)-lA- • 

Those entail that 
ZXZ A(I + A-B)(I + A-B)-lA-(A + B) 

AA-A + AA-B 

Z • 

III. Inequality systems. 

Let A be an m x n matrix. 

and hence Z 

Q.E.D. 

Lemma 13. (Siiemke'.6 iheoJtem) There exists an x > On such that Ax = 

am , if and only if {p I pA ~ On } :: ~ • 

Lemma 14. (f'linkow.6ki-raJtka.6' lemma) There exists an x ~ On such that 

Ax :: b • if and only if pA > a = n 
implies pb ~ 0 

Note that this can be applied to the case where an inequality 

Ax ~ b 

has a nonnegative solution. In fact, write k:: b - Ax , and the 

inequality system is transformed into an equality system: 

CA, I) [ : } = b • 

An inequality system with a linear objective function is called 

the lineaJt pJtogJtamming pJtotlem. Consider 

Max {cx I Ax ~ b, x ~ On } 

and this is invariably accompanied by its dual problem: 

Define 

Min {yb I yA ~ c , y > a }. 
m 

X = { x I Ax < b , x ~ On } , 

y = {y I yA ~ c , y > Om } • 

If X'; ~ , then the maximising problem is said to be tea.6itle.. The 

same applies to the minimising problem and Y. 
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they have optimum 

yO E Y such that 

Lemma 15.0) If the two problems are feasible, 

solutions: X f. (/I and Y f. (/I implies :3 X o E X 

cxo ~ cx ,and yOb;::' yb for V x E X and V y E Z • 

(ii)(Duatity theoRem) cx o = yOb • 

Lemma 16. If the maximising (minimising) problem is feasible and the 

objective function is bounded from above (below), the dual problem 

has a feasible solution: X f. f/I, cx < + 00, X E X implies Y f. (/I • 

(Y f. f/I, y b > - 00, Y E Y imp Ii e s X f. 1/1 • ) 

Lemma 17. The maximising problem has an optimum solution, if and 

only if the dual problem has an optimum solution. 

IV. Miscellaneous. 

Lemma 18. Let y = f(x) , x > mJR+, y E JRI satisfy: 

(*) y is partially differentiable, ;f > 0 
Xj 

,and y ~ 0 • 

(**) The proportion xl : ... :x is constant. m 

Then, the following holds: 

-y- ~ Cly 
x. <: ax:-

J J 
and 

t > ~ 
z ~ Clz 

where 0 according > f(tx) I z = u x , u > as ty ~ , t > or n 
< ty ); f ( tx) , 0 < t < I 

PRoa/.. 

Since x satisfies (**), y is reduced to a function of one 

varialble. Without loss of generality, y can be regarded as a 

function of xl' It suffices to show the proposition in the case 

of y=f(xl ). 

Now, suppose that ty > f(tx l ) , t > 1. Let 

tx 1 xl + L'lx 1 

and t -+- 1 is equivalent to L'lx I -+- o. Write 

L'ly = f (x 1 + L'lx 1 ) - f (x 1) , 

and it follows that 
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xl f(x l +lIx l ) - xlf(x l ) - lIx l f(x l ) 

xl Axl 

tx I f (x I ) - X If (x I ) - lIx If (x I ) 

xl lIx l 

= 0 • 

Hence, assuming lIxl + 0 , one has 

(***) .&.. _ 1-
dX I xl 

< 0 

The other cases of the first are proved in the same fashion. 

Likewise, z is a continuous function of xl ' so that xl 
is in turn a continuous function of z. Hence, y is regarded as 

a continuous function of z. Differentiate z = u X , and it follows 

that 
+ •••• + const. 

This, together with (***), entails the second result. Q.E.D. 

As for the details of the above, refer to Klein, Murata(l), (2), 
Nikaido and Rao-Mitra. 



FOOTNOTES 

Introduction 

1) The terms, goods, products and commodities, are identical 

throughout the whole volume. 

Chapter I. 

1) Since inputs of production should come before outputs, there is 
a time-lag between input and output. If the production level differs 

from period to period. it may become di fficul t to evaluate the true 

inputs. In the above definition, therefore, the amount Ax is 

J:'egarded as equivalents of inputs necessary for x, as if the state 

of the economy represented by x were to be repeated. This implies 

that some kind of steady state needs to be presupposed in the 

evaluation of net products. 

2) The assumption (A.3) plays an important role in the discussion 

made in the Leontief economy case. 

As for the indispensability of labour, (A. 2) will be assumed 

in this chapter. Also see Chapter III, p.54. 

3) It is also possible to consider reproducibility in a strong 
Ii n 3 n 

sense: for s > O. x ~ 0 , such that x - Mx = s. Strong 

reproducibility, however, will be reduced to reproducibility, as is 

strong productiveness to productiveness. 

4) This is designated as the average rate of profit by Marx. In 

this volume, the average rate of profit is identified with the 

equilibrium profit rate: they are referred to as simply the 

profit rate. 
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5) The production price is also the same as the long run equilib

rium price, and is often referred to simply as price. 

6) This type of production price was formally discussed by Sraffa 

in a systematic manner. 

Let us note that in order to evaluate the profit rate the non

negativity of prices is not essential. It is derived from the 

exchange of equivalents in the market, in particular the payment 

of wages -- pF ~ 0 : labour-power and wages are exchanged as 
equivalents. 

7) Rigorously speaking, cost-price here is cost-value. 

8) Morishima(5) contemplated the dual iteration of (23): 

t-l y t wy M t-l 

9) 

w~1y t-! y 

and showed that from any initial point yO e: :R~ , the limit of 

the iteration, XC , can be attained. 

Consider A 
= ~ ( ~ ~ ) , L ::: (1,1) , and it follows that 

w = (4,4). For an arbitrary F = the organic 

composition of capital of the two processes are equal: in fact, 

one has 

wA = (3,3) , 

wFL = 4(f+g)(1,l) , 

so that ~ 3/4(f+g). However, it is easy to see that 

IMI= I~+f t+f I J 0 • 

2"+g '4+g 

10) Marx's original statement can be expressed as dPj/dW j > 0 • 

The economically typical case of this is that p ~ w The former 
is more relaxed than the latter, but it is virtually more diffi

cult to find its economically meanigful equivalent condition. 
This is why the latter is mostly discussed. 

11) From the same reason as mentioned before in relation to net 

products (note 1) above), it may be also difficult to evaluate 

surplus products in a growing economy. At the end of period t, 
however, one can write 

x t = MXt+l + Ut ' 
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where Ut is the capitalists' consumption vector, because these 

exist at the same time point. If Xt~ Xt+l holds, moreover, this 

can be rewritten as 

Xt = (l+g)Mx t + Ut 
= Axt+FLxt+gMxt+U t , 

where g stands for the growth rate. Hence, the net products can 

be evaluated by 

Y t = x t - AX t ' 
and the surplus products by 

St = Y t - FLx t • 
That is, in the uniform growth case, the exact amounts of net and 

surplus products can be evaluated on the basis of the ongoing 
system of techniques. The time structure of production thus makes 

it difficult to evaluate net and surplus products. 

Nevertheless, it must be noted that even if the economy is in a 
steady state and full information about techniques is given, the 

amount of surplus is obscured by the social system itself. This 

is what Marx tried to show in his value theory. 

12) Differential rent, which is another form of income, will be 
discussed in Chapter VI. 

Chapter II. 

1) Fixed capital, durable capital and fixed equipment are regarded 

as being the same in this volUme. 

2) As for a simplified example of this reduction, see e.g. Schaik. 

3) Koshimura (2) established an equation similar to (11) in the four 

departmental Marx-Leontief economy case, in which fixed capital, 

nondurable capital goods, wage goods and luxury goods are produced. 

He already knew that the "true" volume of amortisation should be 

evaluated on the basis of the growth rate. 
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Chapter III 

I) This was produced from the equation (l') in Morishima (4),p.183. 

2) Pd. C. is defined for Dx" >" Om in this chapter. The same 

note applies to Pf.C. and S.C. introduced later. 

3) As for the generalised inverse, refer to the Mathematical 

Addenda, pp.147-8. 

4) A Leontief economy in which alternative processes are permitted 

is usually called the generalised Leontief economy. Murata (2) dis

cussed Marx's theory of value in the generalised Leontief economy 

case. Murata defined value as a minimiser of a certain type of 
norm, and the value equation is approximately solved by using 

Penrose's inverse. Penrose's inverse is unique, if it exists, and 

hence the value can then be determined uniquely. The value may 

rest on the form of norms, nevertheless. 

5) The axiom of impossibility of land of Cockaigne means that the 

primary factors of production are essential for production, and 

hence it comprehends the indispensability of labour. Nevertheless, 

the two are tantamount to each other here, because labour alone is 

the primary factor of production in the present discussion. 

As seen in Proposition 2, L > On does not suffice for the 

indispensability of labour. 

6) This is an extension of the uefficient point" in activity 

analysis. Refer to Koopmans, p. 60. 

7) Kurz (2), in an attempt to criticise Steedman's counterexample, 

rewrites Steedman's value equation as follows: 

where ~l and ~2 stand for productivity indices. 

From this, Kurz concluded that there exist ~l and ~2 for 

which wI and w2 are positive. 

In Kurz's modif ied value equation, however, the same labour 
creates an unequal amount of value, and hence his assertion seems 

to be against the law of value. 

8) A similar theorem was proved by Shiozawa(2). 

9) Equation (22) will make no sense, if it is overdetermined. 

Hence, it may be plausible to presuppose rank H = min (m~n), 

even if m ~ n • 
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If n < m , (22) appears to be underdetermined: prices of iJl-n 

types of good can be determined a priori. This, however, ~aises 

00 difficulty in the present discussion. 

10) If the iteratio~ formulae (1-23) are immediately extended, 

one can write: 

(23' ) 

Even if rank B m and hence BB-= I, MB- is not necessarily 

nonnegative. 

11) The proof will be sketched as follows. 

Repeat (23), and it follows that 

(1 *) 

Whilst, from Proposition 12, one has 

(2* ) wO t Hx /wQ t+l Hx 

so that 
(3*) TIo TIl. " " "TIt wHx /wO t+l Hx • 

Substitute (3*) into (1*), and the subsequent equation holds: 

(4*) t+l w wHx wO t+l Hx • 
wQ t+l Hx 

Here, wot, which appears in (4*}, is a solution of the following: 

E;t+l 

Now, one can write 

lim t t 0 zi/E;i = Y > , 
t wot 

t+co 
i;t (o(O)t 8(0) where Z , because = 

From this, 

Where, G 

one can derive: 

lim rrt 
t+ co 

(y, •• ,y). 

In the same fashion, one can prove 

p**= lim wt 
t+co 

(Refer to Lemma 6. ) 

1 
:;: 

o (Q) 
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Chapter IV. 

1) Definition 111-3 pertains to an arbitrary q , but the optimum 

value in this and the following chapters is restricted to that with 

respect to y = fLx • 
2) The surplus value in Steedman's counterexample is negative, but 

Okishio(7} confirmed that even in that counterexample surplus pro

ducts are produced. Also see Cheok, A. et ale 

3) This naming seems to have appeared first in Krause(2). 

4) The original definitions of the rates of unpaid labour and 

surplus value by Morishima are slightly different from (5) and (6). 

Let there be N workers in society, and suppose their working 

day is T hours. Namely, one has 

Let F* 

TN = Lx • 

stand for the wage goods vector per day. 
o 

T - Af * 
the rate of unpaid labour = 

A~ - A~*N 
o 

AF*N 
the rate of surplus value = 

Then, 

Proposition 2 is valid for the rates of unpaid labour and 

surplus value defined above. 

Note that in a different context Morishima's true value of 

good i will be of significance as an extension of employment 

multipliers, because it is unique. 

5) Hollander(2) enumerated ten axioms and discussed the linearity 

of the measure of exploitation. The fundamental Marxian theorem, 

however, does not depend on the linearity of the valuations of 

goods. 

Optimum value is, although nonnegative, neither unique nor 

linear. It may well be denounced for its nonoperationality. 
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Chapter V. 

1) Note that when "skilled labour j" is mentioned, j I: 1. Also 

remark that education and training necessary for skilled labour 

are regarded as being the same. 
2) In Okishio (3), the counterpart of (2) is written as 

y = wE + yT + 't, 

(in the present notation). That is, the value of capital goods in 

the education sectors enters into the value-creating force of 
skilled labour. This, however, is incorrect as pointed out here. 

3) As shown here, if the exclusive training period is considered, 
self-efforts become greater than unity. This is because self

efforts exerted in the education period are accumulated in worker 

j and reveal themselves when worker j starts working. 

If it is the case that worker j works and studies simultaneously 

over his life, which is hardly possible in the actual economy. then 
the amount of self-efforts is exactly unity: one has only to put 

nlj= n2j = nj • 
4) The following figure illustrates the accumulation of self

efforts to skilled labour. 

r-------------------------~------------------------

TN* 

yLIx I 

It should be taken note of that, as mentioned before, y plays 
the role of a peculiar operator .• Write, for instance x - Ax = y 
and premultiply (w,v,Y), and yYm = 0, because no value is pro
duced in the third sphere. 

5) (L, T) in A does not give the labour matrix of the hyper-closed 

system, because T here is not related to the production of value. 

6) Let m = n = s = 1 , and all the variables and coefficients of 
(LP.I) and (LP.II) are scalars. Put B = 1, and one has flO = L/ 
(I_A)Na and yO = l/Na • 
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7) In a closed Leontief economy, one has a stronger result as 

max ]..I. > 0 • 
J 

8) It will be convenient to make a note on the difference between 

the assumptions: Lx a ~ as in §2 and Na > as in §3. Since produc~ 

tive labour alone is conducive to the production of value, a 

strict inequality with respect to actual employment seems to 

create no problem. A similar distlnction between productive and 

nonproductive labour, as made in the prpof of Proposition 10 can 

b~ applied to that of Proposit-icn 17, if B, A, Land Fare 

specified as in this subsection. 

9) Krause's original theorem is proved for "r ~ 0". This proposi

tion is a simplified version. For details, see Krause(l). 

10) Hollander's original theorem is the conclusion (ii) here. 

Chapter VI. 

1) Differential rent is often referred to as rent in this chapter, 

because differential rent alohe is discussed. 

2) The production price system with rent of this type was first 

discussed by Sraffa, and later developed by Kurz~), in which the 

two-land case is treated. His analysis is concerned, however, 

mostly with Ricardo. Marx's propositions and the existence of 

equilibrium are not dealt with. 

3) In order to make clear the implication of Marx's discussion 

which assumes that the demand for corn is given, equation (4) is 

made explicit here. 

4) One of the main concerns of Kurz(l) is that the ranked order of 

fertility of land undergoes changes with changes in the real wage 

rate. Marx also knew that the fertility of land is an economic 

fertility. See, e.g. the citation in pp.1l8-9. 

5) Rent does not enter into the production price of corn immedi

a tel y. 

6) In his numerical examples, Marx often referred to rises and 

falls in prices, but, rigorously speaking, it is not easy to draw 

such a conclusion in the microscopic framework. See Proposition 12. 

7) Marx's "rate of rent" is called the average rate of rent here. 

8) See, e.g. Lancaster, p.13!. 

9) If th~ productivity of capital invested on fertile land is not 

d. r. s., this can occur. 
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