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PREFACE

This volume studies the development of Marxian value theory in
a modernised context.

The controversy about Marx's value theory is now in its third
stage. The first stage was marked by Bohm-Bawerk, and the second by
Samuelson soon after the World War I1I. 1In this second stage, the
basic results in Marx's economics were examined and formulated by
Okishio and Morishima-Seton in the Leontief economy case. The third
stage was opened by Morishima, who developed the Marxian theory of

value on the basis of von Neumann's theory.

In Chapters I through IV, a concise but comprehensive overview
of the points in Marx's value theory is presented from the Leontief
to von Neumann economy cases. .

Based on the above, the two subjects, namely, the reduction of
skilled labour and heterogeneous labour and the Marxian theory of
differential rent, are developed in Chapters V and VI respectively.
These topics, especially the reduction problem, seem not to have been
duly discussed in other literature.

The main concern of our discussion, in Chapters I through V in
particular, is the so-called fundamental Marxian theorem and the dual
dualities, i.e., the duality of price and quantity systems on the
basis of the duality of value and price. The -author also tried to
shed light on superhistorical aspects of Marxian value theory, which
ought to give a clue to the insight of the commodity production in

general.

The author acknowledges thanks to Professors S.Koshimura, A.
Heertje, M.Morishima, D.Furth, Y.Murata, U.Krause and I.Steedman
for their encouragement and helpful comments on an earlier draft.
Thanks are also due to many friends, although their names are not
mentioned here, who have inspired the author through discussion
and correspondence. Any remaining errors should, needless to say,

be blamed on the author.

July 1982, Tokyo. Y.Fujimori,



GENERAL REMARKS

I. Unless otherwise stated, the following remarks apply.

1. Each chapter should be regarded as an independent entity in
the sense that such expressions in the text, as "in what follows,"
"in the preceding discussion" or the like, should not be extended
to the following and preceding chapter(s).
2. Assumptions, once introduced, are supposed to hold throughout
the chapter concerned, and are not necessarily mentioned in the
statement(s) of theorem(s) explicitly.
3. In stating the corollaries, the conditions required for them
are usually omitted, because they are the same with those stated in
the preceding theorem(s) or proposition(s) in most cases.
4, Important variables are determined as solutions of equations
or inequalities. In order to describe such systems of equations or
inequalities, dummy variables are necessary. Nevertheless, the
same notation with dummy variables is often expected to represent
defined concepts so as to economize on the glossary of notation.
5. When the numbering (in brackets) is attached to systems of
equations etc., say (2), each equation of the system is indicated
in turn by alphabet as (2a), (2b),..

In the case of alinear programming problem, (*a), (*b) etc.
indicate the constraints of the problem.
6. Max {...} and Min {...} describe linear programming problems.
Whilst, max {...} and min {...} indicate the magnitudes of
scalars maximised or minimised,
7. When a cross-reference to other chapters, say Chapter V, is
made, mathematical expressions concerned will be mentioned as
Theorem V-I1II, Proposition V-7, etc., whereas, in the same chapter,

the chapter number will not be indicated.



II. Mathematical notation

1. Logical notation
3 : there exist(s) ... ,
¥ : all,
=== : implies,
== : 1is equivalent to,

2. Unless otherwise stated, the following will be applied.

Rr" ( "R) : set of the m-column (row) vectors,

o ¢ 0n ) : n-column (row) zero vector,

1"« ln) : n-column (row) summation vector,

I : identity matrix,

ei : unit vector, i-~th component of which is unity,

a; » (a)i : i-th component of vector a ,

Aj : j-th co]umn,of matrix A ,

3 : diagonal matrix composed of vector a ,

tA :  transpose of matrix (vector) A ,

o (A} : Frobenius root of matrix A ,

O(A),(O[tA] ): right-hand (left-hand) side Frobenius vector of
matrix A ,

R(A) : space spanned by the column vectors of matrix A ,

A” : generalised inverse of matrix A ,

€ : is an element of,

RT, mm+ : first guadrant of m-space,

X >y : xi> Yi for v i,

X >y Pox52 0y for v i, and 3 such that X > ys o

i
X >y ToX2 0y for v i
l.cem. : least common multiple,

card. : cardinal number of a set.



3. Major symbols.

A :
B :
F :
L :
M=A+FL:
w H
A :
p :
X :
” s
g :
i :
n :
The

input matrix,

output matrix,

wage goods vector (matrix),
labour vector (matrix),
augmented input matrix,

(M, -)value vector,

optimum (M,-) value vector,

4
price vector,
intensity (output) vector,
profit rate,
growth rate,

the rate of surplus value,

the rate of surplus labour,

notation will be modified as

undergo generalisation.

the concepts represented

The details of the notation will be listed in the text.
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INTRODUCTION

1. Phenomena in the economy appear to be the relationships among
goods or commodities.l) Most concepts in economics, such as price,
profit, rent, etc., concern the relationships among goods. What
kind of explanation can be made, if one tries to explain those
relationships in terms of something else, especially something
humane? This is the problem posed by Marx.

Marx's own solution is that the economic relationships in the
market based on the exchange of equivalents are another expression
of the relationships into which men enter mutually, and that the
former are based on, or regulated by the latter. The mode of reg-
ulation of the former by the latter has been called the law of
value by Marx. Marx's theory of value is his conceputualisation
of the law of value. Let us briefly summarize the foundation of

the law of value in advance.

2. The gist of the foundation of the law of value is labour. A
basis of human existence is that man acquires things necessary to
satisfy his needs and wants and so maintains his life. The major
part is a metabolism between man and nature: man works on nature
and acquires what he needs and wants. Man's activity in working
on nature is called Zafdour, and things useful to satisfy man's
needs and wants are called goods, The acquisition of goods is
termed production. Labour is a function of faboun-power, which is
man's mental and physical capabilities. The distinction between
labour and labour-power is the most important point in Marx's
economic theory.

Labour itself, when it is exercised in production, is tangible.
Labour exercised in production is often called Z/ving labour. If
production is over and goods are obtained, however, labour appears
to vanish., The trace of labour is supposed to be left in the goods,
in the production of which labour has been exercised. This trace
is, as opposed to living labour, called dead labour., Thus, labour
has two basic forms of existence. 1In the following, labour means
living labour.

Marx looks at labour from duef angles -- quality and quantity.
Since labour is the function of labour-power which is supposed to

be universal to men, labour has a universal aspect called afsiract



human {fabour, By definition, it represents the quantitative aspect
of labour. On the other hand, labour can be qualitatively different,
when exercised in the production of different kinds of goods. The
qualitative aspect of labour is called concrete useful laboun.

Labour is the synthesis of the two.

Labour is said to create goods in the sense that they are ob-
tained through labour -- this does not negate the fact that various
means of production are necessary: concrete useful labour gives
goods their use-value or utility, and abstract human labour is em-
bodied or crystallised in them as vaelue., One unit of labour as
abstract human labour creates the same amount of value, irrespective
of its concrete useful labour.

In summary, the foundation of the law of value is:

(i) labour as a function of labour-power,

(ii) two basic forms of labour,

(iii) the duality of labour,

(iv) invariance of the amount of value created by a unit of labour.

The relationships among men into which men enter mutually in
production through labour, are a fundamental social relation, and
since they are based on labour they are expressed in terms of value.
Marx's value theory is, based on the above foundation, all about how
the relationships among goods are based on the production relation-
ships, and how the latter are transformed into the former.

3. This volume concerns how the law of value functions, or, what
amounts to the same thing, the consistency of Marx's value theory.

The core of the law of value will be examined in a generalised
framework. Since the consistency of Marx's value theory is discussed,

the above mentioned foundation of the law of value is accepted.

4. The following analysis is carried out by employing the so-called
linear economic model or input-output analysis a la Leontief and von
Neumann,

A combination of inputs of a production line or a process is
represented by a column vector, whilst a set of quantities common
to all types of goods, such as prices and values, is represented by
a row vector. Quantities concerning processes and outputs are repre-
sented by column vectors, such as intensities of processes. For the

sake of convenience, the spaces to which those vectors belong are
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distinguished as R and ™R , where necessary.

5. Unless otherwise stated, the ensuing discussion is subject to
the following assumptions:

(# 1) The number of goods and the number of processes are finite.
(# 2) Techniques are linear.

(# 3) Each type of good is produced in a unit period.

(# 4) Each process is of point-input and point-output type.

As for the social conditions,

(# 5) The population of society is resolved into two classes, i.e.,
the capitalist class and the working class.

(# 6) The workers do not save.

(# 7) Choice in consumption is disregarded.

(# 8) Wages are paid in advance.

Note that in Chapter VI on differential rent (# 1) and (# 2)
will be relaxed.



CHAPTER I

MARX'S THEORY OF VALUE, PRICE AND GROWTH
IN A LEONTIEF ECONOMY

Introduction

The simplest framework of an economy with linear techniques is the
so-called Leontief economy. At the outset, it is necessary to
stipulate the framework of a Leontief econony.

An economy satisfying the following conditions:

(F.1) no fixed capital,
(F.2) no alternative techniques,
(F.3) no joint-production,

(F.4) homogeneous labour,

is called a (4imple) Leontief economy.

Consider a Leontief economy producing n types of good. As
defined above, this economy has n processes, each producing only
one type of good. It is supposed that process i produces good i,
and that a unit of operation of process i produces one unit of
good i. Then, the output matrix can be represented by I .

Furthermore, let

A nx n : input matrix,

L 1 x n : 1labour vector,

and the input-output relationships of a Leontief economy can be

o

Since the levels of operation of the processes fall with equal

expressed by

magnitudes on their outputs, the two can be identified. In other
words, the product space is equivalent to the operation space. In a

Leontief economy, process i 1is also termed {ndustry i.



§ 1. The theory of value and surplus value.

1. Let

X nx 1l : output vector,
y nx 1l : net product vector,

and the excess of the output over input necessary for it defines the

net product:

(1) y = x - Ax .
The most fundamental requisite of an economy is that it is

1)

productive:

DEFINITION 1.(Productiveness) If it is possible that outputs exceed
the amount of inputs used up for their production in an economy, then
it is said to be productive: an economy satisfying the productive-
ness condition

Tx20": x> Ax,

(Pd.C)
is called productive, or simply, A is productive.

It is also possible to consider productiveness in a stronger
sense,
DEFINITION 2.(Stnrong productiveness) An economy is said to be pro-
ductive in a strong sense if it satisfies the strong productiveness

condition,

(5.Pd.C) For ¥y > 0", T x> 0™ x - Ax sy .

That is, in a strongly productive economy, any combination of net
products can be produced. Hence, strong productiveness formally
implies productiveness. In point of fact, furthermore, the two are

equivalent. First, make the following:
(A.1) A>0.
PROPOSITION 7. S.Pd.C,<===> Pd.C.<===>

(2) 1-m1>o0.
(As for the proof, refer to Lemma 1l.)
The equivalence between the two is one of the remarkable fea-
tures of the Leontief economy.
Rewriting (1), one has
(3) X = Ax + vy .
Consider the dual aspect of this, i.e., the valuation of goods.
Marx maintained that products have value based on labour, and gave

the following definition:



"(I)tfthe residue of each of these products) consists of the same
unsubstantial reality in each, a mere congelation of homogeneous
human labour, of labour-power expended without regard to the mode
of its expenditure. All that these things now tell us is, that
human labour-power has been expended in their production, that
human labour is embodied in them. When looked as crystals of this

social substance, common to them all, they are =-- values."(I,p.38)

This can be restated as follows:

DEFINITION 3.(The fLinst definition of palue) The value of a product

is the amount of labour, embodied or crystallised in one unit of it,

which will be referred to as M7-ua£uec or value as Labour embodied,
Let

w 1 x n ¢ value vector,
and this is determined by the subsequent value equation:
(%) w=wA + L .

Ml—value thus defined is closely related to productiveness.
First, one can show:
PROPOSITION 2, The value of net products is equal to the amount of
labour expended:
(5) wy = Lx .
( The proof is easy. In fact, wy = L(I-A)'ly = Lx .)
Presuppose here the indispensability of labour:

(A.2) L>o,

and one has:
PROPOSITION 3. Productiveness is equivalent to the existence of a

unique, positive value: Pd.C, <=== 3

w >0 .
n
Proof.

In view of (2), one has w

L(I—A)-l; 0,. Conversely, if

w=wA +L >wA, then (1-a)71

Furthermore, assume

itv

0 . Hence, Pd.C holds. Q.E.D.

(A.3) A is indecomposable,

and (A.2) can be weakened to:Z)
(A.2w) L>o .

COROLLARY. Suppose (A.2w) instead of (A.2), and the value is positive,

(As for the proof, see Lemma 5,)



2. Marx gave, in addition to the above, the second definition of
value:
"The 1labour-time socially necessary is that required to produce
an article under the normal conditions of production, and with
the average degree of skill and intensity prevalent at the time.
(T}hat which determines the magnitude of the value of any article
is the amount of labour socially necessary, or the labour-time
socially necessary for its production."(I, p.39.)
In short,
DEFINITION 4.(The second definition of value) The value of a product
is the amount of labour socially required to produce a unit of its net
product under the normal technological conditions of production,
which is referted to as Mz—uaéue. or value as labounr expended.
Note that in a Leontief economy there arises no problem as to
which technique is socially normal.
Let

w¥ 1 x n : Mz-value vector,

x* nx 1 output required for net production of a unit of good j,

and the above definition can be expressed as

w; = Lx*j,

(6)

x*j= Ax*j+ ej.

THEOREM . Ml-value is equal to Mz-value: w o= w¥,

Prooft.

From (6), it follows that x*d = (I-A)-lej . Hence, one has

w? = L(I-A)_lej .

Therefore,

we = L(1-m)71 0.E.D.

i

This fact is very important in the following.
It is not difficult to consider the minimization of the amount
of labour expended in the production of a net product vector vy :
Min {Lx Ix > Ax +y , X On} ,
the dual of which is

v

Max {Ay | A

fIA

M+ L, A20} .

In a Leontief economy, the above two have optimum solutions, and

the following holds:



max Ay = min Lx .
Moreover, one has:

COROLLARY. Ml—value s an optimum solution of the above maximizing

problem: £%= w » where A° is a maximizer.
(The proof is easy to show.)
It must be observed here that the equivalence between produc-

tiveness and strong productiveness plays an important role.

3. If net products are produced in an economy, the replacement of
material inputs is carried out without deficit. Inputs necessary for
production comprise, however, labour-power as well as capital goods.

Since labour-power presupposes the existence of a human body,
various goods are necessary for the reproduction of labour-power:
the means of living required to maintain man's physical condition
and the goods necessary for education and/or training of workers.
The total value of all these goods consumed by workers enters into
the value of labour-power.

The reproduction of labour-power is carried out through con-

sumption, and the consumption goods purchased and consumed by workers
are called wage goods. Marx wrote:

"(I)n a given country, at a given period, the average quantity of
the means of subsistence necessary for the labourer is practically
known." (I, p.171.)

It must be noted that the wage goods bundle of the workers can
be presupposed as given like the technical conditions of production.

Hence, one may put:

f n x 1 : standard wage goods bundle,
c : the number of units of the standard wage goods bundle,
F = cf : wage goods bundle per unit of labour.

Make the following assumption:
(a.1%) F>o",

In order for labour-power to be reproduced, the wage goods bundle
represented by FLx 1is necessary for an output vector x . The
residue of net products subtracted by this amount of wage goods

defines sunrplus products. Let



s n x 1l : surplus products vector,

and this is defined by

(7) s = x - Ax - FLx .
For the sake of brevity, write
(8) M=A+ FL,

and (7) is rewritten as
s = (I-M)x .

Thus, the socially aggregated product resolves itself into three
parts: physical and material inputs, wage goods and surplus products.
Since the values of goods are known, it is possible to measure and
aggregate them in terms of value.

Physical inputs and wage goods necessary for capitalist pro-
duction are called respectively constant capital and varniable capital.
The amount of surplus products in terms of value is called surplus
value,

With respect to industry i, let
C.= wa x, : value of constant capital,
Vi: WFLiXi ¢+ value of variable capital,

and, with respect to the economy as a whole,

C = ZCi ¢ socially aggregated constant capital,
V = ZVi ¢+ socially aggregated variable capital,
S = ws : socially aggregated surplus value.

The ratio of constant capital to variable capital in terms of
value is called the value-composition of capital. It is often
referred to conventionally as the ozganic composition of capital in

the following discussion:

Ei= Ci/vi : organic composition of capital in industry i,

g=0C/V : social organic composition of capital.

(Where it is necessary, their dependence on aggregators, such as w
and x , will be made explicit.)

Now, the factors of production are physical inputs and labour,
but physical inputs and labour-power manifest themselves as the
factors of production, because labour is the use-value of labour-

power. Hence, it becomes necessary to measure the difference between
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the value of labour-power and the value created by labour, which
represents surplus. Four types of surplus-ratio will be considered
according to Marx's definitions.
DEFINITION 5.(The nate of suaplus value) The rate of surplus value
is the ratio of surplus value to variable capital.

Let

u ¢ rate of surplus value,
and this is expressed by
(9) p=2
The concept of surplus value can be grasped from the angle of
the social expenditure of labour.

DEFINITION 6,(Necessary Laboun) An amount of labour required to pro-

duce the wage goods bundles for the workers is called necessary

labour.
Let
X n x 1l : necessary output vector,

which satisfies
(10) X = AX + FLx ,
for a given output vector x , and LX represents necessary labour.
DEFINITION 7,(Su4péu4 laboun) The residue of total labour subtracted
by necessary labour defines surplus labour. Namely, Lx - Lx .

From the above, one can define:
DEFINITION 8.(The rate of suaplus €aloun) The rate of surplus la-
bour is the ratio of surplus labour to necessary labour.

Let
n : rate of surplus labour,
and this is determined by

(11) n = L x : Lx )
Lx
Since the amount of labour laid out is not equal to the value
of wage goods, it is also possible to divide labour into two portions:
the one wages are paid for, and the other not. The part of labour

for which wages are paid is termed paeid faboun, and the rest



unpaid laloun, The magnitudes of the two are evaluated as follows:
let

N : the number of workers,
T : workday (e.g., hours),
F¥ n x 1: wage goods bundle per workday.

Without loss of generality, cne can presuppocse that one hour of
labour expenditure measures one unit of labour, so that one has
(12) TN = Lx .

Since a worker receives wF* per workday, wF¥* expresses paid
labour, whilst T - wF* represents unpaid labour., Then, the zate
of unpaid laboun to paid lalour, the third surplus-ratio, is
defined by:

(13) u'=I—l——!"~Ei .
wFk *

It is also seen that the relationship between F and F* is
given by
(14) lre=vF.

T
That is, one may put F* = f and 1/T = ¢ .

If the workday of a worker is divided into two portions, i.e.,

the one for himself T' , necessary working-time, and the other for

capitalists, T - T' , susrplus working-time, one has

(15) T'N = wF¥*y |,
for all workers. Then, the rate of suaplus working-time ca; be
defined by
(16) we = TN
T'N

The rates introduced above are called the rates of surplus, all
representing the rate of exploitation in the capitalist economy. The
first point to be discussed with respect to themis their equivalence.
THEOREM II, The rate of surplus value is equal to the rate of surplus
labour: H=n.,
Proof.

Evaluate necessary labour, and one has

LX = L(I-A)"TFLx
= wFLx .
Hence, it follows that
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Lx - wFlLx
wFLx
whilst, in the light of Proposition 3, the rate of surplus value is

n =

evaluated as
_ ow(I-M)x _ Lx - wFLx

= = .

wFLx wFLx
Hence, U =1 . Q.E.D.
COROLLARY 17, u'=n .
In fact, from (13), it follows that
u's= R 1l = tx 1l =n.
wkF wFLx
COROLLARY 2. " =n.

In fact, substitute (12) and (15) into (16), and the result is
soon obtained.

It has been made clear that the rate of surplus value can be
defined as the ratio of surplus value created by a unit of labour to
the value of labour-power of one unit:

(17) - p= o1,
wF
Since the wage goodé bundle is given, the rate of surplus value

takes a uniform magnitude in all the industries.

4, It is now established that the four types of surplus are all
equivalent. The most important among them will be the rates of
surplus value and surplus labour. The equivalence of the two rates
is derived from the fact thaf the productiveness of the economy en-
sures the existence of Ml—value and its equality to Mz—value. In
fact, if one examines the evaluation of necessary labour, one has
Lx = Llil + eee 4 Lnin
= wfil R w:§n y
where y = (I-A)x .

It should be recognised that the amount of necessary labour, and
hence the rate of surplus labour, can be evaluated independently of
the value equation. The rate of surplus labour is instead reldated
to Mz-value, if one were to relate it to the value of individual goods.

‘At the same time, the rate of surplus value depends on the value
equation and hence Ml-value: without knowing Ml-value of goods, one

cannot evaluate it.
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Nevertheless, the rate of surplus value is equal to the rate of
surplus labour (Theorem II), because in a Leontief economy the solv-
ability of the value equation is equivalent to the productiveness of
the economy (Proposition 3), and the amount of net products in terms
of value is equal to the amount of labour laid out (Proposition 2),
and M;-value is equivalent to M,-value (Theorem I).

To reconfirm this point seems very important in generalising

Marx's economics in the subsequent chapters.

5. Since the wage goods bundle is given, the level of the rate of
surplus value can be determined in practical terms.

The amount of labour expended is, as expressed in (12), equal
to the number of the workers multiplied by the length of the workday,
so that changes 1in the 1length of the workday bring about changes
in the amount of labour. The rate of surplus value thus undergoes
alteration as the length of the workday varies. 1In fact, one has

1

T - wk¥ 1 - w[—]F*

T
u = = ’

Wk * w[l]F*
T

where it is seen that a worker receives 1/T units of wage goods

bundle per hour. 1/T represents the real wage rate, which is in-
versely related to the length of the workday.

The rate of surplus value as a function of the real wage rate,
n =u(l/T), is a decreasing function. 1Its domain is determined by
the physical, cultural and social bounds, on one side, and the value
of labour-power on the other. That is, the length of the workday
should satisfy

wF* < T < TV,

where TM indicates the physical, cultural and social bounds. Thus,
the domain is represented by (l/TM, L/wF*),
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§ 2. The fundamental Marxian theorem.

1. In the economic system in which the capitalist mode of produc-
tion is pervasive, products are not exchanged at their values.

Once labour-power has been purchased by capital, it is united

with the means of production, and the use-value of labour-power, i.e,,

labour is embodied in capital. The productivity of labour becomes
part of ghe productivity of capital, and the results of production
are appropriated by capital as products of capital.

That the source of profit is surplus value is the most impor-
tant point of Marx's economics, and this is termed precisely the
fundamental Marxian theorem. Marx, however, did not demonstrate
this theorem rigorously, The aim of this section is to make a
rigorous and analytical discussion of the theorem.

First, consider the following definition:

DEFINITION 9.(Reproducibfility) An economy which can produce surplus
products in all industries is called reproducible: an economy ful-

filling the subsequent surplus condition,

(s.C.) 2 X > o™:  x > Mx ,
is said to be reproducible.3)

It is trivial that a reproducible economy is productive.

In the next place, consider the dual aspect of reproducibility.
Given a valuation vector of products, p . For it, pA and pFL rep-
resent physical costs and wages per unit of products in industries, so
that pM expresses total costs per unit of products. The residue

of unit valuation subtracted by total cost is called profit. Let

p 1 x n ¢ valuation vector,
i 1 x n : profit vector,

and, they satisfy

(18) T=p -pM.

DEFINITION 10.(Profital ility) An economy which can produce profit
in the industries for a given valuation vector is called profitable:
an economy fulfilling the following profitability condition,

3

(Pf.C) P20 :p >phM,

is called profitable.
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One immediately obtains:
THEOREM II1.(Fundamental duality) Reproducibility is equivalent to
profitability: S.C, <===> Pf.C.
Proof.
In fact, it is easy to see that both are equivalent to
(1-m)71s 0 . 0.E.D.

That is, if surplus products are producible in all the indus-
tries in a Leontief economy, profit is possible in the economy, and
vice-versa. What is significant here is that profitability is derived
from reproducibility independently of the concept of value. A very
strong duality is thus observed in a Leontief economy.

As an immediate corollary of the above, one has the relationship
between profitability and positivity of the rate of surplus value:
THEOREM IV, (Fundamentael Marxian theozem) An economy is profitable
if and only if the rate of surplus value is positive and there exists
a positive value: Pf.C. == pu>o0 and 3 w > On'

Proot.

From Theorem III, Pf.C. implies (I-M)"!> 0, and hence Pd.C .
From Proposition 2, one has w = L(1-A)"1> 0, -

Now, if wF > 1 , then one has

w=wA+ L <wA + wFL = wM ,
which contradicts (I-M)-l; 0.

Conversely, if u > o and Fw > On is true, then (l+p)wF =1

from (17), so that rewriting (4) gives
w = wA + (l+p)wFL > w(A+FL) .
Hence, Pf.C. follows. Q.E.D.

The Marxian interpretation of this theorem is that the source
of profit is surplus value. Namely, surplus value created by labour
is appropriated by capital as profit: capital exploits labour. This
explains the most significant qualitative feature of the capitalist
economy that profit is the transformed form of surplus value.

Then, how does this transformation take place? This will be

discussed in the next section.
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§ 3. Theory of transformation.

1. Competition among capitalists pursuing a greater amount of
profit equalises the rates of profit over capital in all production
lines. Accordingly, valuations of products, or prices of goods at
which they are exchanged, should not only guarantee positive profit,
but also bring about an equal rate of profit.

As mentioned before, the creativeness of labour appears as part
of the productivity of capital. Through the commoditization of
labour-power, capital can appropriate the productivity of labour at
the wage level, so that profit, as the fruits of production, appears as
the products of material inputs and wages, i.e., constant and vari-
able capital. Consequently, the rate of profit over total capital
measures its efficiency.

In the state of the economy with an equal rate of profit, the effi-
ciency of capital is equal in all production lines, and the economy
is in equilibrium in the sense that no further transference of cap-
ital from one production sphere to another for a higher profit rate
is motivated. Valuations of goods corresponding to such an equal
profit rate are designated as production prices by MarX.S)

The purpose of this section is to summarize Marx's theory of

transformation from values to production prices.

2. A formal definition of equilibrium profitability is expressed as
DEFINITICN 17.(Equilibnrium profitability) Prices at which all pro-
duction processes can attain an equal rate of profit are called
equilibrium profitable.

That is, let

T : equilibrium profit rate,

p 1 x n : production price vector,
and prices satisfying the subsequent condition:

(E.PF.C) 1 >o0 » P > 0_, such that

(19) p = (L+m)pM ,6)

are calledequilibrium profitable.
It is trivial that E.Pf.C, implies Pf.C. 1Inaleontief economy,

however, the converse is also true,.
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PROPOSITION 4. Equilibrium profitability is equivalent to profit-
ability: E.Pf.C.<===> Pf,C.
Proof.
The "== " part is formal, so that one has only to show the "==> " part.
In fact, if p > 0n and p > pM , then there exist apositive eigen-
value of M and a nonnegative eigen-vector associated with it such
that
o < pM) <1,
oM)-a(tM) = e(tm)m . 0.E.D.
As shown in the above proof, the profit rate and the production
prices are uniquely determined by the Frobenius root and the Fro-

benius vector of the matrix M :

m = ""——1 -1,
(20) D(M)
p =6(tM) .

According to the above determination of the profit rate and the
production prices, they are solely dependent, in appearance, on A ,
L, and F : 1is the production price system (19) regulated by the
value system? If it is so, in what sense? This issue must be dis-

cussed.

3. In Capital 111, Marx developed a procedure to evaluate the rate
of profit and the production prices in terms of value. His original
procedure can be sketched as follows.

Assume that products are sold at their values and that profit

is equal to surplus value. Define

cost price = constant capital + variable capital ,
and one has
value = cost price + surplus value .7)

Aggregate the values of goods, and find the ratio of surplus value to
cost price, which defines the profit rate. By multiplying cost-price
by l+profit rate, one has the production prices of products.
Putting the above procedure in mathematical notation, one has,
as the profit rate,
%= HwFLx
w(A+FL)x

for an output vector x . Evidently, one gets

(21) A —— .
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Namely, the profit rate "approximately" defined by Marx is the rate
of surplus value divided by 1 +organic composition of capital.
Marx expressed the production price system as

(22) wls (1+m°)w(A+FL) .

The inequality u>7° as well as (21) and (22) constitute
Marx's transformation theorem (I).

It must be noted, however, that this iteration procedure was
not completed by Marx: since prices are obtained by (22), cost
price (wM) should be reevaluated by those prices, so that the iter-
ation should be repeated ad infinitum. Marx himself was aware of
this, but he did not carry out the iteration ad infinitum. The
incompleteness of Marx's original treatment is one of the greatest
causes of the controversies on the transformation problem.

At the outset, one can show:

PROPOSITION 5., u > o0 === u > 1 .
Proof.
Rewriting (4) in view of u > o, one has
w = WA+ (l+p)wFL < (1+u)wM .
In the light of Lemma 5(iv), one has

o > o) .

Hence, in view of (20a), one obtains the conclusion. Q.E.D.

Namely, if the rate of surplus value is positive, it is greater
than the profit rate.

In the next stage, the convergence of the transformation of
values (4) into prices (19) was rigorously proved by Okishio (4).

In a general iteration formula, Marx's procedure can be repre-
sented by the sequences {wt} and {nt} defined as, for x > o",

wt+l= (1+ﬂt)wt~M ,
t
(23) 147t = __%__i_,
w e Mx
o
w =w,

Then,
PROPOSITION 6. Assume M is stable. The sequences, {wt} and

{ﬂt}, generated by (23), converge:
t 1

lim w® = p* , 1ima® = L1 _ 1,
tro tre o) (M)



where, p* satisfies (19) and,
(24) pEX = WX .
(As for the proof, refer to Okishio(4#). Also see Chapter III.)

Namely, if Marx's procedure is iterated ad infinitum, the value
system is transformed into the production price system. Moreover,
as shown by (24), the production price as the limit of the trans-
formation has the same dimension with value, and normalization
is made in the sense that for any output vector the total price of
that output is equal to its total value. Here, the total value plays
the role of numeraire.

Accordingly, it is seen that the production price system is
completely determined by (19) and (24). 1In the follewingdiscussion,
the price vector p* , normalized as above, is called the (afsolute)
production price.

Marx's transformation theorem (II) concerns the simultaneous
establishment of two famous equalities:

total price = total value,
total profit = total surplus value.
These two equalities, however, do not hold simul taneously.
On the basis of Proposition 6, one can write the value and price

systems, and the above two equalities:

(4) w=wA+1L,
(19) p¥ = (l+m)p*M ,
(25) pP*X = wx ,

(26) p*{(I-M)x = w(I-M)x .

From the angle of determining the production prices and the
profit rate, equation (4) is independent and closed, so that it can
be excluded. The remaining equations, (19), (25) and (26), give n+2
equations in n+l unknowns: they are overdetermined. Therefore,
two of the equalities do not hold simultaneously. The subsequent
proposition gives a clue to understanding this.

PROPOSITION 7. 1If any two of the following are true:
total price = total value,
total profit = total surplus value,
total cost price = total cost-value,
then the remaining equality is also true.
(The proof is trivial.)
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Even if the first equality, total price = total value, for in-
stance, is presupposed, the second equality, total profit = total
surplus value, does not follow immediately, because the total cost-
price deviates from the total cost-value. A conjecture may be made
that the proportion of outputs, x , and the proportion of direct
and indirect inputs, Mx , do not satisfy a certain condition. This
point will be discussed in the next subsection.

With attention focused on (25), its implication will be found in
the fact that the total amount of products realised in the market

takes a magnitude independent of the conditions in the market.

4, Consider, as before, the dual aspect of the production price
system (19). Suppose that capitalists expend all their profit to
attain the greatest possible growth, and that all production lines
are expanding at an equal rate. Such a state of the economy is called

capacity growth, or von Neumann growth, Let

g : capacity growth rate (von Neumann growth rate),

x® nx 1: capacity output vector (von Neumann proportion),

8)

and these two are determined by the capacity growth equation:

(27) x= (1+g%)Mx° .

As is well-known, (19) and (25)define the von Neumann equilibrium
(n,p,gc,xc). As for the von Neumann equilibrium in a Leontief economy,
one has:

PROPOSITION 8. T = g°.

In fact, T = gc =(1/p(M})-1 .

This shows that gc is the greatest uniform rate of growth, and
that x® is the output vector associated with it.

In the von Neumann equilibrium, Marx's transformation theorems (I)
and (II) can be resurrected as follows:

THEOREM V. (Monishima-Seton’s equality)(i)

(28) 'n‘:———cl——-.
E(x7)+1
where £(x®) indicates the dependence of ¢ on x°.
(ii) The following two are equivalent:
p*xc = wxc,

(29)
p*(I-M)x® = w(I-M)xC.
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Proof.
(i) Postmultiply (4) by x® and premultiply (27) by w , and the
following holds:

wAx® + Lx® = (1+g%)wMx® ,

from which one can derive

gc =(l—wF)Lxc .
wAx C+wFLx®
In the light of the definition of & , (17) and Proposition 8, the
conclusion follows.
(ii) From (&), (19), (27) and (2%a), one can show (29b). In fact, from
(4) and (27), it follows that

wx = (l+gc)waC .

Postmultiply (19) by x® , and one has

p*xc = wx® = (l+ﬂ)p*ch ’
in view of (2%9a). By dint of Proposition 8, (29b) follows.
Likewise, by assuming (29b), one can derive (29%a). Q.E.D.

Thus, in von Neumann equilibrium the price system is seen to be
immediately related to the value system as represented by (28), which
is an extension of Marx's original formula of the profit rate, (21).

Now, the quantitative regulation of price by value shduld be
summarized as follows: first, Marx-Okishio's transformation formulae
converge, yielding Marx's first transformational equality, and,
secondly, in von Neumann equilibrium the profit rate can be evaluated
in value terms, so that Marx's two transformational equalities are
equivalent.

The production of {fuxury goods, which are goods neither directly
nor indirectly employed in production, does not enter into the von
Neumann proportion.

In fact, without loss of generality, the economy can be divided
into two departments: the luxury goods producing department II and
the non-luxury goods producing department I. The matrix M can be
partioned into
(30) » M = [MI o

0 0
Let the von Neumann proportion determined by (27) be partitioned, in
the same way as (30),

c
x =[x ,

[o]
1
[o]
n
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and it is easy to see that

X%:= Ok ’

where the last k types of good are luxury goods.

Therefore, the actual output is different from the von Neumann
proportion in general. Nevertheless, Morishima-Seton's equality can
be generalised as follows. Let us define:

DEFINITION 17.(Greatest equilibnium growth rate) For x ¢ Rn,

gM(x) = max {g | x > (1+g)Mx .}
Then, one can show:
PROPOSITION 9.(Growth constraint)
(32) gMx) < —H— |
1+&(x)
Proot,

Premul tiplying (31) by w , one has

gM(x)wa < wx - wMx .
In the light of the definition of & and u , (32) follows. Q.E.D.

The right~hand side of (32) represents the value rate of profit,
so that (32) shows that the greatest equilibrium growth rate cannot
exceed the value rate of profit. Namely, growth is constrained in
the value dimension. Note that (32) is a generalised formula sub-
suming (28), as seen from Proposition 8 and Theorem V. Thus, duc’?
dualities of value, price and growth are seen to hold in Marx's
economics.

With reference to the above Marxian discussion of value, price
and growth, it may be relevant to point out the nature of von Neumann
equilibrium,

At the outset, let us define two regions:

DEFINITION 12.(Growth negion) A set of (output) vectors for which
surplus products are possible is called the growth region:

PM) = {x[x >Mx, x > o".}

DEFINITION 73.(Profitalle negion) A set of price vectors at which
profit accrues is called the profitable region:

P*(M) = {p|p > pM, p > On.}

The two are polyhedral cones, whilst the von Neumann equilibrium

with a positive von Neumann growth rate and a positive profit rate is
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represented by half lines in R: and nR+, each representing
the von Neumann proportion and production price respectively.

Now, as shown by Theorem III and Proposition &4, the growth
region and/or the profitable region are not empty, if and only if
there exist such half lines in R: and “m+ . In other words,
the existence of the von Neumann equilibrium with a positive von
Neumann growth rate and a positive profit rate concerns only the
possibility of growth and profitability of the economy. In this
respect, von Neumann equilibrium is rather a qualitative concept.

Let us note that the fundamental Marxian theorem presents an
equivalent condition for the nonemptiness of the two regions, and
that this nonemptiness does not depend on the market.

It is also important to note that the nonemptiness of the prof-
itable region is instead a basis for establishing (temporary) equil-
ibrium in the market, because the market itself does notexplain why
it can establish equilibrium, though it does explain how. Whether
or not profit rates are equalised, the actual transactions are
carried out in the market: if profit never accrues to some capital-
ists who are maximising the profit rate, one cannot say that the
market functions properly. Thus, it is seen that the nonemptiness
of the profitable region is necessary for the market to function
normally.

It must be noted, however, that the fundamental Marxian theorem
gives no clue to the functions of the market themselves at all.
It ensures nothing beyond the possibility. In this sense, the

fundamental Marxian theorem is basic, but normative.

5. In addition to the above, Marx put forward other transformation
theorems: he maintained, i) that the cost price of a commodity is
always smaller than its value, and ii) that the value of a commodity
produced by capital with a higher (lower) organic composition of
capital is smaller (greater) than its production price, and iii) if
the organic composition of certain capital is equal to the social
average, the value of a commodity produced by that capital is equal
to its production price.

Those propositions discussed by Marx are not, however, easy to
show in general terms.

The conditions under which Marx's numerical examples concerning

(21) and (22) give the true result have been examined by Morishima (4} in
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detail. He investigated in what type of economy the ratio of surplus
value to total capital gives the rate of profit.

Before proceeding to Morishima's contribution, some preliminary
remarks will be made.

It is not difficult to see that in the following four cases the
rate of surplus value represents the true level of the profit rate.

First, the trivial case where therate of surplus value and the
profit rate are equal to zero.

Secondly, the case in which the organie composition of capital
is uniform throughout the economy.

Thirdly, the special case in which all industries have an equal
internal composition of capital, dealt with by Samuelson(3): this is
featured by
(33) al « x©, F o« x®.

Fourthly, the case in which the von Neumann proportion  is em-
ployed as weights of aggregation.

The first case is too trivial, and economically meaningless, so
that it can be disregarded.

The fourth case, as discussed in the preceding subsection, may
be said to justify Marx's original discussion in general terms.

The second and third cases require, however, that the economy
should be of a specific structure. The second case will be argued
here.

The uniformity in the organic composition of capital can be
expressed by
(34) wA = EwFL .

PROPOSITION 70. (34) implies the following:

(i) prices are proportional to values: p « w .

(ii) profits are proportional to surplus values: 7pM « pwFL .
Proof.

(i) In view of (34), (4) can be rewritten as

(35) w=E8WF)L + L =L .
Since w(I-A) =L , one has
LA « L .
Write
(36) p(AJL = LA ,

and it follows that
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LM = L(A+FL)
= {p(A)} + LF}L ,
namely,
L =o{"M) .

Comparing this with (20b), one has p « L , and hence p « w owing
to (35).
(ii) From (i), one can write tentatively
p = kw .
By putting this in qpM , one soon obtains
pM = kw(I - M)
kuwFL .

Hence, the conclusion holds true. Q.E.D.

"

It is not difficult to see that Samuelson's case, (33), is a

spetialised case of (34).

6. Marx took note of an interesting specificity of the economic
structure with the uniform organic composition of capital. Morishima
extended this case to the notion of linear dependence of industries,
and he added an important supplementary to Marx's discussion.

An economy is said to be Zinearly dependenit, if
(37) [M] = o
obtains.

Morishima's discussion is carried out in terms of the Marx-
Leontief economy, which will be described as follows.

Suppose that goods are divided into two groups, i.e., capital
goods and consumption goods. The industries in a Leontief economy
are then also divided into two major departments. Let the first m
industries form the capital goods department (I), and the last n-m
the consumption goods department (II)., A Leontief economy with the
above distinction between capital goods and consumption goods is
called a Marx-Leontief economy. Matrices A , L , F and M of a

Marx-Leontief economy are respectively represented by:

A = A_ A

I
0 0

0 , M =} A A

I I

FatiFolo

, L = (LI’LI[)’ F =

Fo

where I and 1II indicates the department concerned.

Now, the following can be proved:
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PROPOSITION 77, In a Marx-Leontief economy, the following hold:
(i) (34) implies (37).
(ii)(33) implies (37).
(11i)(39)<===> =n, wi= p in (20), (21) and (22).
(As for the proof, see Morishima(u], pp.77-92.)

According to this specialised proposition, (37) comprises the
second and third cases pointed out in the preceding subsection, and
is a sufficient and necessary condition to justify Marx's original
procedure of transformation described by (21) and (22).

The concept of the linear dependence of industries was further
generalised by Morishima: industries are said to be of linear de-
pendence of degree h, if

h h

(38) Tw(A+FL) *M* '= w(I-M)eM*",
c
where M¥ = (1+%)M , and T = W(I-M)xc
w(A+FL)x

The linear dependence of industries is the caseef h=11in (38).
PROPOSITION 72, 1In a Marx Leontief economy, the industries are
linearly dependent at degree h, if and only if the sequence of the
production price generated by (23) converges to its limit in finite
times h: (38) <== whn= wh+1=-~“= p* in (23).

(As for the proof, see Morishima(s), pp.622-32, or Morishima=
Catephores, pp.170-1.)

Qur comment to be made on Morishima's discussion is that his
proposition is valid only in Marx-Leontief economies: the concept
of linearly dependent industries is characteristic of the Marx-
Leontief economy. (34) does not necessarily imply (38) in the

Leontief economy case.

7. An antagonistic relationship between wages and profit has been
one of the most important issues in the history of economics. This
has already been discussed in the camp of non-Marxian economics, and
fundamental results have been obtained. In this subsection, a short
note on therate of surplus value and the wage-profit curve will be made.

In view of F = cf , the production price system can be written
as

p = (l+w)p (A+cfl) ,

whilst, the rate of surplus value is expressed as
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(39) U=—-l )

from (17). Then,
PROPOSITION 73, The profit rate is an increasing function of the

rate of surplus value:

(40) am 55 .
du

Proof.

In the light of (A.3), one has

(1) ey,
dc

because 7 is a continuous function of c¢ ; whereas, from (39),
ﬂ(o
dc

is obtained. Hence, the conclusion soon follows. Q.E.D.

§ 4. Conclusions -- Criticism and defence.

1. In the preceding three sections, a modernized overview of Marx's
labour theory of value has been provided. By way of summary, the
gist of the discussion will be repeated, and an examination of the
criticism and a defence will be made.

Two definitions of value introduced by Marx, Ml-value and MZ-
value, are equivalent to each other in a Leontief economy, because
their existence is reduced to the productiveness of the economy.

Likewise, the reproducibility of the economy is equivalent to
its profitability, which is termed the fundamental duality. It
should be emphasized that the fundamental duality appears to be
independent of the concept of value in the Leontief economy.
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The rates of surplus value and surplus labour also coincide with
each other owing to the first equivalence of Ml—value and Mp-value.
The rate of surplus labour, however, does not necessarily depend on
the individual values of products.

On the basis of the above two types of equivalence, the funda-
mental Marxian theorem is established in terms of the rate of surplus
value and surplus labour. It explicates the social source of profit,
and hence it is qualitative.

The theory of transformation concerns the evaluation of the
profit rate and the levels of price and profit, so that it is quan-
titative. The theory of transformation is seen to consist of two
components -- the transformation of the rate of surplus value into
the profit rate, and the equality of total price and total profit to
total value and total surplus value respectively. The first trans-
formation can be said to be a quantitative aspect of the fundamental
Marxian theorem, because it concerns the newly created value-portion.
As shown by Propositions 5 - 9 and Theorem V, the regulation of price
by value is straightforwardly observed in the von Neumann equilibrium
of a Leontief economy. It must be remarked that one of Marx's trans-
formational equalities, such as total price = total value, mirrors
his basic idea that the total price of the products produced in soci-
ety is independent of the market.

DIAGRAM I-1.

Ml-value ---------- the rate of Profitability

surplus value

. : A
. (strong) . <> i
] S I
<1> . Productiveness <2>? (>0) <==g== ) <3>
M lue| —=eemeoa- the rate of Reproducibility
gmvatue) - " |surplus labour

where, <l> Theorem I, <2> Theorem II, <3> Theorem I1I, <4> Theorem V.
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The synthesis of the qualitative and quantitative thoeories
constitutes the major part of Marx's theory of value. The regulation
of price by value, or the law of value, should be understood in such
a way that it contains the fact stated by the fundamental Marxian
theorem. The above diagram illustrates the logical structure of the

qualitative aspect of Marx's theory of value.

2. Let us examine the criticism of Marx so far made. Let us begin
with Steedman's criticism of Marx.

Steedman examined the equation (19):

p = (L+m)p(A+FL) ,

and concluded that givenvtechnical data A, L and the wage goods
bundle F , the profit rate w and the production price p are
determined independently of values. Namely, the principal conclusion
of his criticism of Marx is represnted by the following diagram:
(Steedman (&), p.48.)

DIAGRAM 1I-2,

All value
Physical 7 quantities
production and .

wage data

N Profits and

prices

According to Steedman, there is no immediate linkage between
the price and value systems: there is no problem called the
"transformation problem" at all. Hence, the theory of value is

redundant in economics.

Inaddition to the above, it is relevant to mention that Samuelson
criticised Marx because prices are not proportional to values. In
fact, Marx maintained that value regulates price in the sense that
both prices and values fall or rise in the same direction.(III,p.177)
This notion is grasped as the proportionality of prices and values in most

literature. It is interesting to note that not only Samuelson but
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also Marx's defenders attach importance to this proportionality.lO)

3. Inrelation to the above criticism, let us develop our points.

According to Steedman's diagram, it may appear, indeed, that
there is no linkage between the value and price systems. The
following three points should be considered, however.

First, onehas to ask why both sides of (19) can be equated. The
inputs and outputs of a productionline are different qualitatively, such
as machines and foods for instance, but can be reduced to the same
thing quantitatively. If goods are procured or exchanged in the
market, this is to ask why goods can be exchanged. The most usual
explanation of this is that prices of goods are expressed in terms
of money. Then, the problem becomes why prices of goods are
represented in money terms.

Secondly, capitalists choose a certain set of techniques, if
there are alternative techniques -- even though thereare no alterna-
tive techniques in a Leontief economy -- and find the maximum profit
rate, but equation (19) describes how the positive profit rate is
found, and not why it can be. The importance of the problem of why
the profit rate can be positive is not trivial.

Thirdly, in fact Marx thought that prices moved in the same
direction as values .- put is it germane to the law of value?

Let us discuss these points.

If one were to stop seeking a more fundamental notion behind
price, one would be obliged to accept the view that the price is an
intrinsic property of a commodity itself. As is well-known, Marx
challenged this doctrine and tried to disclose the social character
of money.

Goods are exchanged in the market when they are qualitatively
different. Nevertheless, they must have something in common that
makes them equal, because exchange is carried out between equivalents.
Since goods exchanged in the market are qualitatively different, the
common factor can only be quantitative. Hence, money which inter-
mediates in the exchange of goods represents this quantitative
aspects of gcods.

Marx's view is that the quantitative aspect of goods is based
on the fact that abstract human labour is embodied in goods, i.e.,
goods have values, and those values are transformed into prices at

which goods are actually exchanged. Positive values of goods endows
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to them a basis of their exchangeability in the market. Our funda-
mental Marxian theorem presents a firm basis for Marx's view.

The second point, profitability, is also related to the funda-
mental Marxian theorem. Moreover, this is the most important point,
because why the profit rate can be positive is not trivial.

Let us note that the fundamental Marxian theorem explains why
techniques represented by A and L are employed -- they are em-
ployed because they are profitable on the basis of surplus value:
the fundamental Marxian theorem is already addressed to the direction
stressed by Steedman ((4), p.59).

Now, let us think about the proportionality of values and prices.
In order to see that this proportionality is not germane to the law
of value, let us consider the case where values and prices are
proportinal.

Let us recall Proposition 3, which says that the value of net
products is equal to the amount of labour expended: this means that
the value created is a result of labour. Hence, if the exchange of
goods 1is carried out at their values in a capitalist economy in which
surplus products are produced, the exchange will manifest itself as
unequal exchange. That is, the workers create value amounting to
Lx 1in total, but they obtain the wage goods bundle, the value of
which is wFLx (< Lx): the amount of surplus value, Lx -wFLx, will
be expropriated from the hands of workers without giving equivalents,
so that unpaid labour becomes bare.

In order for surplus products to be appropriated from the hands
of workers by others peacefully without returning equivalents, the
subsequent two points are crucial. First, the workers as immediate
producers should not be the possessor of products and, secondly, gcods
should not be exchanged at their values.

Since the results of production belong to the owner of the means
of production, workers should be free from the means of production,
Any worker is regarded as the possessor of labour-power, and he sells
his labour-power for bread and cheese. Labour-power is thus commod-
itised, and the capitalist and working classes confront each other
ds equals in the market: they exchange equivalents.

Once capitalists purchase labour-power, the productivity of
labour appears as that of capital. Creativeness of labour is now
embodied in capital. Contributions made by workers are now expressed

in wages, so that the results of production manifest themselves as
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the fruits of capital. Value and surplus value are transformed into
prices and profit respectively, and hence unequal exchange into equal
exchange.

As regards the importance of the transformation and the funda-

mental Marxian theorem, Morishima(4) summarized as follows:

"{T)he transformation problem has the aim of showing how 'the
aggregate exploitation of labour on the part ef the total social
capital' is, in a capitalist economy, obscured by the distortion
of prices from values; the other aim is to show how living labour

can be the sole source of profit." (Morishima(4), p.86.)

With reference to the social source of profit, Baumol also

maintained:

"The point of the value theory may then be summed up as follows:
goods are indeed produced by labour and natural resources to-
gether., But the relevant sociaef source of production is labour,
not an inanimate 'land'. Thus, profits, interest and rent must
also be attributed to labour, and their total is equal (tautol-
ogically) to the total value produced by labour minus the amount
consumed by labour itself. The competitive process, that appears
to show that land is the source of rent and capital the source
of profits and interest, is merely a distributive phenomenon and
conceals the fact that labour is the only socially relevant
source of output. This is the significance of the value theory

and the transformation analysis to Marx." (Baumol (1), p.59.)

That is, the kernel of Marx's theory of value lies in the fact
that it explains the social source of profit, and the source of profit
is obscured by the social system itself, because the transformation
of values into prices is necessitated by private ownership of capital
in the sense that prices guarantee efficient utilization of each

component of capital in all production lines. 11)

4. Criticism of Marx proceeds further.

The fundamental Marxian theorem states the "equivalence" of the
positivity of the profit rafe and the rate of surplus value, Steedman
and Samuelson cast a question on the validity of the theorem in this
respect.

Samuelson maintained, first, that Marx's theory of value and

surplus value could have been discovered in terms of orthodox economics



33

if orthodox economics had tried, and, secondly, that the fundamental
Marxian theorem and the theory of transformation can be construed, in
the opposite direction to Marx, as an explanation of the rate of
surplus value in terms of the profit rate: he developed a erude
"parody" so as to demonstrate the fundamentality of price to value.
(Samuelson (4), p.417.)

Steedman also maintained that the fundamental Marxian theorem
would not constitute a positive explanation of the positivity of the
profit rate, because "it runs both ways."(Steedman(4), p.58.)

Moreover, he wrote:

"Béhm-Bawerk, one of Marx's most significant neo-classical eritics,
did not seek to deny the existence of surplus labour but sought
rather to show that it existed because of 'time preference' and

the 'productivity of roundabout production'." (Steedman(4], p.58.)

In other words, variants of the fundamental Marxian theorem
could be obtained if orthodox economics were to start from a
different notion,

They have two critical comments here: first, equivalence
explains nothing, and, secondly, even neoclassical economics can
render a basis for the positivity of the profit rate, such as time-
preference, or the productivity of roundabout production; hence,

labour is not source of profit.

5. Now, as to which side of the fundamental Marxian theorem should
explain the remainder, there will be no room for discussion. Un-
equivocally, the real world or the phenomenal world is the world of
price, and not the world of value. One of the duties of science
is to explain phenomena, but phenomena on no account explain them-
selves.

Accordingly, it is relevant to read the fundamental Marxian
theorem in such a way that value and surplus value explain price
and profit. Note that in the fundamental Marxian theorem, the
equivalence of the two is stated as the synthesis of the two desti-
nations: there exists value and surplus value behind price and
profit, i.e., necessity = a descending direction, and value and

surplus value are transformed into prices and profit respectively,



i.e., sufficiency = an ascending direction. An interpretation of
equivalence should be made carefully, but one should not reject its
importance.

Whether or not labour alone can be the relevant source of prof-
it may be beyond the scope of a mathematical discussion, so that
this point will not be treated further in this volume.

Nevertheless, it must be reconfirmed that Marx's value theory
based on the concept of labour is consistent in the sense that the
relationships among goods, i.e., the production price system, is
based on the relationships among men in production, i.e., the value
system.lZ) The core of Marx's theory of value resides in the funda-
mental Marxian theorem.

It is also important to confirm that the fundamental Marxian
theorem presents a basis for the discussion of the market. It dis-
closes why profit is possible in the market, but gives no further
clue to the functions of the market.

Orthodox economics has been concerned with explaining the func-
tions or the behaviour of the market, whilst Marxian economics has
been concerned rather with the basis of the market -- why profit is
possible. Unambiguously, the two have differnt objectives -~ they
discuss different aspects of the capitalist economy. In this re-
spect, Morishima is right in saying that Marx and Walras are two
major disciples of Ricardo.

Finally, it is worth mentioning that the fundamental Marxian
theorem discloses a superhistorical basis for the possibility of
growth, on which exploitation can be based. In this sense, the
theorem gives aclue to the foundation of exploitation: where there
is no reproducibility, there can be no exploitation: exploitationis
the process in which the reproducibility of the economy -- based
on surplus labour -- is realized in the form of capital accumulation
by private ownership of the means of production and the commodi-

tisation of labaur-power.



CHAPTER 11

FIXED CAPITAL AND THE THEORY OF VALUE

Introduction

The framework of the Leontief economy reveals at the same time
its limitations. The validity of Marx's theory of value would soon
be queried, if the conditions which stipulate the Leontief economy
were removed one after another.

This short chapter is devoted to introducing an economy in which
the existence of fixed capital is permitted: (F.l) will be removed.l)
It is von Neumann that first tried to apply the analytical
framework of joint-production to solving problems of fixed capital,
though joint-production itself was, as in the production of meat and

leather, noticed by classical economics. Namely, von Neumann re-
garded aged fixed capital of age s employed in a production line at
the beginning of a certain period as being transformed into fixed cap-
ital of age s+l at the end of the period: aged fixed capital is
jointly produced with other types of gocds. The framework of joint-
production is adopted in this chapter in so far as fixed capital is
concerned, but joint-production in general will still be disregarded.

The two sections discuss value, price and quantity systems with
reference to fixed capital which functions with constant efficiency
until used up. Value and price, and the fundamental Marxiar theorem
in the case of constant efficiency have been discussed by Okishio-
Nakatani and Shiozawa[l]. In this chapter, the quantity system is
also discussed, and the whole discussion will be reviewed in the
context of the dual dualities. The purpose of doing so is that an
important characteristic of value and price analysis is made clear

if fixed capital is introduced.



36

§ 1. Value and price in a narrow plain economy.

1. An economy which admits fixed capital alone as a joint-product is
called a plain economy, if it satisfies the following conditions:
(Shiozawa(l).)

(F.5a) Fixed capital has a finite durability.

(F.5b) The efficiency of fixed capital is constant irrespective of
its age.

(F.5¢c) No cost is required to scrap used up fixed capital.

(F.5d) No process produces aged fixed capital alone as its net

pfoduct.

A plain economy restriced by the following additional condition

is called a nasszow plain economy:
(F.5¢) Aged fixed capital is nontransferable.

Namely, an economy satisfying (F.5a) through (F.5e) as well as
(F.2) through (F.4) is called a narrow plain economy.

Suppose that there are n types of O-year-old good in the economy,
all employable both as fixed capital and nondurable capital goods,
if the difference in ages is disregarded. These n types of good

are called the fasic type of good. Let

Tj : durability of good j as fixed capital,

1= (13,++,7,): durability vector,

and the economy has  types of good formally, if aged fixed capital

is regarded as a different type of good, where
1 = .
(1) z ZTJ

These 3 types of good are called the Zoamal Zypes of good.

Without loss of generality, the first n typesof goodof all X
kinds of good can be regarded as O-year-old goods. A numberingeof C-
year-old goods is called a #fasic oaden. A numbering of goodsfrom 1
to 3, which is called a foamal orden, is completed by arranging the
groups of goods from O-year to the maximum age, in each age group
goods being ordered in the basic order.

Take the processes producing good i, andsuppose that fixed cap-
ital is allocated as follows: the first process is equipped with O-
year-old fixed capital alone, and fixedcapital in process s isolder

than that in process s-1 by one year except that which should be re-
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placed owing to wear and tear by fixed capital of O-year: fixed
capital of process s-1 is carried over to process s. Thus, the
cycle of processes, such as process 1 --= process 2 --= sev--=

process T --- process 1, is considered, where
(2) T =l.c.m-('rl,...,'tn) .

The set of T processes is called an industry, As each indus-
try consists of T processes, there are nT processes in the economy,
and hence a narrow plain economy is formally an economy made of nT
processes producing I types of goods: albeit in a restricted
sense, (F.2) is relaxed.

Never theless, a narrow plain economy can be regarded as an econ-
omy producing n types of goods of the basic types with n indus-
tries, which is called the Leontief-4asis of the economy.

The combination of inputs of process 1 in an industry determines
that of other processes in that industry, in the sense that the amounts
of labour and other material inputs are the same irrespective of the
ages of fixed capital and the combinations of fixed capital of other
processes are derived from that of process 1. Hence, the combination
of inputs of process 1 in each industry is called the £fasic one in
each industry.

The combination of fixed capital in the first process of each
industry is composed of only O-year-old fixed capital, so that this
combination can be expressed by an n x 1 vector, called basic fixed
capital inputs. Fixed capital inputs of other processes are ex-
pressed by I x 1 vectors according to the formal types of good,
whereas nondurable capital goods are 0O-year-old goods, and hence
their inputs are expressed by n x 1 vectors fundamentally,

For industry i, let

VEi £x 1 : fixed capital input of process v,

ki nx 1l : basic fixed capital input vector,

ai n x 1 : npondurable capital goods input vector,
i ¢ labour input,

kelo (l;i,.,,,TEi] I x T : fixed capital input matrix,

Ai = (ai,...,ai] n x T : nondurable capital goods input

matrix,
Axl= [Al] £ x T : enlarged nondurable capital goods

input matrix,
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Lt =(Li"“’Li) 1 x T : 1labour input vector,

Then, the input structure of the economy as a whole is repre-
sented by

A = (kxbearl, oL kAR

I

and
L = (Ll,...,Ln) .

As for the output structure, let us distinguish the output of
brandnew goods and that of aged fixed capital: for industry i, let

vbi Zx 1 : aged fixed capital output of
process v,

B*'= (lbl,...,Tbl) Zx T ¢ aged fixed capital output matrix,

1xio ety ouuyet), £x T : O-year-old goods output matrix,

and the output matrix of the economy as a whole is expressed by
B = (B*le1*l, ..., B*"1*")

Bearing in mind the cycles of processes, one has

v, i v+l i 174

(3) pi o velpd | v+ kI ,
where v+1k; is obtained by replacing the n+l-th through I-th eles
ments of v+1kl by zeros, and T+1kl =OZ . Hence,
(%) Bl - kxlET (1 o) keleT,

0 0
where E = (ez,e seesse ), T x T, is a permutation matrix.
2. Since the input-output relationships have been made clear, the

value and price systems can be established. Let

K = [Kl,...,Kn] n x n : basic fixed capital input matrix,

A = (al,...,an] n x n : basicnondurable capital input matrix,
L = (Ll,...,Ln) 1 x n ¢ basic labour input vector,

F n x 1l : wage goods bundle,

w 1 x n : value vector of 0O-year-old goods,

w® 1 x (Z-n): value vector of aged fixed capital,
Wo= (w,w?) : value vector,
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p 1 x n : price vector of O-year-old goods,
p° 1 x (Z-n) : price vector of aged fixed capital,
p = (p,po) : price vector,
m profit rate,
w = pF ¢t wage rate,
Y, () = ——:T—L———— : rate of depreciation (by the annuity
' i s me thod)
I (L+m) ’
o
Y = (wl,...,wn) : depreciation-rate vector,

Now, the value system of all formal types of goods ean be ex-

pressed as
(5) wB =wA+ L ,
which can be reduced to

(6) w=wtlkea)eL .
Likewise, its price system

(7) pB = (1+w)p(A +F L)

can be reduced to
(8) p = p(mK+ O(mIK+ (L+m) (A+FL)) ,

Namely, the value and price systems, (5)and (8), appear to be
undetermined, but values and prices of O-year-old goods are deter-
mined respectively independently of those of aged fixed capital. 2)

Write

Y(rw) = 7K+ D(m)K+ (L+m)(A+FL) ,

and it is easy to see that Pd.C. and Pf.C. can apply to (5)and (8).
Let us assume:

n

(A.1) A>0, K20, Ti>°;Fi°-
(A.1) Li >0 .
(A.3) ¥(o) 1is indecomposable.

And, define the rate of surplus value as before by

1
(9) U = Wr'-l .
Then, Okishio-Nakatani proved:

THEOREM I, (Fundamental fMarxian theonrem) There exist w>o0 and p>0
satisfying (8), if and only if p(%'lK+A) <1 and pu>o .
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§ 2. The quantity system and replacement in kind.

1. The replacement of fixed capital in kind will be considered from
the side of the quantity system, and it will be compared with the
depreciation of fixed capital in the world of value and/or price.

Suppose that the economy is in the state of uniformgrowth. Let

xi Tx 1l : intensity vector of industry i,
X = 'xl nT x 1 ¢ intensity vector of the economy,
‘n
X
F = (F £ x1: enlarged wage goods bundle,
IZ-n
0
a; s output of good i,
q = [ql nx 1l : output vector of goods of O-year,
qn
g : wuniform growth rate,
U nx 1l : capitalists' consumption vector,

U*={U I x 1l: enlarged capitalists' consumption vector,
OZ-n

K :(K*l,..,K*n) : fixed capital input matrix of the economy,

1 = (11,..,1n) : the replacement rate vector, (1i(g):=wi(g).)

Now, the system of equations of uniform growth is expressed by
(10) q +[B*l,..,B*n)x = (1+g) ( K +A +FL)x + U* ,

OZ-n

which can be reduced to

(11) g = (T(g)K+gK+ (L+g)(A+FL))x + U .

The right hand side of (11) indicates the allocation of goods,
i.e., replacement, accumulation and capitalists' consumption in the

quantity system on the Leontief-basis.

2. It is easily seen that the coefficient matrix of (11) can be
written as V¥(g), so that (11) is rewritten as

(11") qg = Y(glgq+U .
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The subsequent theorem soon follows.

THEOREM II,(Fundamental duality) The existence of g>o and q> o"
fulfilling (11') is equivalent to the existence of w>o0 and 20,
satisfying (8).

That is, on the Leontief-basis of a narrow plain economy, strong
fundamental duality holds, as inalLeontief economy: thepossibility
cf growth and profitability are equivalent on the Leontief-basis.

The rate of profit, however, does not coincide with the rate
of growth, so that the volume of depreciation will not equal to the
amount of replacement in kind. Let us discuss this quantitative
difference between the two in what follows.

In view of the well-known Cambridge equation, one has

gzsm,
so that
W < 1;(9) £ 1y 00) =——

Ty

Hence, if the capitalist class consumes part of the prorit,
the amount of depreciation falls short of the amount of replacement
in kind; hence, profit is greater than net investment + capitalist

consumption by that amount of shortfall:
(12) mp (K+A+FL)q = gp{(K+A+FL)q + pU+ (pT(g)Kq - pT(m)Kqg).

Since, from the angle of maintaining the quantity of fixed capital,
the "true" volume of depreciation should be evaluated on the basis of
the rate of replacement, i.e., the growth rate, and not the rate of
depreciation, i.e., the profitrate, part.of depreciation should come
from profit in the form of overdepreciationBl- the(] part in (12).

Nevertheless, one has

7 PR ) < o

so that this "overdepreciation" has a brake effect on capitalists'

consumption,

Moreover, the maximum of the rate of depreciation is the rate of
replacement, and the maximum of the rate of replacement is the rate of
replacement in the world of value. If an economy in the state of
simple reproduction with positive profit is contemplated, the rate
of replacement is evaluated by l/Ti for fixed capital i. This sug=~
gests that the value system is rather related to the zero-growth

than to the zero-profit state of the economy.
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This suggestion can be illustrated as follows.

Take an economic variable Xy representing the state of the
economy, say output. Suppose that the actual locus of the economy
is represented by AlAZ"An’ To assume that the economy is in the
state of simple reproduction is to approximate the actual dynamic
locus by a set of line-segments, K}Fjs, where Aj and Bj are given

by (j,xj) and (j-l,xj) respectively.

FIGURE II-1.
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To suppose that the economy is in the state of simple reproduc-
tion is to regard the present state as repeating itself. By doing
so, the substance of the present state may be observed more precisely.

Meanwhile, in the uniform growth analysis, the state of the
economy is approximated by uniform growth paths. Given technical
conditiens and wages, the uniform growth rate 9: will be evaluated,

and ft =(l+gt)'lxt « Then, the actual economic locus is approxi-

N\ Py
mated by the set of Ajst, where Cj is given by (j—l,(l+gj)J'lfj).



3. So far, it has been shown that the value and price systems of
a narrew plain economy can be reduced to their subsystems with re-
spect to O-year-old goods, and that uniform growth can be considered
only within the Leontief-basis of the origiral narrow plain economy.

Moreover, it must be noted that the reduction of the quantity
system of a narrow plain economy to that of the Leontief basis,
i.es, (10) to (11), is slightly different from the reduction of the
value and/or price systems, in the sense that formally different
kinds of goods should be aggregated together in the reduction of the
quantity system. Since the "true" volume of amortisation is eval-
ated in the quantity system, the above means that the core of the
annuity method resides in the identification of aged fixed capital
of the same basic type.

Nevertheless, it can be confirmed that a narrow plain economy
is represented by its Leontief-basis in the sense that its produc-
tiveness, profitability and reproducibility are respectively equiv-
alent to their counterparts of the Leontief-basis.

Observe, however, that the narrow plain economy constructed
above represents a type of stationary state: if the investment of
O-year-old fixed capital is commenced simultaneously at a certain
period and continued thereafter, and if fixed capital is utilized
till it is worn out physically, and if there is no market for aged
fixed capital, then the state of the economy will be that of a
narrow plain economy,

Although, in the framework of the narrow plain economy, free
aging, i.e., fixed capital is not used but ages in a production
process idly, or storage of fixed capital cannot be treated because
of (F.5), the framework of the narrow plain economy can be applied
to and enrich econometric analyses, if the fixed capital coeffi-

cients are known.

4, If the efficiency of fixed capital changes as it ages, the
framework of analyses should be extended further, which will be

discussed in the following chapters.



CHAPTER I11

JOINT~-PRODUCTION AND THE THEORY OF VALUE

Introduction -- Problems.

1. It has been demonstrated that Marx's major conclusions are
valid irn a Leontief economy or a narrow plain economy. In such an
economy, however, alternative processes, fixed capital and joint-
production are not admitted to their full extent.

An economy in which alternative techniques, fixed capital and
joint-production are permitted withcut any restriction is called a
von Neumann economy. That is, an economy with a set of linear tech-
niques is called the von Neumann economy, if restricted by (F.4)
alone. A highly generalised discussion of value theory can be
carried cut in the framework of the von Neumann economy, because the
von Neumann economy répresents a developed, complex and modern
structure of production.

The objective of this chapter is to develop the Marxian value
theory in the von Neumann economy case by employing a system of

equations and to investigate some implications.

2. Morishima and Steedman are the ones who pointed out the diffi-
culties which Marx's theory of value may come up against in the von
Neumann economy. (Morishima (4), Ch.l4, Steedman(l).) Their discus-
sion and counterexamples will be summarized by way of introduction.
Morishima's point is that value can take a negative magnitude.
According to Morisima, Marx's value theory ought to treat the values
of products as weights of the aggregation of micrescopic industries
into macroscopic major departments, and then values are required to
be "(a) non-negative, (b) unique and (c) independent of what happens
in the market."(Morishima(4), p.18l.) However, it is easily seen
that the requirement (a) is not satisfied in the following case.
Let an economy have two types of good and one type of labour.
Goods are called good l(nondurable capital goods), good 2(new fixed
capital) and good 3(aged fixed capital). The input-output struc-
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ture of the economy is expressed by the following table:

TABLE III-1.

input matrix output matrix
good 1 0.7 0.9 0.2 1 1 0
good 2 0.5 0 0 0 0 1
good 3 0 0.5 0 0.5 0 0
labour 1 1 0.5 - - -

By solving the following value system:

wyt O.Sw3 = 0.7w1+ 0.5w2‘ + 1,
wy = 0.9wl +0.5w3 + 1,
LB = 0.2wl + 0.5,
one has W= 7.5, PSS 2.0 , and wy= ~0.5 . That is, although the

1)

Steedman went one step further and exemplified not only the

above economy is productive, the value of good 3 1is negative.
possibility of negative value but also the coexistence of negative
surplus value and positive profit.

Given a 2 good-2 process economy described as follows:

TABLE III-2.

input output wage goods
good 1 5 0 6
good 2 0 10 1 12
labour 1 1 - - -

Since the economy is productive, there exist positive prices
and a positive profit rate: from
(l+r)5pl +1 = 6p1 + Py
(l+r)10p2 +1= 3p, +12p2 ,
one has r = 20 % , Py= 1/3 and Py= 1 , where wages are paid ex post.

The values of goods are, however, determined as:
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Sw

1 1 2 ?
lOw2 +1 = 3wl + 12w2 .
and, W= -1 and LPS 2 . Assume here that 5 units of process 1

and 1 unit of process 2 are operated. Then,
total labour = 6 ,
total variable capital = 7 .
Hence, it soon follows that
surplus value = -1,
even if the profit rate is positive.

Thus, Steedman cast a question on the validity of the fundamen-
tal Marxian theorem: he maintained that Marx's theory of value should
be rejected as something redundant.

Our following discussion will make it clear why these counter-

examples are made possible.

§ 1. Productiveness, value and inferior processes.

1. Let there be n processes producing m kinds of good in a von
Neumann economy. The input-output structure of the economy is ex~

pressed by
A mx n : input matrix,
B mx n : output matrix,
L 1 x n : labour vector.,
Let
=B - A : net production matrix,

D :[ D] : activity matrix .
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And, D defines the production possibility space of net products:
P@D) = {dDx | x > 0".}
As usual, let

X nx1l : intensity vector,

y mx 1l : net product vector,

and the net product vector is defined by
(1) y = Dx.

As mentioned before, the fundamental requisite of an economy
is that it is productive. The productiveness condition of a von
Neumann economy will be stated as

a 2)

(Pd.C) x >0": pDx>o0",
In a productive economy, for a y > Om, (1) has a solution «x

0" : so that there exists a generalised inverse of D such that:

v

(2) DD y=1y .

The solution of (1) can be thus expressed as

(3) x =Dy .3

The strong productiveness condition is given by

v E]

(s.Pd.C) For y > Om, X > oM. y = Dx .

As is easily seen, strong productiveness implies productiveness,
but, as opposed to the Leontief economy case, the converse is not

true in the von Neumann economy case. The production possibility
space of a strongly productive economy contains the first quadrant
of the goods space, FT y ilee.,

Rl c POD) ,
but that of a productive economy has some points in common with RT ,
i.e.,

]RT AP £0 .

Now, as usual, let us assume:
(B.1) A20,B20,1L>0 .

PROPOSITION 7, S.Pd.C.==> 3 D7> 0 .
Proof.
Put y = eJ, j=l,..,n, in (3), and the conclusion soon follows.
0.E.D.
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The converse is not true. In fact, there are productive eocno-
mies having D~ > 0 , but which are not strongly productive.

A nonnegative matrix (I-/\)—l can be invariably considered in
a Leontief economy, because S.Pd.C. is equivalent to Pd.C. therein.
In a von Neumann economy, however, a generalisation of (I—A)'1 >0,
i.e., D';=0, can be made only in a restricted case. This is the

first point to be taken note of.

2. The first definiton of value by Marx, i.e., Ml—value, can be
extended as follows.
Let

w 1l xn Ml-value vector,
and the value equation system can be extended to
(4) wB = wA+L .

A solution of this defines Ml-value.
Equation (4), however, is not invariably solvable. Therefore,
let the following condition be introduced:

(V.S) rank D = rank D .

This is a necessary and sufficient condition for the solvability of

(4), and is rewritten as
(5) LDD =L .

This condition means that the labour vector L and each row of
the matrix D are mutually constrained: the rows of D represent
how net products are allocated to the processes, and L is affected
by this form of allocation,

A simple Leontief economy satisfies V.S., whilst a Leontief
economy which is generalised in such a way that alternative tech-

“) Plain economies fulfil V.S,

niques are permitted does not.

If V.S. is satisfied, then (4) is solvable, and its solution
can be written as
(6) w = LD_ -

Since a generalised inverse of a rectangular matrix D con-
tains parameters, it is not unique. Hence, Ml-value expressed by
(6) is not unique, even if it exists. The introduction of V.S. is
the second point to be taken note of.
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Now, let us consider the axiom called the impossibility of land
of Cockaigne (Koopmans, p.50.):

(Im.C) {xlax_>_0m+l, x;On}=¢ .

Next, the indispensability of labour in production can be

represented as:

(Id.L) x > 0" and Dx > 0™ => Lx > o

Then, one can show:
PROPOSITION 2. (Im.C) <==> (Id.C) .
Proof.

(Im.C) is equivalent to the fact that, for

~

v x > On’ Dx > 0m+l

does not hold. If one has x 2> 0" and Dx > Om, then it follows
that -Lx <o, i.e., Lx >0 : (Id.C) holds.
The converse is trivial, Q.E.D,
In what follows, the subsequent assumption will be made:

(B.2) Labour is indispensable in production: (Id.L) holds.s)

Investigate next whether or not positive values exist in a von
Neumann economy satisfying V.S.
PROPOSITION 3. Assume V.S, Then,

wy =Lx .
Proof.
From (5) and (6), one has
wy = LD Dx = Lx . Q.E.D.
PROPOSITION 4, Assume V.S., and Ml—value of at least one good
is positive: w i o™,
Proot.
Since Lx > o for y > o™, it follows that w £ Om in view of
Proposition 3. Q.E.D.

As is seen from the above, all the values of products cannot
be negative., Nevertheless, some products may have negative values,
which was what Morishima and Steedman argued.

In order to disclose why negative value becomes possible, let
the subsequent definition be introduced:

DEFINITION T.(Inferion processes) Processes belonging to category J
are said to be inferior to processes belonging to category I (with

respect to product s), if there exist kt.Zo such that

~i ~3
(7) z kj_d 2. Z kjd ’
iel jed
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(> for product s), where I, JC{l,...,n}, T3=0 and gi is the
i-th column of D .6)

Unambiguously, inferior processes of J produce, in comparison
with processes of I, less net amount of product s with a greater
amount of input. It should be observed here that the inferiority
of processes does not depend on the valuations of goods.

Then, one can show:
THEORENM 1, Ml—values are positive, if and only if there is no infe-
rior process operating in the economy.
Proof.

One hasonly to apply Stiemke's theorem. In fact, the operationof

inferior processes is equivalent to the solvability of Dz > Om+1

which is in turn equivalent to the fact that there exists no positive
solution W > Om+1: WD:(%‘. Namely, in such a case, there exists

no w >0 where W = (w,1) . (Cf. Lemma 13.) Q.E.D.

m?

Having a closer look at the "only if" part of the theorem, the
informationon which goods have nonpositive values can be obtained.
COROLLARY., At least one of the values of the goods, in the produc-
tion of which some processes are inferior, is nonpositive.

Proof.

Without loss of generality, one may divide the processes and
goods into two groups: processes I are not inferior, whilst proc-
esses II are inferior to I in the production of good II. No proc-
ess is inferior in the production of good I. Then, one can parti-

tion D, L and w as:

D =fDp ¢ 0yg |» b= (Lply), w= (wp,wpe
n1Prx
Equation (4) can be rewritten as
Py WOy =Lty o
) *P°1o* YoPoo = tm ¢

whereas, for a z = t(zI,z]I) 2 0", (7) is written as

Prrzy =DypZp »
(2) Ppr?1 > Ppm?m
LIzI 2 LH Zg -
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Postmultiply the two equations in (8) by zy and zn:respectively,
and subtract both sides of the results. In view of (9a) and (%c),
one has

wp(Pg 121~ Oz <o -

In the light of (9b), wD:i (ﬁ, , where 3 = card. J . Q.E.D.

It must be observed that one cannot say anything about wroe
The above theorem and its corollary expound why Morishima and
Steedman encountered negative values: their counterexamples contain

inferior processes.

3. Productiveness plays a central role in a Leontief economy,
being equivalent to the existence of positive Ml-value. Such a
strong duality, however, does not hold in a von Neumann economy.
Neither the solvability of the value equation nor the inferiority
of processes depends on the productiveness of the economy. This is
the third point to be taken note of.

A class of von Neumann economies as a straightforward extension
of the Leontief economy may be formed as follows.

First, it is easy to see that a strongly productive economy is
an immediate extension of the Leontief economy, if V.S. is satisfied.
In a strongly productive economy, one has:

PROPOSITION 5, Assume V.S, Then, S.Pd.C.===> w > 0 .

= "m
In fact, in view of Proposition 1, one gets, w = LD > Om .
The core of this straightforward extension resides in the point

that D~ >0 . Hence, the class of von Neumann economies satisfying
(P.g.1) 07> 0.

may be considered. It is easy to see that P.g.I. is weaker than
S.Pd.C.

In the ensuing discussion, P.g.I. is often referred to, because
the class of economies satisfying this presents an interesting angle
to the argument of the value theory in the von Neumann economy case,

and not because it is of importance.
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§ 2. Alternative definitions of value.

The aim of this section is to introduce alternative definitions
of value and investigate their equivalence.

The second definition of the value of goods by Marx, i.e., M2~va]ue,
is defined by the amount of labour directly or indirectly necessary
for the production of a unit of its net product. (Definition I-4).

As opposed to the Leontief economy case, Mz—value cannot be
defined in terms of equality, because a general joint-production
system cannot produce only a unit of net product of a certain kind
without extra output of other kinds of product. Therefore, Mz-value
should be formulated in terms of an inequality.

Let

w¥* 1 xm Mz-value vector,
and Mz—value is defined by
(10) w¥ = min{in | Dxi;ei, xi;On 4
Then, one can show:

THEOREM II, There exists a unique M,-value in a productive von

3
Neumann economy: Pd.C. === w¥

Proof.

2
o .
= "m

v

If Pd.C. holds, then the linear programming problem (10) has
an optimum solution, and hence w? is unique and nonnegative.
Q.E.D.
That is, Mz—value is related to the productiveness of the
economy.

Compare M, -value with Mz-value, and one has:

1
PROPOSITION 6. Assume Pd.C. and V.S,
(i) If Ml-value is positive, then it does not exceed Mz-value:
wz‘om:=9 W*;W.

(ii) Ml-value is equal to Mz-value, if and only if S,Pd.C. holds:
w = W* &=> S.Pd.C-
Proof,
(i) Premultiply (10) by w = LD~ (> Om), and one has
Lx® = LDy > Lp el ,

s i i
i.e., w¥> w , where y = Dx" >e”.
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(ii) It is trivial that w* = w if and only if yi= el for ¥ i,
which is in turn equivalent to S.Pd.C. Q.E.D.

As is seen from the above, Ml-value does not generally coindide
with Mz—value in a von Neumann economy. The existence of Mz-value
rests on the productiveness of the economy, but Ml—value is not re-
lated to it. On the other hand, in a Leontief economy, S.Pd.C. and
Pd.C. are equivalent, and V.S. is also satisfied, so that Ml-value
is equal to Mz-vaIUe. Moreover, there exists no inferior process
therein owing to (F.1). This is the fourth point to be taken note of.

Now, consider:
DEFINITION 2.(Marginal value) The marginal walue of a product is
the amount of labour directly or indirectly necessary to increase
a unit of its net product. This is also termed M3—vaéue.

Let

w¥¥ 1l x m ¢ marginal value vector,
and it can be formulated as
(11) wr¥, = Lx*i- in,
where,

Bxl= Ax? +y , x>0 y

v

Bx*iz Ax*i+y+e1 .
The relationship between Ml—value and M3-value is made clear

by the following:
PROPOSITION 7. Assume rank(B-A) = m < n

W= w¥¥ |

. Then, V.S, implies

Proof.

rank(B-A) = m < n implies that the subspace IP(D) is an m-

dimensional convex cone, and hence 2 y € P(D): for v ief{1,..,m} ,
yrel € P(D) . tt follows that

wE¥ = Lx* - Lxt = LD7e?t,
so that w = w¥*¥, Q.E.D.

Note that w** appears to rest on y , but, as shown by the
above, it does not in fact do so.
The product LD~ itself exists invariably, and if the assump-

tion of the above is satisfied, LD  represents M3-value. Since



54

it does not depend on V.S., it is less restrictive than Ml—value.

Nevertheless, the M3—value of some goods can be negative.

Morishima proposed the definition of value as being shadow price.
DEFINITION 3.(0ptimum value) An optimum solution of the following

linear programming problem:
(12) Max { Aq | B < M +L , A2 0}

is called the optimum value of products with respect to q .
The dual problem of (12) is described by

(13) Min {Lx | Bx 2Ax+q , x 2 o" .}

The following proposition states how Ml-value and M,-value are related
to the optimum value.

PROPOSITION 8. Let A° be the set of the solutions of (12).

(i) Assume Pd.C. Then, A% £ ¢ .

(ii) Assume Pd.C., V.S. and q < P(D). Then, w > Om implies
that Ml-value is an optimum value: w > 0m===> w e A°.

(iii) Assume S.Pd.C. Then, Mz-value is an optimum value: w**gAq
Proof.

(i) If Pd.C. holds, it is trivial that (13) has an optimum solution.
Hence, an optimum value exists.

(ii) Since g CP(D) , there exists x = D7q 2 0", for which

min Lx = min LD g = min wq
holds; whilst, from AD <L in (12), it follows that
ADD™q = A < LD7q = wg .
That is, w is an optimum solution of (12).
(iii) There exists xj: D_ej, and for q = Z qjej, one has
J
min Lx = min LD~ queJ = 2w§qj = maxZquj.
Namely, w; = Aj’ if q = ej. Q.E.D.

Optimum value, defined in terms of the inequality, will be dis-
cussed in the next chapter.

In what follows, the following assumption will be made:

(B.3) The economy is productive: Pd.C., is fulfilled.
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§ 3. Profitability and reproducibility -- The fundamental Marxian
theorem,
1. The ultimate purpose of capitalist production is the production

of profit and its appropriation. The fundamental Marxian theorem
that grasps surplus value as the source of profit has been.challenged
by Steedman as mentioned in the introduction to this chapter.

First, let the rates of surplus value and surplus labour be

formulated as before. Let, as usual,
F m x 1 : wage goods bundle,
and make the following condition:
(B.12) F>om.
The rate of surplus value can be defined as

(14) pw) = 2 -1,
wk

if the amount of value created by a unit of labour is normalized as
unity. p( ) indicates that 1 dependson the valuations of goods.

As is easily seen, if V.S. holds, u can he evaluated.. Ml-value
however, is not unique, so the magnitude of the rate of surplus
value cannot be determined uniquely.

Now, the necessary output vector can be extended to the

necessary intensity vector: let
X n x 1l : necessary intensity vector,

and this is defined by

(15) DX = FLx .
Then, the rate of surplus labour can be defined by
(16) n=L£ 0,

Lx

Consider here a dual condition of V.S. concerning the wage

goods bundle:

(Wg.C) Fe P().

This condition means that the economy can produce the exact
amount of goods necessary for the reproduction of labour-power
without any extra amount of products. In such a case, (15) can be

solved with respect to x : Wg.C., implies
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(17) DDF = F .
The converse, however, is not true.
As for the two definitions of surplus, one has:
PROPOSITION 9, 1If V.,S. and Wg.C. hold, then
(18) u(w) =n .
Proof.,
From V.S. and Wg.C., it follows that
Lx = LD FLx = wFLx .
Hence, from (14) and (16), (18) holds. Q.E.D.
The set of dual conditions, V.S. and Wg.C., holds in a produc-
tive Leontief economy, because Pd.C., being equivalent to S.Pd.C.
therein, ensures Wg.C. as well as V.S. Hence, the following corol-
lary is trivial:
COROLLARY. Assume V.S. and S.Pd.C. Then, ulw) = n .
Observe that
u(wx)

v

ulw) ,
and that
ulw**) = u(w) ,
in so far as the condition specified in Proposition 7 is fulfilled.

2. Let us next consider profitability in general. Let

p 1 x m : valuation vector,

I 1 x n : processwise profit vector,

and write,

(19) M=A+C, C=FL , H=B-M,
The profitability condition is now expressed by
a
(Pf.C) p >0, :pH>0 .

The profit vector is defined by
(20) I =pH.

It is plausible to suppose that profit accruesif no wage is
paid. Hence, the primitive profitability condition may be intro-
duced:

3

(P.PF.C) p >0 PD > 0 .

m
This condition is always fulfilled in a productive Leontief economy.

Now, the following theorem can be established:
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THEOREM III.(Fundamental fManrxian theorem) Assume Wg.C.

(i) If an economy is profitable, then the rate of surplus labour

is positive: Pf.C. === n > o .

(ii) Suppose V.S. holds. Profitability implies the positivity of

the rate of surplus value: Pf.C. and V.S. === py(w) > o .8)

Proof.

(i) Pf.C. implies that there exists p > Om, such that
pD - pC > On .

Postmultiply this by D"FLx > 0", and one has
(pDD"F - pCD F)Lx = pF(Lx - LX) > o .

Since p > 0m and F > Om, it follows that pF > o . Hence,

Lx ~Lx >0, i.e., N > 0 .

(ii) Trivial in view of Proposition 9. Q.E.D.
COROLLARY., Assume P.Pf,C. and P.g.I. The positivity of the rate
of surplus value implies profitability: u(w) > o === Pf,C.
Proof.

If u > o, there exist p > 0m and IT > 0n such that
p = D™ (1-Fw)™1
in the light of P.g.I. and Lemma 7, Then, one has
pD - pFLD™D = DD .

Hence, from V.S. and P.Pf.C., there exist p > Om and @I > 0n such
that pD - pC =1 >On . Q.E.D.
As is made clear by the above theorem, Steedman's counterex-

ample concerns the economy that does not fulfill Wg.C.

3. The surplus condition can be written as:
(s.¢) Tx >0": Hx > o™
Let
S m x 1 : surplus products vector,

and this is determined by
(21) s = Hx .
The relationship between reproducibility and the rate of surplus

value is expressed by the following:
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PROPOSITION 70. Assume V.S.
(i) If w > Om, then S.C. implies py > o0 .

(ii) Suppose Wg.C. and P.g.I. py > o implies S.C.
Proof.

(i) S.C. implies that there exists x > 0" such that
Dx - Cx > 0",
Premul tiply this by w = LD" > 0., and it follows that

LD'Dx - LD°Cx > o ,
so that, in view of V.S.,
Lx = wFLx = (l1-wF)Lx > o .
Since Lx > o from (B.2), one has 1l-wF >0 , i.e., u >o0 .
(ii) Write tentatively v = D'F , Then, wF = Lv , so that

(I—Fw)-l > 0 is equivalent to (1-vu)t

If u > o, then from the assumptio
s > 0™ fulfilling

x = (I-vL)™1p7s .
Then, it follows that

Dx - DD"FLx = DD”s ,
which is reduced to

0. (Cf. Lemma

2
n, there exist «x

7.)
> 0" and

Dx - Cx = s ,
in the light of Wg.C. and Pd.C. Q.E.D.

In summary, one can state:

THEOREM IV, Assume V.S.; Wg.C., P.Pf.C. and P.g.I. The positivity
of the rate of surplus value, profitability and reproducibility are
all equivaleiit.

That is, the strong fundamental duality of profitability and
reproducibility, as observed in a Leontief economy and a narrow
plain economy, does not hold in a von Neumann economy. It now rests
on the set of dual conditions, V.S. and Wg.C., and the positive val-
uations of products. This is the fifth point to be taken note of.

4, Let us introduce the rate of profit. As usual, let
m : profit rate .
The equilibrium profitability condition is written as
3
(E.Pf.C) m>o0 , p >0

(22) pB = (l+mw)pM .
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It is trivial that E.Pf.C. implies Pf.C., hence Theorem III
can apply. Consider here, however, its converse.

Introduce the subsequent condition:
(P.Pf.C') 3 p>0_, Mo s pB =(14—nM)pA ’

which is a modification of P.Pf.C., and make the following two

assumptions:
(B.4) 1, M>0
(B.5) P.PF.C'. holds.

Assumption (B.4) means that in each process direct and/or
indirect input is required.

The fundamental Marxian theorem with respect to the equilibrium
profit rate is stated as:
THEOREM V. (Fundamental flarnxian theorem) Assume Wg.C.,
(i) Equilibrium profitability is equivalent to the positivity of
the rate of surplus labour: E.Pf.C. <== n>o .
(ii) Suppose V.S.. Equilibrium profitability is equivalent to
the positivity of the rate of surplus value: E.Pf.C. «==2> u(w) > o.
Proof.
(i) In view of Wg.C., one has X = DFLx > 0". Postmultiply (22)
by this, and it follows that

pDXx = pCx + mpMx .
Namely,
#pMX = pF(Lx - LX) = pFnLx .

If pF =o , m > o0 1is ensured by (B.5). The converse is true
in the light of Theorem III.

If pF > o , then, owing to (B.4), m>0 <==> n>o .
(ii) Trivial in the light of Proposition 9. Q.E.D.

As shown by this theorem, the set of dual conditions, V.S. and
Wg.C., is crucial in the explanation of the positivity of the profit
rate by the positivity of the rate of surplus value based on Ml-
value. If the two are satisfied, the fundamental Marxian theorem

holds true, even if some values are not positive.

5. The determination of the production prices and the profit rate
by (22) may be regarded as an extension of that in a Leontief econ-
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omy, if some additional conditions are satisfied.
PROPOSITION 77, Assume V.S., Wg.C., P.g.I. and rank H = m 9).
Then, 7 >0 and p > 0m are determined by the Frobenius root of Q=

MH™ and the eigen vector associated with it as:

! ’ p = Q(to') °

M =

o (Q)
Proof.
m and p satisfying (22) also fulfil pH=mupM , i.e.,
p = mpMH™ ,
in view of Lemma 11 (ii).
Now, V.S. implies R(®C) € R('D) , and E.Pf.C. implies u > o
owing to Theorem IV, so that it follows that

H= D™(I-Fw)™l >0 .
Hence, MH~ > 0 . Therefore, Frobenius' theorem can apply. Q.E.D.

§ 4. Transformation theorems.

1. The purpose of this section is to show that the transformation
of Ml-value into price is possible in a certain restricted von
Neumann economy.

Let us consider a transformation formula in the von Neumann
economy case on the basis of Proposition 11. Consider the following

sequences {w®} and {n%}

wt+lH - ntwt-M ,
(23) ¢
t w - eHx
T =
w e Mx
where wl= w s X aﬁR: .10)

Repeating (23), one has:
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PROPOSITION 72, For any x eiRi the following holds:

wi Hx = whenx , (t = 0,1,2,... ).

In fact, postmultiply (23a) by x , and take (23b) into account.
The conclusion soon follows.

This proposition shows that the transformationm formulae spec-
ified by (23) transform values into prices keeping the total profit
equal to the total surplus value in each iteration step.

PROPOSITION 73, Assume thatV.S., Wg.C., P.g.I. and rank H=m hold,
and that Q = MH™ is indecomposable and stable. If y > o , then:

(i) The sequence generated by (23) is convergent, and
p*¥¥ = 1lim wt = B(tQ) ,
tow
7 = lim Ft = 1 .
ta> p(Q]
(ii) p¥¥Hx = wHx .
Proof.

(i) Since rank H = m , (23a) can be rewritten as
Wt+l= ﬂtwt‘MH_ .

Now, p>o implies that (I-Fw)_l; 0, i.e., H 2 0 in view of

Lemma 7. Hence, Q = MH™> 0 . Because of the indecomposability

and stability of Q , the convergence of the sequences generated by

(23) is proved in the same manner as in Okishio (&).

(ii) Trivial in the light of Proposition 12. Q.E.D.
The price vector p¥** satisfies (12) by dint of Proposition 11.

It represents an absolute production price in the sense that it is

normalized so as to yield the equality of the total profit and the

total surplus value.

2. In the case of transforming Ml—value into price, Proposition 1I-
7 can be formally extended to:
PROPOSITION 74. 1If any two of the subsequent three equalities, i.e.,

pBx = wBx ,
pMx = wMx ,
pHx = wHx ,

hold true, then the remaining one is also true.

(The proof is trivial.)
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Since p = p** implies the equality of the total profit and
the total surplus value (pHx = wHx), total price = total value is
now equivalent to total cost price = total cost value. In order
to investigate this a little further, let us consider the dual
aspect of (22).

Introduce the von Neumann growth path. Let

c s
X n x 1l : wvon Neumann proportion,

gc : von Neumann growth rate.

These are determined by

(24) Bx®= (1+g%IMx°®

The set of gc and xc, thus defined in terms of equality, defines,
together with 7 and p in (22), the von Neumann equilibrium in the

present restricted economy.

PROPOSITION 75, Assume V.S., Wg.C., P.g.I. and rank H = m . Then,

n > o implies that gc and x© are determined respectively by

the Frobenius root of Q* = H'M and the eigen vector associated

with it as:

90 = L ’ x = o(ex*) .
o (0*)
Prooft.

Wg.C. implies R(C) € R(D), so that H = D(I-D'C) = D(I-vL),
where v = DF . If n > o , then (I-VL)_l; 0, owing to Lemma 7,
and hence it follows that
H™= (I-vL)71D™ 2 0 .

0 c

, because of Lemma 12. Since g and x°

Namely, Q% = MH™ >

satisfying (24) also fulfill
xC = gcQ*xc
the rest of the proof is trivial in view of Lemma 2. Q.E.D,
Now, in the present case, the following can be derived:

COROLLARY, (i) w = g°.

(ii) p**Bx® = wBx® .
(iii) T o= u .
1+&E(x7)

(The proof is trivial.)
Thus, it is seen that in the class of economies considered

here, the transformation of values into prices is possible.



63
§ 5. Conclusions,

1. The discussion developed in this chapter shows how the concepts
which are equivalent in the Leontief economy case are different in
the von Neumann economy case, and, at the same time, displays the
difficulties of Marxian value theory which is based on the value
equation: five related points are mentioned in our discussion,

The solvability of the value equation in a von Neumann economy
is severed from the productiveness of the economy, so that V.S. it-
self should be assumed in the Ml-value based analysis. Ml-value is
no longer equal to Mz-value in general.

It must be emphasized that the straightforward fundamental
duality between profitability and reproducibility does not hold in
the von Neumann economy case. In order to establish it, some con-
tions and especially nonnegative values are seen to be necessary.
This leads to the introduction of the concept of value. This is
one of the most important results obtained in this chapter.

As Ml-value differs from Mz-value, so does the rate of surplus value
differ from the rate of surplus labour. In order to prove the funda-
mental Marxian theorem on the basis of Ml-value and the rate of sur-
plus value, the condition on wage goods, Wg.C., should be introduced
together with V.5.: these two constitute a dual set of conditions.
If Wg.C. is not fulfilled, Steedman's counterexample makes sense.

Note that if Wg.C.is fulfilled, the fundamental Mafxian theorem
can be established in terms of the rate of surplus labour, even if
V.S. does not hold. This gives an important clue to the further

generalisation of Marxian value theory.

2. Even if Ml—value exists, its positivity is not related to the
productiveness of the economy. Ml-value is positive 1f and only if
there is no inferior process operating in the economy.

Steedman maintained, however, that at a sufficiently high rate
of profit even an inferior process can be operated.

Steedman's criticism here is made on the basis of the wage-profit
curve theory. Let us note, however, that the discussion of the
choice of techniques based on the wage-profit curve does not take

into account the dynamic aspect of how techniques are chosen.



64

Since the employment of a process is commenced by investment,
let us ask in which phase of the economic dynamic process, especially
business cycles, investment embodying new techniques is made. A
possible Marxian explanation of business cycles and the choice of
techniques would go as follows: 1investment embodying new techniques
is started in the depression phase, and not in the boom phase: in
the depression phase, a huge amount of capital is scrapped and new
processes embodying advanced techniques will be introduced; in the
boom phase, investment will be made extensively, not necessarily
accompanied by technical development. If this were to be the case,
techniques employed at a very low level of the profit rate in the
depression phase could never be inferior, and hence positive values

of goecds would be obtained.

3. Nevertheless, it is obvious that the above Marxian view is a
weak explanation. What is learnt from Theorem IV is that values
should be positive and they must be related to the evaluation of
the rate of surplus, so that a more relevant explanation is required.
As pointed out in the above, there is room for the concept of
Mz—value and the rate of surplus labour to be generalised further:
the condition Wg.C. is required in the proof of the fundamental
Marxian theorem based on surplus labour in this chapter simply
because the necessary intensity vector is defined in terms of the

equality. This generalisation will be made in the next chapter.



CHAPTER Iv

MARX-VON NEUMANN'S THEORY OF VALUE

Introduction.

The theory of value based on the system of value equations
comes up against a crucial difficulty in a von Neumann economy,
unless the additional conditicns as discussed in the preceding
chapter are fulfilled. To presuppose such conditions will, need-
less to say, circumscribe the validity of Marx's theory of value,

If the value equation is not solvable, the rate of surplus val-
ue cannot be evaluated. There still remains the possibility, how-~
ever, that the rate of surplus labour reflects the volume of surplus.
How then is the rate of surplus labour defined in general terms?

Al though Morishima put forward a criticism cf Marx's value
theory with Steedman, he went a step further to pave the way for the
generalisation of Marx's value theory: he reconstructed Marx's val-
ue theory in terms of the inequality & la von Neumann, and discussed
the relevance and significance of the fundamental Marxian theorem,
The discussion of the fundamental Marxian theorem and related topics
d la von Neumann, originally adovocated by Morishima(S) and
Morishima-Catephores, is called Marx-von Neumann's theory of value
in this volume.

The purpose of this chapter is to place Marx-ven Neumann's
theory of value in the development of value theory.

The same framewcrk and the notation as employed in Chapter III
will be used and similar assumptions will be made. The basic as-

sumptions are:

(B.1) A>0,B20,L>0 ,F>0".

(B.2) X > o™ and Dx > 0" === Lx > o .

(B.3) The productiveness condition holds: 3 > o": Dx > Om,
(w,Pd.C).

Note that the set of techniques A, B and L in this chapter
is that of technically possible techniques. Also note that the
productiveness condition can be weakened here. The remaining as-
sumptions and conditions will be introduced as the discussion

proceeds.



§ 1. The theory of optimum value.

1. In order to evaluate the amount of surplus ingeneral terms, let
us begin with the following definiton:
DEFINITION T.(Minimum necessary €abourn) The smallest amount of la-
bour necessary for the production of the wage goods distributed to
the workers is called minimum necessary labour.

Let

x2 n x 1 : actual intensity vector,

and for a given xa, consider the subsequent linear programming
problem: (LP.A)

(1) Min {Lz | Bz > Az+FLx%, z > 0"} .

It is easy to see that the minimum magnitude of this gives the
amount of minimum necessary labour. It is also seen that the prob-
lem represents the maximisation of the productivity of labour. 1In
what follows, let a minimiser be called:

o s .
z n x 1 : necessary intensity vector.

Since minimum recessary labour represents how much the actually
employed workers exert their labour so as to produce the wage goods
they receive, it is natural to state:

DEFINITION 2.(Surplus lalour) Surplus labour is the actual expend-
iture subtracted by minimum necessary labour:
surplus labour = Lx3- Lz°.

This is a natural extension of the definition of surplus labour
previously made. Then, the rate of surplus labour can be defined by
(2) n= X2

Lz
This is formally the same as the traditional definition.
PROPOSITION 7., The rate of surplus labour is uniquely determined.
Proot,

(LP.A) is feasible in view of (B.1), and Lz > o from (B.2).
Namely, the objective function is bounded from below. Hence (LP.A)

has an optimum solution, and Lz%= min Lz is unique., (Cf, Lemmas 15-
17.) Q.E.D.

Note that the proportion of z° does not depend on x2.

2. Consider the dual problem of (LP.A). It is stated by: (LP.B)
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(3) Max { FFLx? | B < M+L , A2 0}

As mentioned by Definition III-3, an optimum solution of (3) de-
fines the optimum value with respect to FLx?.

DEFINITION 3.(ﬂ4-va£ue) An optimum valuelgith respect to FLx? is
called Ma-value, or simply optimum value.

The optimum value is the shadow price of products with respect
to the minimisation of labour necessary for their production. Let

2° 1 xm s M4-va1ue vector,

and, as mentioned by Proposition III-8, a nonnegative Mh-valueexists
in a productive von Neumann economy. Note that the proportion of

o a

A does not depend on x .

In view of the duality theorem of linear programming, one has

(%) Lz% = £°FLx?.
The maximum value of (3), i.e., AOFan, represents the volume
of wages in terms of Mu—value, and hence is regarded as paid labour.

Thus, the rate of unpaid labour may be defined by

(5) gt o= x? - OFLk?
AFLx?

Next, net products are represented by

y® = (B-A)x? ,

so that surplus value in terms of Mq-value is given by

surplus value = 2°(B-A)x? - A%FLx? .

Therefore, the rate of surplus value can be defined by

Qo v a o a
(6) we= AABSAN S AFLe ),
AFLx

The relationship among these three rates of surplus is stated

by the following proposition:
PROPOSITION 2, n=mu">2u.

Proots
From (4), n = pn' is trivial; whereas, from (3), one has
2°(B - A)xaé Lx? ,
and hence,
2% (B-A)x? - poFLx? < tx? -1L2°,
by dint of (4). Thus, n >u . Q.E.D.
Accordingly, it is seen that the rate of surplus value, which is

not uniquely determined, is an incomplete measure of exploitation.
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§ 2. The fundamental Marxian theorem, generalised.

1. As opposed to the Leontief economy case in which the quantita-
tive as well as qualitative aspect of equilibrium is made clear by
Frobenius' theorem, only a little has heen known about equilibrium
in the von Neumann economy case. The theory of von Neumann equi-
librium concerns chiefly the qualitative aspect of equilibrium.

Given the technical matrices and the wage goods bundle, the
von Neumann equilibrium can be defined by the solutions of the

subsequent problems:

(7) Min { 7" | p"B

A

(1+m"p¥m , p¥ 20},

(8) Max {gc [ BxC > (1+g%mx® , x° > o"} .

v

Let, as wusual,

n : warranted rate of profit,
w .

p 1 x m : von Neumann price vector,
gc : von Neumann growth rate,

c .
X n x 1l : von Neumann proportion,

and the von Neumann equilibrium is described by the quadruplet,

w w c c
(", p"y g, x )u
Now, let the subsequent assumptions be made:

(B.4) 1"

> Om, I M>0 .
m n
The first assumption here means that each type of good is produced
by at least one process. (As for the second, see p.5%.)
The following proposition is well-known:
PROPOSITION 3.(i) There exists a von Neumann equilibirum, with

vw _ C
T o< g° .

(ii) m > w" , if 7w 1is the profit rate satisfying

pB= (1+m)pM?, p > 0, »
where B? and M?® are respectively output and augmented input
matrices of the engaging processes.
(As for the proof, refer to Klein, pp.358-67.)
Let us note that the theory of von Neumann equilibrium concerns
mainly the qualitative aspects of equilibrium, in the sense that it
discusses the existence of equilibrium and establishes the inequality

concerning the von Neumann growth rate and the warranted profit rate.
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Nevertheless, von Neumann equilibrium does not exclude the case
in which the economy is contracting. Since von Neumann equilibrium
concerns the possibility of growth and profitability, such a case in
which the von Neumann growth rate, for instance, is nonpositive is
economically meaningless. Then, one has to ask under which condi-
tions von Neumann equilibrium makes sense -- gc> o and/or w%>o.
It was Morishima that discussed the relationship between von Neumann
equilibrium and the rate of surplus labour on the basis of the above
problem, He thus shed light on the most important problem of modern
growth theory.

Let P.Pf.C'. of Chapter I1I(p.59) be extended as:

(B.5) min {WM IpMB < (l+nM)pMA, pM 20 . }>o0 .

This means that if wages are not paid, the warranted rate of profit
can be positive.

Then, Morishima demonstrated the following propositions:
PROPOSITION 4, n > o implies 1 > o .

In fact, from (1), (2) and (7), it follows that

nprLz0 L nprzo,
and the conclusion is soon obtained.
PROPOSITION 5. g© > o implies u'> o .

In fact, premultiply (8) by A% , and postmultiply (3) by x°.
It soon follows that
Cc,0,,.C ) c

g A Mx” < p'AFLx .

Hence, the conclusion follows.

THEOREM I.(Fundamental Marxian theorem, generalised) nw > 0 ,

gc >0 and n > o are all equivalent.
(As for the detail of the proof of these three propositions, see

Morishima(é], pp.619-21, or Morishima-Catephores, pp.51-3.)

2. Some additional discussion will be made here on an extension of
Morishima-Seton's equality.
The organic composition of capital in terms of M4—value is ex-
pressed as
(9) £ (10, x7)= AAT
A FLx
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Al though the magnitude of the denominator is given by the maximum
value of (LP.B), and hence is unique, that of the numerator is not
unique. Hence, note that E(A%,x?) itself cannot be unique.

Define the maximum equilibrium growth rate as
(10) gM(xa) = max {g] Bx? > (1+g)Mx?.}
Then, one can show:

THEORER I1.(Fundamental Manxian inequaliiieA)B)

(i) gM = ———TT—HE———— .
E(A,x%)+1

A

(ii) —_ur v 5,g°< H
ex(x?)+1 T T T £(a%(x%),x%) +1

where &£*(x°) = £(p",x%) and wu* = u(p").
Prooft.
(i) Premultiply (10) by Ao(xa), and, in view of (6) and (9), the
inequality soon follows.
(ii) The third inequality can be proved by applying (i) to the x3=
x¢ case.

The first inequality can be derived in the same manner as in
(i): postmultiply (7) by x©, and rearrange the result.

Needless to say, the second comes from Proposition 3, Q.E.D.

The above (ii) gives an extension c¢f Morishima-Seton's equality.
The inequalities shown here hold with equality in the Leontief eco-

nomy case.

3. How is the von Neumann equilibrium influenced by changes in
the rate of surplus value?

Let the wage goods bundle F be rewritten again as

(11) F = cf ,
where
f mx 1 : standard wage goods vector,
c : the number of units of the standard wage goods bundle.

The rate of surplus labour can be rewritten as

Lx?

(2") n=——————--1.
AcfLx?
It is easy to see that M4-value, 2° , does not depend on ¢ ,
and that if x? is not influenced by ¢, ch°fLx?  is an increasing

function of ¢ . Hence, n 1is a continuous function of ¢ , and
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dn
(12) q= >0 -
Now, take two different magnitudes 0y and n, correponding
s s c c
to different ¢y and cy> and write Miz A-rcifL, G » X4 and ﬂg,

where 1 = 1 and 2, corresponding to these two. Then, one has:
. . c c w w
PROPOSITION 6. ny >n, dimplies g; 2 g, and m > M, .
Proof.
From (12), N> N, implies Ml < M2 . Then, one has
c c c c c
Bx2 > (l+gz)M2x2 > (1+92)Mlx2 .
Now, by the definition of gf , one obtains gf > gg . Likewise,
w w
T X T, . Q.E.D.

This proposition means that the interval (n",¢®) tends to shift
upward if n is increased. The Marxian interpretation of this is
that decreases in real wages are based on harder exploitation in the

capitalist economy.

§ 3. Concluding remarks.

1. It has been shown so far that the fundamental Marxian theorem
can be extended to the von Neumann economy case, and that the con-
cept of optimum value is signrificant for the fundamental Marxian
inequalities.

What was advocated by Merishima as the most relevant extension,
however, was not the optimum value as discussed above; but "true"
value. (Morishima-Catephores, p.37.)

DEFINITION 4.(True value) The minimum necessary labour for the pro-
duction of a composite commodity Y is called its true value:
(14) A$= min{lLz|Bz > Az+Y , z > On.}

Needless to say, the true value of good i 1is given by Xoi .
e
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Therefore, it is easily seen that the true value of good i is its
Mz-value.

A remarkable property of the true value is that it is not addi-
tive: the following inequality holds,

)\$ < ()\Ol’---, )\ON)Y .
e e

Various critical comments have been made with respect to the
nonlinearity of optimum value and true value. It must be noted,
however, that the linearity of the valuation of goods is on no account
necessary in so far as the fundamental Marxian theorem is concerned.4)

It must be observed, moreover, that the true value is no longer
related to Marx-von Neumann's theory of value: the propositions in
§§1-2 are not dependent on the concept of true value. The true value
satisfies the three conditions of value stipulated by Morishima, but
it has not yet been shown whether or not the true value is effective
as a weight of aggregation,

An important role is played by the concepts of minimum neces-
sary labour and optimum value, The concept of minimum necessary
labour alone suffices to show the fundamental Marxian theorem, but
the notion ecf M4-value is indispensable in establishing the growth
constraint and the fundamental inequalities.

Hence, the true value as introduced by Morishima may not be the
"true" extension of Mz-value. M2-value should be generalised in
such a way that value is the shadow price of the composite commodity

representing wage goods.s)

2. The theory of optimum value comprises the theory of value
developed in the Leontief or narrow plain economy case.

The discussion made in the following context of "Mz—value -——
the rate of surplus labour --- the fundamental Marxian theorem and
the fundamental inequalities" is completely reconstructed in Marx-
von Neumann's theory of value. Moreover, it is seen that the gener-
alised fundamental Marxian theorem now manifests the fundamental
duality once discarded in Chapter III: the positivity of the rate
of surplus labour is necessary and sufficient for the fundamental
duality to hold.

It is also easy to see that if ™ > o and pw > Om, then

2° > 0m . This can be construed as the value basis of price, albeit

in a weak sense.
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3. It is worth mentioning that the rate of surplus labour is
measured in a set of techniques that minimises the expenditure of
labour, and that this set is usually different from the set which

determines the ongoing profit rate. This can be illustrated by the

following figure.

FIGURE Iv-1

(I1)

(1)

Write I < {1l,..,n} , and I(x) ={1i ¢ {1,...,n} Ixi >0 }, and
I(x) is the index set of the engaging processes for a given level
of operation x .

Suppose that a particular x? is given, which fixes the set of
the engaging processes 1(x?), called technique(I), and that the von
Neumann equilibrium corresponding to a given F (=cf) is at point C.

The minimisation of labour in (LP.A), however, fixes a set of
processes 1(z°), called technique(II). Therefore, the rate of surplus
labour is measured at point A on the basis of technique(II), and not
at point B corresponding to technique (I).

Nevertheless, it is not necessary to evaluate the rate of surplus
labour at point B, because the fundamental Marxian theorem states that
the warranted profit rate at point C is positive if and only if the
rate of surplus labour at point A is positive. Moreover, since 1(z°)
does not depend on xa, point A represents the state in which the

minimisation of labour in the given technically possible processes is



74

attained. This is a remarkable feature of the fundamental Marxian
theorem established here, because the set of the technically possible
processes does not depend on the market.

This fact is important when the durability of fixed capital with
changing efficiency is considered. The economic durability of fixed
capital depends on the profit rate if its efficiency is changing,
and is supposed to be shorter than its physical durability. The
above remark means, however, that in establishing the fundamental
Marxian theorem it is not necessary to take into account the depend-

ence of the economic durability of fixed capital on the profit rate.

4. Thus, it can be concluded that Marx-von Neumann's theory of
value succeeds the qualitative aspect of the traditional value

theory, and as such, is an extension of value theory.

5. Let us observe here again that the von Neumann equilibrium with
a positive von Neumann growth rate and a positive warranted profit
rate concerns the possibility of growth and profitability of an
economy, and that it is not the actual equilibrium. Nevertheless, such
an economically meaningful von Neumann equilibrium represents a
growing economy with positive profit in the sense that its existence
is equivalent to the possibility of growth -- whether or not balanced
-- and the profitability of the economy.

It is important to note that the theory of von Neumann equilib-
rium becomes a truly economically meaningful theory if based on the
fundamental Marxian theorem.



CHAPTER v

REDUCTION OF HETEROGENEOUS LABOUR

Introduction -~ Problems.

1. Heterogeneous capital has already come up for a wide discussion
in economic literature, but various types of heterogeneous labour
having unequal wage rates have been rarely discussed, although they
are also abservable in arn economy. The reason for this seems to be,
at the outset, that one of the aims of economic analysis is to make
clear the distributional relations between capital and labour. As
for capital goods, there is no distributional difficulty, even if
they are heterogeneous, because an equal rate of profit is applied
to them.

In Marx's economics, however, which reveals that the expenditure
of labour forms value, and that it is divided into necessary and
surplus labour, heterogeneous labour raises an important problem.
The amounts of different types of labour expended are embodied in
unequal amounts of labour even if they are expended in an equal
duration of time, and thus create unequal magnitudes of value, and
hence enter into the total amount of labour with unequal weights.

In Marx's economics, therefore, the problem of heterogeneous labour
concerns production theory.

Marx naturally took notice of heterogeneous labour. Namely, he
grasped the heterogeneity of labour as the difference between skilled
and unskilled labour, and poinrnted out, albeit very briefly, how skilled
labour is reduced to unskilled labour. This is called the reduction
problem in Marx's economics. Nevertheless, this was not developed
in Capital, and the incompleteness of Marx's treatment was challenged
by Bohm-Bawerk in later years. It was Hilferding that made a defence
of Marx and showed the correct destination in explaining the reduc-
tion of skilled labour to unskilled labour.(Cf.Sweezy(2).)

- An overview of the reduction of skilled to unskilled labour
will be stated here according to Marx and Hilferding.

When Marx referred to the notion of commodity value, he was forced
to mention the difference between skilled and unskilled labour. That
is, he wrote:
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"It {mere human labour)is the expenditure of simple labour-power, i.
e., of the labour-power which, on an avevage, apart fromany special
development , exists in the organism of every ordinary individual.
Simple average labour, it is true, varies in character in different
countries and at different times, butina particular society, it
is given. Skilled labour countsonrly as simple labour intensif ied,
or rather, as multiplied simplelabour, a given quantity of skilled
being considered equal to a greater quantity of simple labour.

Experience shows that this reduction is constantly being made. A

commodity may be the product of the most skilled labour, but its
value, by equating it to the product of simple unskilled labour,
represents a definite quantity of the latter labour alone. The
different proportions in which different sorts of labour are
reduced to unskilled labour as their standard, are established
by a social process that goes on behind the backs of the producers,

and, consequently, appear to be fixed by custom."(I.p.44)
Marx, however, presupposed:

"For simplicity's sake we shall henceforth account every kind of
labour to be unskilled, simple labour; by this we do no more than

save ourselves the trouble of making the reduction." (I, p.&44.)

As cited above, Marx pointed out the qualitative equality and
gquantitative difference of skilled labour and unskilled labour, and
the social character of the reduction process, but no detailed
exposition was made on the matter. Then Bohm-Bawerk, criticising
Marx, cast a question to the effect that one should know the amount
of value created by them in order to know the reduction ratios of
skilled to unskilled labour, but in turn the value of a commodity
depends on the réduction ratios of skilled labour: Marx's exposi-
tion falls into tautology.

In defence of Marx, Hilferding discussed the social character
of the reduction process, albeit without an analytical framework,
and suggested the possibility of reducing skilled to unskilled
labour in Marx's sense:

"The value-creating quality is not per se inherent in any labour.
Solely in conjunction with a definite mode of social organization
of the process of production does labour create value. Hence, we
cannot attain to the concept of value-creating labour merely by
contemplating isolated labour in its concreteness. Skilled

labour, therefore, if I am to regard it as value-creating, must
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not be contemplated in isolation, but as part of social labour."
(Sweezy (2), pp.l40-41.)
Then, Hilferding proceeded:

"The question consequently arises, what is skilled labour from

the social standpoint? Only when we can answer this can we expect

to attain to a position from which we shall be able to recognize
the principles according to which the aforesaid social reduction
can be effected. Manifestly these principles can be none other

than those which are contained in the law of value."(ifid,p.l4l.)

A difficulty one encounters here, however, is that one cannot apply

the law of value immediately to labour itself. Nevertheless,

"We must not deduce the higher value which skilled labour creates
from the higher wage of skilled labour power, for this would be
to deduce the value of the product from the 'value of labour'."
(ifid.,p.141.)

"To deduce the value of the product of labour from the wage of
labour conflicts grossly with the Marxist theory. ... neither
directly nor indirectly does the wage of a skilled labour power
give me any information regarding the value which this labour

power newly creates."(/4id., pp.142-3.)

Now, how should one explain the reduction of skilled to un-

skilled labour in harmony with the law of value?

"Average unskilled labour is the expenditure of unskilled labour
power, but qualified or skilled labour is the expenditure of
qualified labour power. For the production of this skilled

labour power, however, a number of unskilled labours were requisite.

These are stored up in the person of the qualified labourer, and
not until he begins to work are these formative labours made fluid
on fehall of society. The labour of the technical educator thus
transmits, notonly poglue {(which manifests itself in the form of
the higher wage), but in addition its own wvelue-creating powen.
The formative labours are therefore Zlatent as farn as society (4
concenned, and do not manifest themselves until the skilled labour
power begins to work, Its expenditure consequently signifies the
expenditure of all the different unskilled labours which are
simultaneously condensed therein...... Thus in (a) single act
of ‘the expenditure of skilled labour a sum of unskilled labours

is expended, and in this way there is created a sum of value and



78

surplus value corresponding to the total value which would have
been created by the expenditure of all the unskilled labours
which were requisite to produce the skilled labour power and its
function, the skilled labour. From the standpoint of society,
therefore, and economically regarded, skilled labour appears as
a multiple of unskilled labour, however diverse skilled and un-
skilled labour may appear from some other outlook, physiogical,
technical, or aesthetic."(ifid., pp.l44-5.)

"The more unskilled labour that skilled labour embodies, the more
does the latter create higher value..."(i4id.,, pp.145-6.)

"Thus the Marxist theory of value enables us to recognize the
principles in accordance with which the social process of re-
ducing skilled labour to unskilled labour is effected. It there-
fore renders the magnitude of value theoretically measurable,"
(i8id., p.1l46.)

In short, one type of labour is skilled labour from the social
viewpoint, and a greater creativity of skilled labour is fully ex-
plained by the law of value: it is not explained by the high wages
the skilled labour-power receives, but by the transmissicn of value-
creating force from the educators to the educands in the formative
process. This is the outline of Marx-Hilferding's reduction problem.

3. In order to furnish an analytical framework for reducing
skilled labour to unskilled labour, let us introduce the theoretical
concept, skills.

Man has, in general, the capacity to exert simple, unskilled
labour. Through education, moreover, he can acquire specific capa-
bilities which enable him to perform complex work: these are called
skills, They are specialised types of good.

By introducing the concept of skills, the reproduction process
of labour-power is conceptually divided into two parts: the produc-
tion of skills and the consumption of skills, the latter, precisely
speaking, being the true process in which skilled labour-power is
produced.

Skills have both values and use-values: their value is the
value of skilled labour-power, and their use-value is the function
to enable workers to perform skilled labour. Since skills are ac-

quired by workers, and can exist only if embodied in a worker's
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body, they constitute the core of skilled labour-power; skills can
be identified with skilled labour-~-power, and their use-value with
skilled labour.

An industry in which skills are produced is called an education
sector. Let us note in advance the specificity of the education
sectors.

Each production line is the synthesis of the labour process and
the value-creating and/or augmenting process. One must look at the
education sectors as such. As a value-creating process, the value
of skills is produced, whilst, as a labour process, the use-value of
skills, i.e., skilled labour, 1is "created." This, however, is not
a precise expression. What takes place therein is the transference
of value-creating force from the educators to the educands. Living
labour is not embodied as dead labour in the education sectors,
whereas it is embodied as value in the ordinary sectors.

The specificity of the education sectors will be made clearer
if the following three types of metamorphosis of labour are dis-
tinguished. That is, (i) embodiment, i.e., from living to dead la~-
bour, (ii) transference, i.e., from dead to dead labour, and (iii
fermation, i.e., from living to living labour. These metamorphoses
constitute the cycle of labour. 1In this cycle of labour, the em-
bodiment of labour is a core. In order to close the cycle of la-
bour, however, its inverse, from dead to living labour is required,
but the inverse of embodiment must not take place in the same di-
mension as embodiment: when dead labour constitutes the value of
labour-power, its use-value becomes living labour, and acquires the
potentiality to create value. Thus, the cycle of labour becomes
closed and autonomously expandable. It should be noted that labour-
power is specific in the sense that it is the critical point in the
cycle of labour. An ordinary industry is the synthesis of (i) and
(ii), whereas an education sector is that of (ii) and (iii). This
consideration is the basis fcr solving the reduction problem.

Another point to be noted here is that the workers in the
education sectors need to perform self-efforts in order to acquire
gualified capabilities.

In the education sectors a given combination of capital goods
and various types of formative labour is utilized. The amounts of
capital goods and labour required to produce a unit of skill in the

education sectors define the educational coefficients. They are
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defined in the same way as ordinary production coefficients are de-
fined.

It i worth mentioning that in the present discussion workers
do not possess any means of production to produce skills or skilled
labour-~power, because, according to Marx, workers possess no means
of production, but they utilize the use-value of all the inputs into
the education sectors -- for instance they rent a house, and other
durable consumption goods.

Hence, it should be observed furthermore that a good called
skills can be regarded as a composite commodity of both material
and incorporeal inputs intc the education sectors., Skills may be
said to represent the comprehensive function of those inputs. That
a worker consumes a unit of skill means that he utilizes this com-
prehensive function and reproduces his labour-power.

For the sake of convenience, the education sector for unskilled
labour will also be contemplated. Thus, a complete closed economy
containing the reproduction of labour-power will be expressed by an

analytical framework.

4, The distinction between skilled and unskilled labour based on
the formative process of skilled labour-power is socially most im-
portant for the classification ¢f labour into variegated categories.

Another classification of various types of labour, however, is
also possible. Heterogeneous labour in general, characterised only
by unequal wage rates, includes such a peculiar type of labour as
one based on individual talent or never linked to its formative
process.

Nevertheless, according to the stance that the wage goods vector
corresponding to unequal wage rates represents the requisites for
the reproduction of qualified labour-power, the reduction of het-
erogeneous labour in general will be explained by the use of the
same framework as applied to the reduction of skilled labour to un-~
skilled labour.

The aim of this chapter is to discuss the reduction of heter-
ogeneous labour centering around skilled labour.

In §1, Marx-Hilferding's exposition of the reduction process is
investigated in the Leontief economy case. Once Okishio(2)(3) and
later Rowthorn (1) (2) tackled the problem, but in our following dis-

cussion a crucial modification will be made to their system of



81

equations to determine values and reduction ratios. After the the-
ory of value and surplus value is dealt with in §1, the fundamental
Marxian theorem and related topics are discussed in §2. Then, §3
will be devoted to a generalisation of the discussion from the
Leontief to the von Neumann ecénomy, and from the reduction of
gkilled labour (to unskilled labour) to that of heterogeneous la-
bour in general. The final section, §4, introduces the discussion
made from different angles by other economists on this subject, and

some concluding notes will be made.

§ 1. Reduction of skilled labour to unskilled labour in a Leontief

economy -- The theory of value and surplus value.

1. An economy with education sectors producing skills is called a
closed Leontief economy, if it satisfies (F.l) through (F.3). That
is, with regard to the education sectors, each sector produces a
single type of skill, and there is no alternative educational process.

Suppose that n types of ordinary goods are produced, and that
s types of labour are employed in the economy. Each type of labour
is called labour j, j=1,2,..,s, and unskilled labour is denoted by
labour l.l)

An industry supplying skill j is called the education sector j,
and the function of a unit of skilled labour-power j is a unit of
skilled labour j. A worker who performs skilled labour j is called
a worker j. Hence, the number of the workers of the same type
exactly mirrcrs the amounts of various types of labour.

The processes are divided into two departments: department I,
abbreviated as dept.I, produces ordinary goods, whilst department II,
abbreviated as dept.II, produces skills. As for dept.I, let

AI nx n : input matrix,

L s x n ¢ labour matrix,

I
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and, as for dept.II, let

2 n x (s-1) : 1input matrix for production of skills,
T#% (s-1)x (s-1): skilled labour matrix for production of skills,
t* 1 x (s-1) : wunskilled labour vector for skills,
E = (0,E®) : input matrix
T*= o t* :+ formative labour matrix,
-

n1j : the length of (exclusive) education periods for
worker j,

n2j : the length of working periods of worker j,
nj= "lj+n2j : the average life-span of worker j.

The above information is assumed to be given.

Now, one can define:
DEFINITION 7.(Reduction natio) A ratio of value created by skilled
labour to that by unskilled labour is called the reduction ratio of
skilled labour to unskilled labour.

Without loss of generality, the magnitude of value created by

a unit of unskilled labour can be normalised as unity.

As for variables, let us denote:

w 1 x n : value vector of ordinary goods,
v® 1 x (s-1) : value vector of skilled labour-power,
Vi : value of unskilled labour-power,
v = (vl,vs) : value vector of labour-power,
Ys 1 x (s-1) : reduction ratios of skilled labour,
Y 1 x s : reduction ratio vector,
2. Let us construct a system of equations to determine the values

of goods and labour-power, and the reduction ratios c¢f various
types of labour.

The values of goods are determined by the amounts of value
transferred from the means of production added to value which is

newly created by various types of labour.



(1) w = wAI+ LI .

The reduction ratios of skilled labour are evaluated, as stated
by Definition I, by the quantities of valuewhich skilled labour can
create, i.e., potentialities. Since potentialities resideinliving
labour itself, they must be distinqguished from value (dead labour)
itself.

Another closer look at the formative process should be made in
advance. The value-creating force of labour exerted by the educators
in the formative process is transmitted to the educands entirely:
the value-creating force is retained by the educands in the form of
living labour. On the other hand, goods invested in the formative
process also transfer their values to the products of the process,
because they are used up in production. Their value, however, is
already embodied, as dead labour. The dimension of dead labour
should be clearly distinguished from that of living labour. More-
over, according to the law of value, the value of goods, or dead
labour, cannot be immediately transformed into value-creating
force, or living labour. Thus, the value of capital goods in the
education sectors cannot be added to formative labour of the edu-
cators, and hence cannot enter into the reduction ratios of skilled
labour. Consequently, the reduction ratios are determined by the
formative labour of the educators and the self-efforts of the educands.

Now, since the total amount of skilled labour which worker j
performs during his working periods, n2j’ is equal to his own self-
efforts over his life added to the amount of formative labour which

he absorbs in his education periods, one can establish:

J
Y‘"Zj = y(T*) nlj+nj ,

J
namely,
- %)J
Yj = y(T%) (nlj/n2j) +(nj/n2j) .

Let us write:

n = (nll/n21,...,nls/n25) : education/working period ratio,

T = T*A = o t : augmented formative labour matrix,

o T°
T=1_ +n 1 x s: self-efforts vector,

s

where t and T are counterparts of t* and T*35 respectively.
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T and T being known here, the reduction ratios are deter-
mined by

(2) Y = yT + T .2) 3)

It must be observed that L, in (1) differs from YT in (2).
The former indicates the magnitudes of value, because LI has the
dimension of labour per unit of goods, whilst the latter represents
the value-creating force, for T expresses quantities of labour per
unit of value-creating force: <y plays the role of an operator,
which yields the quantity of value embodied in dept.I, and the level
of the value-greating force transmitted -in dept.II.

The problem remains: where does the value of capital goods in
dept.II go? If the definition of the value of labour-power mentioned
in Chapter I is recalled, it is immediately seen that it enters into
the value of skills, That is, the value of skilled labour-power
consists of the cost of education, which includes capital goods and
skilled and unskilled labour-power in the formative process, and the
value of consumption goods. As value-creating force is transmitted
from the educators to the educands, so is the value of skilled labour-
power through the same process.

Let us write:

Fd nx 1 ¢ wage goods bundle per unit of labour j,
F 1 sy . :

I:(F seeesF ) ¢ wage goods matrix,
J=E +F : augmented input matrix of dept.II.

The value of labour-power is now determined by
(3) v = wl + vT ,

Thus, the system of equations, (1) through to (3), determining
the values of goods and labour-power, and the reduction ratios of

skilled labour is constructed.

3. The next task is to make clear conditicns under whicn the values o7
goods and labour-power and the reductionratios determined by (1)-(3)
are nonnegative, by generalising the discussion made in Chapter 1.
Dept.I and II concern the production of value, irrespective of
material or incorporeal, so that equations (1) and (3) can be

united into one as
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(4) (w,v) = (w,v)

A J]+ (Ly,0) .
0 T

In what follows, let us call the setof dept.I and II, i.e., the
sphere of value production, the closed (Leontief) system, Let us

write:
A = AI J): closed input matrix,
0 T

L = (L;,0) : closed labour matrix.

I,

Matrices A and L above are straightforward extensions of
the input matrix and the labour vector introduced in the simple
Leontief economy: each row of the two represents the input struc-
ture of the process in either dept.I or dept.II.

It must be reconfirmed that, from the standpoint of formality, no
labour is expended in dept.II. Namely, value-creating force is trans-
mitted, but the labour of the educators does not create value nor is it
crystallized as value immediately therein. Since the labour-power of
the educators merely transfers its value to its products, i.e.,
skills, it must be treated as a component of corstant capital.

On the other hand, equation (2) is independent: it represents
the process which is not related to value production immediately and

thus is concealed behind the backs of the producers.
The productiveness condition can be applied to the sphere of

value production, for the input structure of value production is

now revealed. Let

X1 n x 1l : output vector of dept.I,
xgp S X 1 : output vector of dept.II,
X = | Xy : output vector,

*m

Y1 n x 1 : net product vector of dept.I,

ypg 8 X 1 : net product vector of dept.IlI,

net product vector,

And, one can write
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(5) y = x - Ax .

In order to make clear the relationship between the productive-
ness condition concerning A and the nonnegativeness of the values

and reduction ratios, let us make the following assumptions as usual:

(A1) A 20, E° 20, T 20, L 20, F >0 (for ¥j) .
2 s
(A.17) > 1.
(A.2) 1L>o0 .
(A.3) AI and T3 are indecomposable.
Assumption (A.2) means that any process in dept.I requires

labour input. This is a straightforward extension of the counterpart
in the simple Leontief economy.

Now, a series of propositions will be verified:
PROPOSITION 7., A 1is productive, if and only if both AI and T°
are productive: p(A) <1 <== p(A;) <1 and o(T3) <1 .
Proof.

The productiveness of the closed system is expressed by

(6) (r-mt o,
namely,
-1 -1 -1 -1
(I—AI -J ] = [(I -AI) (I -AI) J(I-T) >0.

0 I-T 0 (1-11t

Hence, (6) is equivalent to (I -AI)“l > 0 and (I -t > 0.

Furthermore, the latter is equivalent to (I —Ts)-l 2 0, and hence
p(T%) <1 in view of (A.3). This completes the proof. Q.E.D.

In other words, the productiveness of the closed system is re-
duced to the productiveness of its two subsystems.
PROPOSITION 2, The productiveness of the closed system is equivalent
to the existence of positive values and reduction ratios: (6) <=

3
w o> On s Y > 0s .

Proot.
In view of Proposition 1, one has
y=wr-nt
from (2), and
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-1
w o= yLI(I—AI) >0,

from (1). Conversely, if y > Os in (2), then it follows that

(1-m)1

20,
because T > Os , and, if w > 0n and w > wAI<, then one has

(1-ap~tz 0. Q.E.D.

Likewise, one can prove:
PROPOSITION 3, The productiveness of the closed system is equiv-
alent to the existence of positive values of goods and labour pow-

3
er: (6) <===> w > On, v > Os'

Consequently, if the closed system is productive, the system
of equations (1), (2) and (3), or (2) and (4), can be uniquely
solved, yielding:

(7) v = w(1-n L,
(8) wo= t-D et
(9) v = t(1-D7 (A tan

(7) means that a greater value-creating force is formed be-
hind the sphere of production through education and/or training.
(9) indicates that the value of labour-power is reduced to the
value of goods which are directly or indirectly required for its
reproduction. Namely, (92) can be rewritten as

wI(I-T)"1o w(a + a1 + 3724 ot )

s

and the first term in the bracket on the right-hand side of this
represents the quantity of goods directly required, and the
remainder the quantity indirectly necessary.

From (4) and (5), one can easily prove:
PROPOSITION 4.
(10) wy + vypr= YLpxp .

The meaning of this proposition is that the volume of net
products, crystallized as value, is equal to the amount of value
created by labour expended in dept.I.

PROPOSITION 5. If the closed system is productive, then

(i) ys > ls_1 .

(11)  F9 > Floimplies that S >

> vll

s-1 ,(j?él)o

Proof.



88

(i) In the light of (A.2), it soon follows that
Y = 'r(I—T)'l > T,

which implies v°> 1.,

(ii) It is easy to see that

_ -1
v = wI(I-T) © > vlls ,

ir F9 > FL 0.E.D.

That is, the reduction ratios of skilled labour are greater
than the level of value-creating force of unskilled labour, so
that the value of skilled labour-power is normally greater than
that of unskilled labour-power. It does not follow, however,
that skilled labour with a greater reduction ratio is concomitant
with a greater value of skilled labour-power: yj> Yi does not

necessarily imply vj> vy .

4, Let us annex the transmittance of value-creating force, i.e.,
the labour process of the education sectors -- which may be called
the third sphere of the economy -- to the sphere of value produc-
tion. Then, equations (1) -~ (3) will be integrated into one system.
The closed system with the third sphere is called the Aypen~
closed system. The hyper-closed system includes all the three

types of metamorphosis of labour. Let

A=1(A O : hyper-closed input matrix,
L T
T = (0,0,7) : hyper-closed labour vector.

~

The hyper-closed (Leontief) system is described by A and %.
Therein one can write
(11) (W,v,y) = (w,vyy)A + T .

~

Since the productiveness condition can be applied to A as before,
one can establish the following:

PROPOSITION 6. The productiveness of the closed system is equiv-
alent to that of the hyper-closed system.

Proof.

Since one has
(1-A)7 1 [(1-m)? 0

(-1 e-mt (1-m-t
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(I-A)'l_>_ 0 1is equivalent to (I—A)‘lz 0 in the 1ight of Proposi-

tion 1. Q.E.D.
According to this proposition, Propositions 2 and 3 are madé

up into one:

COROLLARLY. The productiveness of the hyper-closed system is

equivalent to the existence of positive values of goods, labour-

power and reduction ratios.

Here, let the subsequent assumption be made:
(A.4) The closed system is productive.

In the next place, consider the quantity system: let
s x 1 : output vector of the third sphere,

X = {x : hyper-output vector,

Ym s x 1 : net product vector of the third sphere,

gy = [y : hyper-net product vector.

kym

What takes place in the third sphere is the transference of
value-creating force, and this transference occurs simultaneously
with the production of skills. The output vector of the third
sphere indicates the level of value-creating force transmitted
therein in terms of skilled labour, If wages are paid in advance,
skills acquired by the workers employed additionally in the next
period are also produced in this period,

Let us evaluate the number of workers employed in the closed
system. It will be termed the tfo#al population. On the other hand,
the number of workers employed in dept.I is called simply the

quantity of employment: let
N*¥ s x 1: population vector.,

Since X T contains the level of value-creating force of the
additional workers in the next period, it does not mirror the pop-
ulation of this period. Consider the simple reproduction case,

and one gets the population of this period. That is, from

N*¥ = L_x.+ Tx

*1 mr’ Xm= N*

m=

one has
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~1
(12) N* = (I-T) LIXI'
This shows that the total population is equal to the amount of em-
ployment directly or indirectly required in dept.I.

Now, one can establish:
THEOREM I, yLIxI = TN¥ |,

Proof.

N* = 1(I- T)_lLIxI = YLyxg - Q.E.D.

This theorem indicates that the expenditure of various types
of labour in dept.I is an accumulation c¢f self-efforts made by the
whole population.u) One cannot overexaggerate the importance of
this theorem in Marxian economics,

Let us next formulate the labour matrix and the wage goods
matrix in the closed and the hyper-closed system.

Since a unit of skill j suffices for the reproduction of a unit
of skilled labour-power j, as assumed previously, the fcrmal wage

goods bundle takes a specific form.

F = [0 ] n+s x s : formal wage goods matrix,

I

F ={F n+2s x s: formal hyper-wage goods matrix,
0

L = (L,0) : hyper-labour matrix.S)

5. Let us tackle the theory of surplus value. Three types of
surplus rate will be discussed.

For labour j, let

uj : rate of surplus value,
u§ : rate of unpaid labour,
nj ¢ rate of surplus labour.

Since the value created by skilled labour is determined by its
reduction ratio, and the value of skilled labour-power is already

evaluated, one has the formula:

Y
(13) e = = -1,
J V.
hj
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The rate of unpaid labour can be defined as follows. Since
part of the value-creating fcrce of skilled labour comes from the
educators, self-efforts made by the educands alone represent their
net contribution; therefore,

(14) unpaid labour = Tj - ij ,
and hence,
T,
(15) o= —do -1,
J WJJ

The quantity of surplus labour is evaluated as follows: let

=

= LIxI: employment vector ,

1

n x 1: necessary output ,

N s x 1: necessary employment vector.

As argued in Chapter 1 , the necessary output is evaluated by

(16) X = Ak + FLx .
Hence,
(17) N = Lx

L(1-Ap FLx
which yields
(18) surplus labour = N - R,

Hence, one can define
N.
(19) Nes —& -1 .
J N,
J
It is easily seen from the above that the magnitude of the
rate of surplus varies from one type of labour to another. More-
over, different definitions of the rate of surplus yield unequal
magnitudes with respect to any type of labour.
Let us next investigate the relationship among the various
rates of surplus.

Surplus value created by each type of labour is expressed by

(20) Yy = v = (t-wd)(1-1)1

(t-wd) + (T-w3)T + (T-wJ)T2+ o e e .

This indicates that surplus value is the unpaid labour accumulated

in the formative process. From this result, one obtains:



92

Vv .
PROPOSITION 7. 1f for ' wu, > o , then for “§ ul >o .

J J
Proot.
From the definition of Uj and ué, it is easily seen that for
Vo, .
vj u. > o 1is equivalent to vy - v >~Os , and that for J u& > o is

J
-1
equivalent to T-wl > 0_ . In the light of (A.4), one has (I-T)

> 0 , so that from (18) it follows that t-wJ > Os implies Y- v >
Os‘ This completes the proof. Q.E.D.

It must be observed that the rate of unpaid labour influences
the rate of surplus value.

Consider the aggregated volumes of surplus value, unpaid labour
and surplus labour.

Since no labour is expended formally in dept.II, surplus value

is created solely in dept.I. Thus, the following equality holds:
(21) surplus value = (y-v)LIxI .

The total amount of unpaid labour is evaluated by the total
self-efforts subtracted by the amount of input in the formative

processes and consumption goods:
(22) unpaid labour = (T-wJ)N¥ .

The total volume of surplus labour is given by
(23) surplus labour = y(N-N) ,

These three volumes of surplus are equal:
THEOREM II. Surplus value = unpaid labour '= surplus labour.
Proof.

From (16) and (17), it follows that

-1
y(N-R) = yLIxI— wl(I-T) LIx

I
= (Y-v)LIxI ,
namely, surplus value = surplus labour; whilst
(T-wIIN* = (T(I-T)71 o wa(r-1) "L pxg
= (Y-v)Lyxg
i.e., unpaid labour = surplus value. Q.E.D.

That is, the amount of surplus takes the same magnitude in
the dimension of value created, the expenditure of unskilled labour

and the expenditure of various types of labour to create value.
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Let us next evaluate the rates of socially aggregated surplus.

Define
Yh1xg
(24) W= ————=-1 = social rate of surplus value,
vL X
I"I
*
(25) u' = _TNE 1 : social rate of unpaid labour,
wIN*
(26) n = yN 1 : social rate of surplus labour.
R
Then, these three are also equal:
THEOREM LI, H=u"=mn.
Proof.

Let us first show that. yLixg = TN¥ = yN. In fact, from the

definition of N , it soon follows that YLIXI: YN ; whilst, in
view of Theorem I, one has 7TN¥* = YLIxI. Then, owing to Theorem

II, one gets

(27) vL = wIN¥ = yR .
Therefore, gu=u"=n. Q.E.D.
Note that the equality (27) in the above expresses:
variable capital = paid labour = necessary labour.

A corollary of the above may be obtained: let

um = min “j : minimum rate of surplus value,
Jj-
u'mz min us : minimum rate of unpaid labour,
]
nm = min nj : minimum rate of surplus labour,
k|
and,
uM = max uj : maximum rate of surplus value,
i
u'M= max uj : maximum rate of unpaid labour,
3
nM = max nj : maximum rate of surplus labour.
; M M
PROPOSITION &, (i) u™> o implies u'', n, u > o.

(ii) u‘m> o implies uM, nM, u' > o0 .

(iii) "> o implies uM, u'M,n >0 .
In fact, since yu , uy' and n are all weighted averages of

ujs, ujs and njs, the proof is trivial in view of Theorem III .
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6. So far, an analytical framework fer Marx-Hilferding's exposi-
tion of the reduction problem has been discussed.

It can be reconfirmed that the gist lies in the creativeness of
labour. Manhas the capacity to exert simple, unskilled labour, but
through education and training, self-efforts performed by workers are
accumulated, thus forming various types of skilled labour. Self-
efforts manifest themselves when the workers in dept.I perform labour
of one type or another and create value. Surplus value created only
in dept.I is the result of the self-efforts made by all the workers,
including those in dept.II.

Observe that the equality of surplus value and surplus labour
does not explicitly rest on self-efforts, which confirms the latency

of reduction.

§ 2. The fundamental Marxian theorem,

1. In the system of commodity production, in which all kinds of good
are produced and exchanged as commodities, skills are also subject to
the law of commodity production. In the capitalist mode of production
skills are also evaluated at their production prices.

Let us establish the production price system with respect to

the closed Leontief system. Let
P1 1 x n : price vector of ordinary goods,
P l x s : price vector of skills,
p = (pspp): price vector,
ﬂ : profit rate,

and the production price system can be described by

(28) p = (l+m)pM ,

where
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(29) M =A+FL ,
Or, in detail,
(PI,P]I)= (1+Tf)(p19p]I)

A 3].
LI T

That is, P is the transformed form of the value of labour-
power, and hence represents the wage rates of various types of labour.

The dual system of (28) is described as follows: let

xg n x 1 : von Neumann proportion of dept.I,
x% s x 1 : von Neumann proportion of dept.II,
c c s
x“= [ Xg ¢ von Neumann proportion,
«C
i
gc : von Neumann growth rate.

Then, the von Neumann proportion and the von Neumann growth rate are
determined by

(30) xC = (1+g%)mx® .

Note that the profitability condition and the surplus condition
discussed in Chapter I can be applied to the matrix M .
Now, how can (28) and (30) be generalised to the hyper-closed

system? Let

P 1l x s : price vector of labour,
xiﬂ s x 1 : von Neumann proportion of the third sphere,

p = (p,pyy) : hyper-price vector,

€= (x© : hyper-von Neumann proportion,
«C
T
§° hyper~von Neumann growth rate,
™ : hyper-profit rate.
Then, equations (28) and (30) can be extended respectively to
(31) p = (L+%)pM ,
and

n

~C ~C sl
(32) R (1+§%)mMg° ,
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where
(33) M=A+FL.

It is easy to see that the enlarged value systems (4) and (11)
are transformed into (28) and (31) respectively by Marx=0kishio's
transformation formulae, By comparing (28) and (31), one can see
what takes place in the transformation of values into prices.

First, let us show:

PROPOSITION 9, (i) (p,Os) and ¢ satisfy (31) if p and g

satisfy (28).

(ii) 1f x° and gc satisfy (30), then [xc] and gc fulfill

X

(32). Conversely, if &° and §° satisfy (32), then Q%:z i;u

2
I

X

(These are derived from simple mathematical manipulation.)

and , and gc satisfy (30).

The converse of the conclusion (i) must here be considered care-
fully. The converse of (i) is trivial, because Por= Os in (31)
is the trivial solution of a subsystem of (31), i.e.,

Pog= (1+n)pIET .

How can this fact = 0s in (i) be construed?

Pm
In (4) and (11), it is seen that labour-power is different from
living labour, However, in the production price system, it is not
obvious whether wages are paid for labour or labour-power: labour-
power and labour overlap each other. The fact that Pm= 0s here can be

construed as one of Marx's conclusions that labour has no price, al-
though labour-power has its price, i.e., wages. Thus, comparing the
closed and hyper -closed systems, one can see that in commodity pro-

duction the contribution of labour to production is concealed behind
labour-power, and hence the price of labour-power appears as that of

labour.

C_ ¢
o~ "1m
is economically plausible, because a unit of skilled labour is
supposed to be based on a unit of skilled labour-power.

The converse of (ii) is also trivial. Namely, that x
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2. If attention is focused on M , it is easy to see that the
fundamental duality holds in the closed system: the profitability of
the closed system is equivalent to its reproducibility. Then, what
can be said about the relationships between the positivity of the
profit rate and the individual rate of surplus?

At the outset, one must recall (A.4): the closed systemis pro~
ductive. This guarantees that although A itself is decomposable,
positive profit is possible if wages are not paid. In the form rele-
vant to the following discussion, one can write

3 M M M M, M
(34) p > On+5 s, M >0 ¢ p = (+mw Jp A.

In the next stage, let us consider a degree of complexity in the
classification of labour so as to make our discussion more generalised.

Namely, it should be noted that there are some types of labour
which are not employed in dept.I. They are exclusively exerted in
dept.II. A type of labour is said to be of the Zizst kind, or pro-
ductive, if it is employed in dept.I, and of the second kind, or un-
productive, if it is solely employed in dept.II. This consideration
is plausible, because in reality some types of labour, such as pure
teaching work, are not employable in dept.I. As for the labour of
the second kind, the elements of the row of L —coressponding to it
are all zeros,

Thus, it is confirmed that one of the implications of the above
is that in general Lx > 0° , instead of Lx > 0%, Let
NI k x 1 ¢ employment vector of the first kind,

where k < s is the number of types of labour of the first kind.

Without loss of generality, one can write, for instance,

(Needless to say, whether or not unskilled labour is of the first
kind is not important.)

Now, let us demonstrate a series of propositions:
PROPOSITION 70, The positivity of the minimum rate of surplus labour

"
implies the positivity of the profit rate: for x > On, nm > 0 ===

m > 0 .

Proot.
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The necessary output is determined by (16):

X = AX + FLx .

Rewriting the right-hand side, one has

(35) X > AX + (L+n™)FLX .

Premultiply this by p satisfying (28), and
pxX > pAX + (1+n")pFLX ,

whilst, from (28), one has

px = (L+w)pMx .

Hence,
mpMx > n"pFLX .
(a) If pF = 0., then there exists a 7 > o owing to (A,4), i.e.,
(34).
(B) If PF >0, and PFLx = o , then

px > (L+m)pAX .,

whereas, from PF > 0 and N = Lx 0° , it follows that

Iv

v

pAX + pFLx > pAx .

h=]
X
I

Hence,
pAX < (1+m)pAx .

Let us show that if pFLx = o here, the present case will be
reduced to the case (¢). Let us denote the set of indices of pro-
ductive labour by

<N> = {kl(L-l")k >0} .

Since <N> £ @ from (A.2), if pFLx = o , then for i € <N> ,
(pI[)i =o0 ,

whereas as for labour j, where j e {l,..,s} , ¢ <N>, (FL-ln)j = 0

holds.

Therefore, pFLx = o implies pFL =0 i.e., the case (a).

s s
If pFlx > o , then px = pAX + pFLx > pAX , i.e,, ™ > 0 .

(y) 1If pFLx > o , the conclusion soon follows. Q.E.D.

The converse of this proposition is not true in general. In order
for the converse to hold true, the output, i.e., the variable of the
quantity system, should satisfy a certain condition., Morishima-
Seton's equality will give a clue to that.

First, note that the organic composition of capital in the closed

system is given by
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(36) E(w,x)= {w,v)FLx
(w, v)Ax

THEOREM IV, (Mlorishima=Seton’s equality)
(37) g - U

E (x7)+ 1
where gc(xc) = E((w,v),xc), and u(xc) stands for the social
rate of surplus value aggregated by xC.
Proof.

Premultiplying (31) by (w.v), one has

c _ (w,v)xc- (w,v)Mxc
(w.v)Mx©
Bearing in mind (36), one obtains (37). Q.E.D.
COROLLARY. gc> o implies n(x%) > o .

As shown by the above theorem and its corollary, if the von
Neumann proportion is employed as weights of aggregation, the von
Neumann graowth rate is determined by the organic composition of
capital and the social rate of surplus value evaluated on the basis
of the von Neumann proportion. The positivity cf the von Neumann
growth rate, at the same time, implies the positivity of social rate
of surplus value. Hence, if x in the vicinity of x® is consid-
ered, the same proposition will be expected to hold.

Let us introduce here again:

G = {x[x > Mx, x > 0" "%}

which is called the growth region.

Also define, as before, the greatest equilibrium growth rate

by
(38) gM = max{g|x > (L+g)Mx}.
PROPOSITION 77. g®> o 1is equivalent to G # 0 .
Proof.
Necessity is trivial. Sufficiency is derived from Frobenius'
theorem. Q.E.D.

PROPOSITION 72, n™(x) > o implies x(x) & G , where n™( ) and
x( ) represent that they are dependent on aggregators.
Proot.

In (35), if n™ o , then it is trivial that X e G . Q.E.D.
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PROPOSITION 13.(Growth constrainit)

(39) oM M)
1 + &£(x)
Proof.
Premultiply (38) by (w,v), and one soon gets (39). 9.E.D.

It is worth mentioning that Theorem IV and Proposition 13 are
farmally the same as Theorem I-V and Proposition I-2 respectively.
This again confirms the fact that with respect to the production of
value the education sectors are not different from the industries
producing ordinary goods.

PROPOSITON 74.  g®> o implies u(x) > o for x € G .
Proot.

gc> o implies G # @ , and there existsan x € G . For an
x € G, gM(x) > o0 , and hence H(x) > o . Q.E.D.
PROPOSITION 75. x € G implies n"(x) > o .

Proof.
x € G implies that x > Ax + FlLx , and hence

x > % = (I-A)"YFLx .
Namely, Lx > LX , and hence n"(x) > o . Q0.E.D.

In summary, one obtains:

THEOREM V., (Fundamental Marxian Zhecnem, generalised) T > o , gc>o
and u(x) > o are equivalent for Yx e 6 , and x > o".

(In fact, m™ = g® by dint of Proposition 1I-8.)
3. Once heterogeneous labour is taken into account, the funda-

mental Marxian theorem suffers from the constraint "forv x € G
and x >On", Nevertheless, this constraint is not so restrictive as
might be imagined.

If the economy lies in the growth region, surplus products are
actually produced. Outside the region, some sectors are contracting,
and eventually negative productionwill occur therein. Hence, sooner
or later, the economy should return to the growth region. This state
of the economy can be persistent, if surplus products are produced, and
hence surplus labour is performed as regards all the types of labour.

Therefore, Marxian value theory is valid for the expalanation of
the possibility of long run equilibrium growth and profitability

associated with it in this respect.
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§ 3. A von Neumann economy with heterogeneous labour.

1. Consider the von Neumann economy in which heterogeneous la-
bour is permitted. Such an economy is called a closed von Neumann
economy.

In order to facilitate a clearer mathematical discussion, the
von Neumann economy discussed in Chapter IV will be extended, in a

straightforward manner, to include heterogeneous labour. Let

A g x n : input matrix,
B qg X n : output matrix,
L s X n : labour matrix,

F = (F%..,FS): wage goods matrix .

These are assumed to be given as technical data. Furthermore, let

a : :
X nx1 ¢ actual intensity vector,

N3= Lx? : actual employment vector.
These are treated as parameters.

As usual, let us make the following assumptions:

(B.1) A>0,B2>0,L>0,F >09 N 05,
(B.2) X > 0" and Bx > Ax == Lx > o .
(B.3) 3 X > o": Bx > Ax (weak productiveness).

2. Consider the subsequent linear programming problem as (LP.I):

Bz > Az + FNY,
(40) Min k n
kN> Lz , z > 0", k>0 .

The first inequality constraint is easily seen to be an ex-
tension of the inequality defining necessary labour in the homo-
geneous labour case. What, then, does the second inequality sig-
nify?

Since it can be written as

(Lz),

k = max 3
i (N )i
the magnitude of k represents how much of the actual employment

(Na)i should be allocated at most for the production of wage goods,
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because (Lz)i/(Na)i represents the ratio of necessary labour to
the total labour expended with respect to labour i. Therefore,
the necessary intensities and the least necessary labour will be
determined by (LP.I).

From Proposition IV-1, for a productive von Neumann economy, in
which labour is indispensable, there exists an optimum solution
of (LP.I), denoted as z°. Hence, min k = k° can be uniquely
determined. These two define:

o . s
z : necessary intensity vector,

(o]

k maximum necessary labour ratio.

Note that these two quantities depend on x2.

According to the meaning of k , N~ Lz° can be regarded as
the surplus labour vector. Hence, the rate of surplus laboun for

labour j may be defined by
(N%),
(41) ”j:(—L‘;T;‘;‘J“l .
J
Since z° 1is not unique, N3 cannot be determined uniquely.
Moreover, nj varies from one type of labour to another. Never-

theless, n; corresponding to k® takes a unique magnitude.

DEFINITION 3.(0Overnall rate of surplus fabounrn)

1
(42) nf(x?)s —=— -1
K (x?)
It is easy to see that
(43) nf< ny -

That is, the overall rate of surplus labour is an extension of the
minimum rate of surplus labour in the closed Leontief economy. Note
that unless n+: nj for v i, nj> o for some j, even if k°= 1.

In the next stage, consider the dual problem of (LP.I). It
is described as: (LP.II)

A

A+ yL
(44) Max 1§ AFN?

N

a
W <1, h200, Y20, .

Since (LP.I) has optimum solutions, so does (LP.II). Let ©°

and Yo stand for optimum solutions of (LP.II). These two define:

0 :
A : optimum value vector,
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Y : optimum reduction ratio vector.

Since (LP.I) means the maximisation of labour productivity, to
call the optimum solutions of (LP,II)as in the above way makes sense.
Note that, however, /P and Yo are normalized by N2, &)

The amount of surplus value can be measured by A° and ¥°

As the values of net products and the total wages are determined
respectively by A°(B-A)x? and Y°FN?, it follows that
surplus value = A (B-A)x? - YOFN? ,

Hence, the owverall rate of sunrplus value may be defined by

+ A°(B-A)x?

(45) Him et st -1,
A°FN?
and the individual rates of surplus value by
O
(46) U, = 1.1,
J AOFJ

As for the relationship between WT and UT, one has, as

Proposition Iv-2, the following:
PROPOSITION 16. nte uf
Prooft.

In fact, from (44), one has

A°(B-A)x? < ¥oIx® <1,
and, in the light of Lemma 15(ii),

(57) K® = A°FLx? .

Hence, the conclusion is immediately derived. Q.E.D.

since A% and Y° are not unique, U+ cannot be unique. The
overall rate of surplus labour, however, is uniquely determined,
and hence, may be regarded as a more relevant measure of surplus
than the overall rate of surplus value. In a capitalist economy,
n+> o means exploitation.

It is evident that if labour is homogeneous, the above dis-

cussion will be reduced to that made in Chapter 1IV.

3. Is it possible to confirm the validity of the fundamental
Marxian theorem in the closed von Neumann system?
For a given set of A, B, L and F , the von Neumann equil-

ibrium is defined as follows. Consider
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(48) Min {nwlpr < 1+ )pY (A+FL), pw; Oq} ,
(49) Max {g®|Bx® > (1+¢%)(A+FL)x®, x%2 0"} .
As before, let pw and x® stand for the optimum solutions of

(48) and (49) respectively, and ™ and gc be the minimum and

the maximum of the two respectively. These define the von Neumann
equilibrium (nw, pw, gc, x%). Also write
M=A+ FL ,

and make the following assumptions:

(B.4%) g-1"> 09, 1M > 0,-

M M

q
(B.5) min {NM lp'B < (l+nM)pMA, p > Oq.} >0 .

The ensuing discussion will be developed as in the closed
Leontief economy case.

Define the growth region as
G = {x|Bx > (A + FL)x, x 2 o"} .
The greatest equilibrium growth rate can be defined as
(50) gM(xa) = max {g|Bx? > (1+g)(A+FL)x%.}
PROPOSITION 77. nt> o implies "> o .

Proof.
(a) If p"F = 0> m> o is guaranteed by (B.5).
{(B) Suppose p"F > 0_. From (LP.I), one has

Bz°

s
> Az° +(1+nT)FLz°.
Premul tiply both sides of this by pw, and
p"Bz° ;przO +(1+n+)prLz°,,
whilst, postmultiplying (48) by z°%, one gets

(51) p"Bz% < (1+n™)p" (A+FL)IZ® .

Hence,

A

n+prLz°§ nwpw(A+FL)z0 .

If prLz°> o, the conclusion soon follows., If prLzo =0, then
m™> 0o follows from (51) and (40a): multiply (40a) by p%, and then

(1+7Tw)przo > prz0 > prz0 +prNa > pYAz®. Q.E.D.
PROPOSITION 78.(i) G # @ is equivalent to g®> o0 .
(ii) n+(x) > o0 1is equivalent to 2%(x) € G .

Proof.
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(i) It is trivial that gc> o implies G # § . Conversely, if

G #£ 0 , there exist g > o and x > 0" such that Bx > (1+g) (A+FL)x.
Hence, by (50}, gcz max g > o .

(ii) From (LP.I), one has

o 1

> Az%+ X FLz®.

If z2%(x) € G , then there exists a k <1 , i.e., k°= min k

(52) Bz

< 1 . Hence, n+(x) >0 .
Conversely, nf(x) > o suffices z° e @ , for

L
K

Now, for the sake of brevity, write
eC(x%) = £(n%x%),x%) ,
(53) e2(x?) = £(1°(x*),x%) ,

e(p",2%(x¥)) .

Bzoi Az%+ $FLZ° > Az® + FLZ® . Q.E.D.

£*(z°)

All these three magnitudes are finite and nonnegative. Then,
THEOREM VI, (Fundamental inequalities) (i)(Growth constraini)

T, a
(54) gM_<_ __._l.‘l_...(_x__._)_..
= 1+ 22

(ii) a t,. ¢
(55) SO o g0 o)

1 + g%(z7) 1+ 27°(x7)
where p*(x?) = u@pY,x?).
Prooft.

Premultiply (50) by A%, and one gets
(1+g™ 1% (A+FLIX? < 1%Bx1.

In view of (45), (54) is derived from this.

(ii) The first inequality follows, if (48) is postmultiplied by
zo(xa) and the result isrewritten in a relevant manner. FromProposi-
tion Iv-3, 7" < g®. The third inequality holds, if (54) is applied
to the x%= x° case. Q.E.D.

PROPOSITION 79. ¢ > o implies u'(x?) > o for¥x? ¢ G .

Proot.

FromProposition18(ii), g> o implies G # @ . For Voxe G,
one has gM(xa) > o0 . Therefore, u+(xa) > o from (54). Q.E.D.
THEOREM VII.(Tundamental Manxian theonrem, genenalised) gc >0,

™ > o and n+(xa) > o are all equivalent for v x¥e G .
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(This follows from Propositions 16, 17 and 19.)
Finally, one can show:
PROPOSITION 20. " > o implies max uj(xa) >0 . 7)
Proot.
Premultiply (49) by A°(x?), and

A% (x*)BxC > (1+g%)n° (x¥) (A+FLIXC ,

whilst, postmultiplyv(44a), with respect to xa, by x7, and

2°(x¥)Bx® < A% (x)Aax® + YO (xM)LxC .
Hence,
(YO (x®)- 22 (x)FILx® > g%n% (x¥) (A+FLIXC .

Since gc > ﬂw, Lxcz 0% and A%(x?) (A+FL)xC >0, ™> o implies

YOxT) - P (xF o,
so that max uj(xa) >0 . Q.E.D.
Thus, it is seen that similar propositions and theorems

as in the closed Leontief system discussed in §§1-2 hold with
minor modifications, even if heterogeneous labour is permitted in
a von Neumann economy. Just as the discussion developed in Chap-
ter I is generalised in Chapter IV, so is the discussion made in
§§1-2 extended in §3. It is not difficult to point out the simi-

larity or parallelism between the two generalisations.

4, How will skilled labour be reduced to unskilled labour in a
von Neumann economy? This subsection will be devoted to making
various remarks on how the discussion of this section would en-
compass the discussion made in §§1-2,

Consider a von Neumann economy which consists of dept.I and
ITI: dept.I has n processes, exclusively producing m types of
good , whilst dept.II, having r processes, is principally con-
cerned with the production of skills. Note that dept.II is per-
mitted to produce jointly both goods and skills, whilst dept.I is
not. Let

Bl m x n : output matrix of goods of dept.I,
B2 m x r : output matrix of goods of dept.II,
B3 s x r ¢ output matrix of skills of dept.II,
Al mx n : input matrix of goods of dept.I,
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J mx r : 1input matrix of goods of dept.II,
T s x r : 1input matrix of skilled labour of dept.II,

LI s x n : labour matrix of dept.I.

Then, the output matrix of the closed system mirroring the
sphere of value production is expressed by
B = (B B ,

and the input matrix by

A = A1 J
0 T

Likewise, the labour matrix is represented by
L = (LI, 0),

whilst, the formal wage goods matrix is given, as before, by

i

As for the hyper-closed von Neumann system, one has

'BO,Z:AO ,E:(L,O),E:F,
0 By 0 T 0f -

(Om,Os,T) ’

[ve]
i

T

where with respect to self-efforts, let us assume:

2
(B.17) T2 15 ’ Ty= 1.
Besides, similar notation will be employed, if necessary, so as ta

stand for the variables of the hyper-closed von Neumann system,

~ ~

Now, since A and B are rectangular in general, it is hard-
ly possible to extend (11) without alterations. Instead of an

equality, it is necessary to consider an inequality as

(56) (w,v,y)g < (w,v,y)X + 7.

It is evident that the solution of this inequality system
yields values of goods and labour power and reduction ratios in
a generalised sense., The following two points, however, should
be taken note of.

At the outset, A° obtained in the previous subsections

corresponds to (w,v) in (56), and Yo is the counterpart of vy
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in (56). A° and Yo are determined in the sphere of value pro-
duction. In the next stage, therefore, self-efforts are disregarded
in the previous subsections. The immediate purpose of this sub-
section is to make notes on these two points.

By applying the weak productiveness condition to the system

~ ~

described by B and A , one has
PREPOSITION 22. The weak productiveness of the hyper-closed system
is equivalent to the existence of nonegative solutions of (56):

3 n+r 3

x >0 such that (B-A)x > o™ eos
such that (56) holds.
Proot. ..

Put W = B-A , and Minkowski-Farkas' lemma (Lemma 14) can be

applied to this system. Q.E.D

To state the problem precisely: first, (w,v,y) satisfying
(56) belongs to the set of the feasible solutions of (44), but is
not necessarly its optimum solution. What is the condition that
renders the solution of (56) an optimum solution of (44)7 Next,
the discrepancy between (56) and (44) is caused by the treatment of
T . What is its implication?

As for the first point, (44) is a subsystem of (56), witha
more relaxed restriction. The optimum solutions A°  and yo of
(44) satisfy (56), if

YO(BB—T) <1

holds. A comparatively small B3-T suffices for this.

With respect to the second point, one should point out that
values and reduction ratios are determined by (44) from the angle
of the maximisation of the productivity ¢f labour, and that self-
efforts hardly matter therein, because the maximisation of the pro-
ductivity of labour can be taken intc account within the sphere of
value production alone. In the dimension of value production, the
process transmitting value-creating force is latent.

Furthermore, in so far as the objective function of (44&) is
concerned, it may be said that the value of labour-power formally
determines the reduction ratio.

If the discussion in this section (§3) is applied to a closed

Leontief economy, one has

-1
o= yL(I-A)TT,
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and
yx3=1,
to which
Y(I-T) = ¢
seems to be merely appurtenant.

That is, in a Leontief economy, the determination of value
and reduction ratios by the maximisation of the productivity of
labour coincides with that by the system of equations because of
(I-T)'l >0 . In a von Neumann economy, however, the coincidence
of the two becomes again impossible in general, as was discussed
in Chapter III.

Nevertheless, even if self-effaorts are in eclipse, the funda-
mental Marxian theorem still holds true, as established in this
section, in explainging the quality of production and distribu-

tion.s)

§ 4. Concluding remarks -- On other discussions,

1. This section is concerned with critical comments on discussions
made by some other economists.

Steedman argued about the reduction problem as part of his
criticism of Marx.(Steedman(4), Ch.7.) Let there be N types of
heterogeneous labour, with wj and li standing respectively for
the wage vector per unit of labour j and the vector of the amounts
of labour i directly or indirectly necessary for the production of

various types of goods. Define V = (v.

= gl g
1j)’ where vy.= 27ew’. Let

L= el o,z s w = wla WY 20,
and one has
V= LW2o0.

For simplicity's sake, assume that V 1is indecomposable.

First, that VE < E holding true for employment E means that
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surplus labour exists. A necessary and sufficient condition for
this is that V is productive, i.e., (I-A)-l; 0 . Surplus labour
is seen to exist without the reduction of heterogeneous labour.

Secondly, let M and a;s i=1l,..,N, stand for an input coef-
ficient matrix and a (direct) labour input vector respectively.
Production prices pm and the profit rate r are determined by

p"= (1+r)p" (M+ Jw.ea.) ,
i J J
again without the reduction of heterogeneous labour.

In short, Steedman's conclusion is that the reduction of
heterogeneous labour is redundant.

The above two points are a straightforward extension of his
criticism of Marx as mentioned in Chapter I. That is, the first
point corresponds to the fundamental duality, whilst the second
is of the same type with the argument that the production price
system in general can be determined by technical conditions and
distribution,

The necessity of the concepts of value and reduction should
not be sought in whether the production price system depends on
value or reduction immediately and quantitatively: their sig-
nificance resides in the understanding of the positivity of the
profit rate and the growth constraint. Steedman's criticism of

Marx here does not invalidate Marx's theory of value.

2. Bowles and Gintis approached the fundamental Marxian theorem
with heterogeneous labour from a different viewpoint. (Bowles-
Gintis (1), (2}.)

Let C and L denote an input matrix and a labour matrix
stands for the

respectively. Introduce A = (A where A

ri]’ ri
amount of labour r required to produce one unit of goods i. A

is determined by the following equation:

A= AC + L o= L(I-0)"t,
Let B and y be a wage goods matrix and an output vector
respectively, and (I-AB)Ly represents surplus labour. Note
that V = AB = (vrj] here is identical with Steedman's V .

From the above, the rate of exploitation can be defined by
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oly)= (I-v)L
vLy
and, for an individual type of labour,
e (y)= (1- v /v _,

where V_ =
r

Zi.sksibir *

Bowles~-Gintis discussed the relationship between the profit
rate and these ratios, which are defined without the reduction of
heterogenous labour, within the framework of a Leontief econromy.
The propositions derived from their argument are specialised cases
of Propositions 11, 20, and Theorem VII proved in this Chapter.s)

Bowles~-Gintis neglected the significance of the ratio expressed

by {(Ly)j/(vLy)j} -1 as a measure of exploitation, but this

ratio corresponds to the rate of surplus labour in our previous

discussion, and hence it would be irrelevant to disregard it.

3. The above two types of argument eventually ascribe the possi-
bility of surplus labour to a property of the matrix, the components
of which represent the amount of goods workers obtain, as Steedman's
and Bowles-Gintis' V .

U.Krause (1) gave a thorough and formal argument on this point
by introducing the standard reduction ratio.

Let A (nxn), L (mxn) and F (n x m) stand for an input
matrix, a labour matrix and a wage goods matrix respectively.

Production prices p > On and the profit rate are determined by

i

p = (l+r)pM , r ={1/p(M)}-1 ,
where M = A+FL, A >0, F >0, and L >0 .
Assume the economy is productive: (I-A)"l; 0. And, M>20, H =
L(I-A)_lF, (i,j) component of which represents the amount of labour
i necessary to produce a unitof labour j. The standard reduction

natio is defined by o* satisfying

(57) a*H = p(H)a* .
The rate of surplus value is defined by
aHy

for o "R and y € . Then, Krause showed:
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Krause's Proposition., Assume A is indecomposable, lmL > 0" and
lnB > 0™, For y > 0™ such that a*y > o ,
(i) r > o, if and only if m(a*,y) > o .
(ii) r > o implies r < m(a*,y) .9
Proof.
(i) From (57) and (58), one has m(a*,y) = {1-p(H)}/p(H). Let us
show p(M) <1, if and only if p(H) <1 .

Now, if p(M] < 1, then 3 p20.: p > pFL(I—A)-l, i.e., pF
> pFL(I-A)"LF = pFH . Hence, p(H) <1 .

Conversely, if p(H) < 1 , then 3 p > Om: p >pH, i.e.,
pL> pHL . It follows that

pLapL(1-A)"LA > pHL+ pL(1-A)"1A
and hence,
pL(I-A)"L> pL(I-A)"1(A+FL) = pL(1-A)"TM.

Since pL(I—A)—1> 0, for p >0, p(M) <1 .

(ii) First, put U = (I-A)-lFL. Let us show p(U) = p(H). As U
and H play a symmetrical role, itsuffices to show that p(H)<p(U).
It is trivial that p(H) < p(U), if p(H) = o . Assume p(H) > o,

and 3 x >0 : xL >0, and
= "m - n

xL(I-A)"LF = p(H)x .

In view of LU = HL , one can rewrite this as
xLU = xHL = p(H)xL ,

and hence p(H) < p(U).

Likewise, p(U) < p(H). Hence, p(U) = p(H).
Next, let us demonstrate that p(U) < p(M},if p(M) <1 .
Now, 3 y 20" Uy = p(U)y . Since I-M = (I-A)(I-U),

y

y = My = (I-A)(I-p(U))

From (I—A)—lFLy = p(U)y, and FL > 0 ,
(I-A)y 2 0"
holds for p(U) > o .
If p(U) 21, then
y - My = (I-A)(L-p(U))y < o",
i.e., p{(M) 21 . 1In other words, p(M) <1 implies p{U) <1 .
If p{U) <1, then
y - My = (1-p(U))(I-A)y < (1-p(U))y .
That is, p(U)y < My , and hence p{U) < p(M) .
Hence, if p(M) <1 , p(H) = o(U) < p(M) <1 . Q.E.D.

A
A
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The use of the standard reduction ratio validates the funda-
mental Marxian theorem for any output. Moreover, it is independent
of the conditions in the market.

Let us apply the standard reduction ratio to the previous dis-

cussion made in §§1-2. In the closed Leontief economy, one has
Ho= L(1-A)"tacr-m)L,
Let w*¥ and v¥*¥ be the value of goods and the value of labour

power corresponding to o* respectively, and

(59) oH = oL (1-A)"Lg(1-1)"1

wx3(1-1)"1
= vk = pMH)o* .

The following two points will be deduced from this: first,

since H is the coefficient matrix which appeared in the evalu-
ation of necessary labour, (17), o*¥ 1is also related to the rate
of surplus labour: secondly, a¥* as the reduction ratio equalizes
the rate of surplus value to that of surplus labour, so that for
all the types of labour the rate of surplus labour takes one and
the same magnitude. This is a remarkable property of the standard
reduction ratio.

Nevertheless, the standard reduction ratio can be defined in
an ecenomically adequate manner only in the Leontief economy case
with (I1-A)"1>0 .

4, It is Hollander (1} that tackled the fundamental Marxian the-

orem with heterogeneous labour by giving a different type of re-

duction ratio. He argued the validity of the fundamental Marxian

theorem in the case that the reduction ratio is proportional to

the wage rate. An extension of his argument will be examined here.
Consider a von Neumann economy as in §3, and make the same

assumptions. Corsider the following linear programming problem:

(LP.IIIX)

(60) Min {yLy[By > Ay + FLx?, y > 0"}

where ¢ ¢ ﬁR+ . Since this has an optimum solution, let it be

denoted by yo (y,x).
The dual problem of the above is described as (LP.IV):

(61) Max {qFLx|qB < gA + 3L , q 2 Om} .
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Let qo(w,x) be an optimum solution of (LP.IV). 1In the light
of the duality theorem, one has

(62) Ly®(W,x) = q°(¥,x)FLx .
Define the abstract rate of sunplus flaboun by
o(¥,x) = ———%55———— -1,
YLy (U, x)

and the alstract rate of sunplus value by
q° (0, x) (B-A)x _
qo(w,x)FLx
As before, one can derive
v(v,x) £ alu,x) ,
because one has (62) and the following from (LP.1IV):
q® (U, x) (B-A)x - q°(V,x)FLx < WLx - q°(¥,x)FLx .

Besides, let the individual abstract rate of surplus value be de-
fined by

(63) (¥, x) Y 1
v, (U, x)z —— .
J q% (v, x)FJ

All the variables here depend on the parameter ¥ . Then, how

\)(lng) =

should it be specified? Hollander argued the case where Uy = pF,
assuming the Leontief economy case.

Hollander's Proposition, Suppose B = I , and let the price system
be determined by

(64) p = (1+m)p(A+FL), p 2 0 .

(i) v(v,x) = o(v,x) .

(ii)(Hollander) Suppose A is indecomposable and ¢ = pF. mT>o0 |
if and only if v(y,x) > o . 10)

Proot.

(i) Since q°(U¥,x) = 1IJL(I—A)'1 in this case, one has

YLx = q% (W, x)(I-A)x ,
and hence, Vv(y,x) = o(¥,x) .
(ii) Postmultiply (64) by y°(V,x), and premultiply (60) by »p
satisfying (64), and it follows that
7 (pAy® (U, x)+ Ly®(¥,x)) = o(v,x)vLy®(v,x) .

Since (pA+wL)y°(w,x) > o0 and wLyo(w,x) >0 , m>o0 1is equiva-
lent to o(y,x) > o . From (i), the conclusion follows. Q.E.D.
Let us next extend Hollander's argument to a von Neumann
economy. Only the conclusions are enumerated below. Employing the

same notation as introduced in §3, one can show:
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PROPOSITION 23.

(1) M < v (b, x) .

1 + E(q (V,x),x)
(ii) Assume pr = Y. o(Y,x) > o implies ™o .
(iii) gc> o implies o(Y,x) > o for x € G .

(iv) 7" > o implies max vj(w,x) >0 .

It should be remarked that pr: ¥ required in the above would
hold provided that all the rows of F were to be proportional to each
other. This may be the only case that justifies Hollander's argqu-
ment. Therefore, the fundamental Marxian theorem suffers from this
restriction in Hollander's context.

Moreover, (i) and (iii) do not hinge on the concrete speci-
fication of ¥ . This fact is not peculiar, because surplus is
invariably defined as a residue, which depends fundamentally on the

necessary output or intensity.

5. By way of summary, some concluding remarks will be made.

In order to interpret Marx-Hilferding's reduction problem,
three types of metamorphosis of labour should be clearly distin-
guished, On the basis of this distinction, it is seen that the
industries producing ordinary goods are different from the educa-
tion sectors, which produce skills, in the sense that different
types of metamorphosis of labour are synthesised. The major dif-
ference is that in the fcrmer industries living labour is embodied
as value in goods, whereas in the latter transference of value-
creating force, i.e., living labour itself, takes place simultane-
ously with the production of skills, and hence living labour per-
formed therein is not embodied as value. The education sector is
the synthesis of value production, i.e., the production of skills,
and the formative process, i.e., the transference of living labour.
The specificity cf the education sector is that in its labour proc-
ess, i.e., in the formative process, the use-value of labour-power,
i.e., living labour itself, is retained.

Based on our insight into the metamorphosis of labour, one can
construct the closed system of value production and establish the
system of equations to determine the values of goods and skills and

the reductionratios ¢f skilled labour. It is also seen that the forma-
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tive process is latent behind the backs of the producers. Note that
the closed system is a decomposable system, but this does not create
any difficulty in our discussion.

Formation of skilled labour is the accumulation of self-efforts
which are exerted by all the constituent members of society. The result
of production is the outcome of collective labour exercised by all the
workers, whether or not they contribute to production immediately.
This result established by Theorem I is very important in Marxian
economics, because it shows that self-efforts alone are the ultimate
source of new value. It must be observed that by Okishio's or
Rowthorn's reduction ratios one cannot establish this theorem.

On the basis of the above, the amounts of surplus from three
different angles are seen to be equal, as shown by Theorems II and
III, and Morishima-Seton's equality is also true, as shown by Theorem
Iv.

Once various types of labour are admitted, however, the funda-
mental Marxian theorem, Theorem V, suffers from the following con-
straint: the fundamental Marxian theorem is valid fcr the state of
the economy lying in the growth region.

Nevertheless, the state of the economy outside the growthregion
can no longer be persistent, and accordingly the economy should
return to the growth region.

Negative rates of surplus labour may be concomitant with the
state of the economy outside the growth region. This may be con-
strued as the exploitation of workers by workers, but the exploi-
tation of workers by capitalists is then incomplete.

Shifting the focus from the Leontief to the von Neumann econ-
omy, one encounters again the difficulty of generalising the anal-
ysis in terms of equality. The problem should be formulated in
terms of inequality from the angle of the maximisation of the pro-
ductivity of labour., The fundamental Marxian theorem and related
propositions nonetheless hold, as in the closed Leontief econonmy,
thereby retaining the qualitative aspect of Marx's value theory.

In this sense, it can be reconfirmed that the Marxian theory of
value is still germane to an understanding of the capitalistecaonomy.

Anyway, no one exploits capitalists in the capitalist economy.



CHAPTER Vi

FUNDAMENTAL ANALYSIS OF DIFFERENTIAL RENT

Introduction -- Problems.

Modern society is composed of various classes possessing differ-
ent types of production factor, and each class obtains income corre-
sponding to its factor of production. In Marx's economics, the source
of income and its distribution among the two major classes are treated
first: the form of income other than wages is called profit in gen-
eral, and those who appropriate profit are called capitalists.

If attention is ccncentrated on the agricultural sector, it
is seen that there is a class of landowners, fromwhich capitalists
rent a patch of land and cede part of their profit as rent. Marx

wrote:

"Landed property is based on the monopoly by certain persons over
definite portions of the globe, as exclusive spheres of their
private will to the exclusion of all others." (III, p.6l15.)

Possession of land, or monopoly of land, constitutes a historical
premise to capitalism, but landholding itself does not determine the
economic value of landed property. The economic value of landed
property in the capitalist economy depends on the various condi~-
tions of the economy.

Consider a capitalist economy in which landed property required
for agriculture is monopolized by the landowner class. Not only in
the industry sector but also in the agriculture sector, the capital-
labour relationship is established. The capitalists in the agricul-
ture sector are the capitalist farmers, employing workers to plough
land and paying & certain amount of money determined by contracts to
the landowners.

Since the purpose of capital is the production and appropria=-
tion of profit, the capitalist farmers also invest their capital
and price their products in subjection to the law of value. These
conditions of a capitalisteconomy determine the economic value of

landed property, i.e., rent.
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Landed property, or the natural forces and/or natural conditions
represented by landed property, is not a product of labour, so that
it is on no account the source of value or surplus.

Then, how will the economic value of landed property be
measured? Compare a factory powered by a steam engine with an-
other using a waterfall. Suppese that the same type of product of
equal quality is produced by the two which apply the same production
technique, except for the source of power, and that they are sold
at the same price in the market. Then, the factory powered by the
waterfall would be more economically favoured, previded that the
waterfall 1itself were to be available for nothing. This factory
will produce suzplus profit, i.e., the portion of profit over the
average profit, which is created by economising on the steam

engine. However,

"The possession of this natural force constitutes a monopoly in
the hands of its owner; it is a condition for an increase in the
productiveness of the invested capital that cannot be established
by the production process of the capital itself; this natural
force, which can be monopolized in this manner, is always bound
to the land." (III, p.é45.)

Let the waterfall belong to a landowner, then

"(T)he surplus profit which arises from the employment of this
waterfall is not due to capital, but to the utilization of a
natural force which can be monopolized, and has been monopolized,
by capital. Under these circumstances, the surplus profit is
transformed into ground-rent, that is, it falls into possession
of the owner of the waterfall." (III, p.é646.)

What applies to land can also apply to other forms of natural
forces and conditions related to production. Owing to differences
in natural conditions an equal amount of capital may yield unequal
results of production. This can be attributed to the fertility and
location of land.

The fertility of land depends on the chemical composition of
the soil of land, and is determined by chemical and mechanical

developments in agricul ture:

"Fertility, although an objective property of the soil, always

implies an economic relation, a relation to the existing chemical
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and mechanical level of development in agricul ture, and, there-

fore, changes with this level of development." (III, p.é651.)

Therefore, the fertility of land is not a mere natural fertil-
ity, but an economic fertility.

The same consideration can be applied to the location of land.
Fundamentally, it is the distance relationship between a plot of
land producing a certain kind of good and the market. Hence, the
location of land is also an economic location of land that depends
on the development of the transportation system.

The part of capitalists' revenue which, owing to the monopolisa-
tion of landed property, must be ceded to landowners in proportion to
differences in degrees of fertility and/or location under the pro-
duction price system 1is called differenitial rent,

Landholding itself has nothing to do with the creation of the
value-portion representing rent., Natural forces and conditions are
not the source of surplus profit, but its natural basis. That is,

landholding is

"... not the cause of the creation of .. surplus profit, but is
the cause of its transformation into the form of ground-rent, and
therefore of the appropriation of this portion of the profit,...,
the owner of the land or waterfall." (III, p.é647.)

From the angle mentioned above, Marx developed his theory of
differential rent, Although he made an expatiation with the help
of many complicated numerical examples, the objectives of his analy-
sis can be reduced to the two points: how differential rent is de-
termined in accordance with the theory of production price, and how
it is influenced by changes in the productivity of capital.

The purpose of this chapter is to apply a microscopic frame-
work of analysis to Marx's theory of differential rent, and so
clarifying the basic points of his discussion,

In §1, the determination of differential rent in the Leontief
economy case will be discussed, which corresponds to Marx's analy-
sis of the first form of differential rent.

Changes in differential rent caused by unequal productivities
of capital, or the second form of rent, will be argued in §2.

It must be underscored that this chapter is limited to the
fundamental problems of differential rent.

In what follows, the term "fertility" is regarded as the repre-~

sentation of the natural conditions which can be monopolized.
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§ 1. Differential rent in a Leontief economy,

1. Consider a capitalist economy accompanied by private landholding.
The economy is composed of three classes, namely, the capitalist,
the working and the landowner class.

The economy is made up of industry and agriculture. The indus-
try sector produces n types of product, while only a single type
of good is produced in the agriculture sector. It is called, ac-
cording to the tradition of political economy, corn.

Let there be s types of land, which will be called 1land 1,
land 2, ... and land s. Land is indispensable for agriculture, but
is not necessarily required by the industry sector. Hence, only
the capitalists engaged in agriculture rent plots of land from the
landowners.

The economy is supposed to be of the Leontief type, except for two
points: (1) in agriculture, different types of technique can be
applied to different kinds of land, and (2) agricultural techniques
are not necessarily linear, whereonly a single kind of technique can
be applied to each type of land. Namely, the choice of (nonlinear)
techniques concomitant with the heterogeneity of land is permitted
in agriculture. This type of economy is called a Leontief economy
with landed propenrty.

Now, the following notation will be employed:

A nx n : input matrix (from industry to industry),
d 1 x n ¢ input vector (from agriculture to industry),
a, 1 x n : labour vector of industry,

KkJ n x 1 ¢ input vector of industrial goods on land j,

Oj : input of corn on land j,

Lj : labour input on land j,

Hj : acreage of land j cultivated,

H = ZHj : total acreage of land cultivated,
Xj : produce of corn from land j,

total supply of corn,
: wage goods bundle,

P 1 x n : price vector of industrial goods,

P, : price of corn,
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: profit rate,
: wage rate,

Aj : rate of surplus profit,

Kj : amount of capital on land jJ,

mjz Kj/Hj ¢ amount of capital per acre of land j,
- ¥
where Kj = pIK +~pan~+ij .
The production function is written as:
t,d
Xo= X, (7K* .olosH,
3= Xy K0ty J) ’
where X, = o if H,. = o .
J J
Now, let us introduce:
DEFINITION 1,(Differential nent) Differential rent is the difference
between the produce obtained by the employment of two equal quanti-
ties of capital on equal areas of land. (III, p.649.)

Given Prs T and w , the production price of corn from
land j car be written as

(1) anj = (l+n+Aj)(pIKJ+pan+ij) .

The difference in the above definition can be evaluated as

anj/Hj — ani/Hi = (l+ﬂ)(mj—mi) + kjmj-kimi .

Without loss of generality, one can put Aiz o. If mjzmi and szHi,

P Xg/Hy — P X /Hy = Agm,

is obtained., Therefore, let us write:

1)

Rj = Ajm1 : differential rent on land j.

Then, the production price of corn frcm land j canbe rewritten as
X. = (l+m Kj+ .+wk.) + R.H,. .
PaXg = (L+m)(prkTep 0 rul ) + RiH,
Thus, surplus profit is transformed into differential rent, which
is at the same time rent per acre of land.
The whole system of equations to determine prices and distribu-

2)

tion is now represented as follows: for J e {l,..,s5} ,

(2) Py = (l+n)(pIA +pad~+wao) ,
_ J
(3) anj = (l+n)(pIK +pan-+ij) +RjHj ,
(4) Rl.'..RS =0 ,
5 X, = X,
(5) 7 3 X

(6) pa=l.
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Equation (2) defines the production price cf industrial goods

and (3) shows that in agriculture the following equality

total production = production price + rent
holds, whilst (4) indicates that at least one type of land has zero
differential rent, so that the production price of corn is determined
by (2) and at least one of (3) : next, (5) means that the total
produce of corn should be equal to a given magnitude. Needless to
say, (6) is the numeraire equaticn.

The system of equations, (2) through to (6), consists of n+s+3
equations in n+2s+3 unknowns, i.e., Prs Py Rj’ Xi , ™ and w. If
the values of s wunknowns are given, the remaining unknowns are
simultaneously determined,

In the ensuing discussion, the production programmes of the
capitalist farmers, st, are assumed to be given. Then, equation
(5) becomes redundant, so that the prices, the profit rate and rent
are determined as functions of the real wage rate.3)

From the above formulation, it is seen that
7 .= R./m, = R.H./K, .
7) A= Ryfmy = RyHy/Ks

That is, the rate of surplus profit on one type of land appears as the
ratio of rent to capital invested in that land. To determine rent is
to determine surplus profit, but the latter is more important, albeit

latent. In order to see this, let us consider here:

p;j) : individual production price of corn produced on land j,
where
(3)_
(8) P" =Py — RjHj/Xj .
Then, one has
(9) R N € )
Pa = Isn’ Pa

and the following is easy to show:

PROPOSITION 7., Assume 1l+m > o and p;j) >0 . Then,
. . (3) (i) . .
(i) A, > Ay is equivalent to p_ > Py s, 1 £ 3 .

A

(11) p, = p{3) if and only if Ay =0

Thus, the ranked order of the rates of surplus profit is equiv-
alent to that of the individuyl prices, which means that from the
angle of the capitalist class the ranked order of fertility of land
is expressed by that of the rates of surplus profit rate, A.s.

J
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Since my differs from one type of land to another, the ranked order
of differential rent is not equivalent to that of the rates of

surplus profit: Rj > Ri G#:>Aj > A e In this sense, the surplus

profit is transformed into differential rent.

If A, > Ai’ then land j is said to be more fertile than land i.
The ranked order of land from less fertile to more fertile land is
called the ascending ordesn, whilst the reversed order the descending
cader, Since Xj is a function of the real wage rate, the ranked
order of rent may undergo changes when the real wage rate is altered.
Such a change will render a type of land which has not yielded rent

rentable, and vice versa.

2. Now, suppose that the real wage is specified as

(10) w = (pI,pa)F .

Let us write

2y = | £y -
A*(j) = [A K /xj], L(3) = (ag, Ly/Xs)
d X
QJ/ J
and
M*(3) = A*(3) + FL(3j) ,
where the subsequent assumptions are made:
(A.1) Azo, k>0 d20,00, x>0, F2o0™t,
(A.2) Lj> 0, a, > 0n .

(A.3) The matrix A is indecomposable.

Then, one can see that A*(j) 1is also indecomposable.(Cf.Lemma 4.)
The equilibrium with differential rent is defined as:
DEFINITION 2.(Equilibrium with differential rent) The equilibrium
with differential rent is the state of the economy such as 7 > o ,
P > 0., p, >0 and Rj > o satisfying (2) through tc (6) and (10)

for w > o .

THEOREM I.(i) The existence of the equilibrium with differential
rent is equivalent to

(11) p(M*(k)) <1,

with k defined by

(12) A = min Aj =0 .
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(ii) Rj = o 1is equivalent to
(13) p(M*¥(k)) = p(M*(§))
for ¥ j » where k concerns (12).
Proof.

Since (ii) is trivial, only (i) needs to be verified.

Sufficiency: as seen from (11), there exist =w > o , pPp > On

and p, > o in view of Frobenius' theorem. From (12), one has
Rk= o and Rj >0 .
Necessity: since p, >0 and m > o , one has
(k) ()

Pa’ 27,

in view of Proposition 1. If R, > o , then
(1)
P, 2P, ’

whilst, from (4), there exists j e {l,...,s} such that

- p )
Pa = Py
Hence, )
j k
p, = max p;J = p; ),
that is,
xk = min ), = 0 .
It is obvious that Py > On’ P, >0 and @ > o implies (11).
Q.E.D.
Needless to say, this theorem is valid even if Aj = o holds

for more than two j-s.

According to. the Marxian interpretation, this theorem discloses
that the positivity of differential rent depends ultimately on the
profitability of the economy, (l1): without profit, capitalist
differential rent cannot exist. Since positive profit, as made
clear by the theory of value and surplus value, implies exploitation
of workers, the capitalist and landowner classes share common inter-
ests in the exploitation of the workers.

The following analysis will be confined to the case of equilib-

rium with differential rent., Let us assume:

(A.&) Tkr o pMx(k)) <1 .
(A.5) T, 50 pMx()) A oM ()) L, 14 .
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3. Let us refer to other forms of the ratio of rent. Let
oj : rate of rent per output,
Kj :+ rate of rent in kind.

The rate of rent per output is defined by the total rental
divided by output:

(14) 0.2 3
J X.
b}

Next, the rate of rent in kind is expressed by total rental di-

vided by price-output:

R.H,
(15) €4 11,
paxj
It is easy to see that
16 K.p_= 0,
(16) jPa= ©j
Concerning the relationship among Aj’ oj and Kj, ocne has:
PROPOSITION 2, The ranked orders of Aj, Oj and Kj are all equiv-
alent: lj > Ai <== oj > o e:ﬁ>Kj > kg o it i .

Prooft.
The second equivalence is easy to see in view of (16); whilst,
from (2), it follows that

= p(j) + K,

Pa a j

’

so that the first equivalence is obtained in the light of Proposi-
tion 2, Q.E.D.

This proposition confirms that the ranked order of the rates of
rent is the fundamental one.

4. The necessary terminolgy will be introduced here.

If capital can obtain average profit by cultivating a type of
land, the type of land is said to be competifle, and if it is actual-
ly cul tivated, it is said to be competing., A type of land which partici-
pates in the determination of the price of corn, namely, a type of
land which is cul tivated but does not yield rent, is called marginal
land, and the technique applied to marginal land is called a margina?

technique., A type of land which can yield rent is said to be zent-
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abfle. Rentable land is also competible.

Now, let us consider changes in the profit rate in the case
in which marginal land is replaced.

Suppose that marginal land j is replaced by land k somehow or
other. This replacement can take place either in the ascending or
descending order, If it occurs in the acsending order, land j will
not be cultivated any longer, for it is less fertile than land k
under the existing real wage rate; if it does in the descending
order, land j will turn out to be rentable, and still competible.

Before and after such a replacement, the two systems of equa-

tions hold:

(17) (pI,pa) = (l+1r)(pI,pa)M*(j) s
and
(18) (PpsPy) = (L+M) (B, IM* (k) .

THEOREM II., The replacement of marginal land in the ascending
(descending) order increases (decreases) the profit rate: if
k
(19) P X < (1+n)(pIK + PO, +(nLk) ,
then > M.
Proot.
From (17) and (19), it follows that
(pI,pa) < (1+1r)(p1,pa)M*(k) .
Hence,

< p(M*(k)).

l+m
Consequently, @ < m . (Cf. Lemma 5.) Q.E.D.
It must be observed, however, that nothing can be said about
changes in the prices.s)
In the next stage, consider how the total rental varies in

response to increases in the acreage of cultivation. Let

R : total rental,

z : average rate of rent,

u : average rate of rent per acre,

Kj amount of capital invested in land j,
K : total capital in agriculture,

where,
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K pIK']+ pan +ij,

h]
= YK, .
K ZJ

The total rental is defined by

(20) R = szHj

The average rate of rent is defined by the total rental divided by

= pX- (1+m)K .

the total capital invested in agriculture:

(21) r = RS pa—)s-- (1+m) .7)

K K
And, the average rate of rent per acre is determined by
(22) u:——B—:pa——x——- (1+'n)—5— .

H H H

Assume here that the input-output proportions are constant,

irrespective of the extent of cultivation: the proportion

X.: KJl:--“-: KJn: Q.: L.,: H,

J J J J
is constant, so that ene can write
X, X K.
(23) el , e2- , e3= A ,
Ik, Jm, Jw,
J J J

and one has:
PROPOSITION 3, Assume marginal land is not replaced.

. . s 9 R
(i) }\j > 0o implies K- 0 -

(ii) g—‘%> o is equivalent to a%i > -—i— .

p
(iii) %ﬁ-— > o0 is equivalent to ezj (:)-—é— and 1—+—a17 (Z)

J
- 4rl-4 -

Proot.
(i) From (20), it follows that

aR 1

— = - (1+m)

.= PaEs ( .

g
Since there exists anequilibrium satisfying (2) - (6) and (10), one
has
1 PXy > (LemK, .

so that paej > 1+m 3 namely, one has 3K >0 .
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(ii), (iii). Likewise, the conclusions follow from

oX .
s K= X
j

3T _ Pa (a1 X
W.-Pa”*;“—T[Ej-T]
I (K)
and
bu _ Paf2_ k) lemf1_ K
wo s w5 w) w57 -

Q.E.D.

The first result (i) means that if the production of corn is
extended on a rentable and competing type of land, the total rental is
increased, The second indicates that extending cultivation of
land j increases the total rental, if the capital-output ratio of
land j is greater than the average output-capital ratio. The third
can be interpreted in a similar fashion.

Roughly speaking, the extension of cultivation of land j with
above average fertility increases the total rentaland the average rate

of rent. This confirms one of Marx's conclusions:

"So long as the price of grain remains unchanged because the
yield on the worst, rentless soil remains the same; so long as
the difference in the fertility of the various cultivated types
of soil remains the same; ... Fiznst, the rental constantly in-
creases with the extension of cultivated area and with the con-~
sequent increased capital investment, except for the case where
the entire increase is accounted for by rentless land. JSecondly,
.. If we leave out of consideration the case in which the expan-
sion takes place only on the rentless soil, we find that the
average rent per acre (total rental divided by the total number
of the cultivated acres) and the average rate of rent on the
capital invested in agriculture (total rental divided by the
invested total capital) depend on the proportions which the
various classes of soil constitute in the total cultivated areaj
.so In spite of an increase ... in the total rental with the ex-
tension of cultivation and expansion of capital investment, the
average rent per acre and the average rate of rent on capital
decrease when the extension of rentless land, and land yielding
little differantial rent, is greater than the extension of the
superior one yielding greater rent. Conversely, the average rent
per acre and the average rate of rent on capital increase propor-

tionately to the extent that better land constitutes a relatively
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greater part of the total area and therefore employs a relatively
greater share of the invested capital." (III, pp.666-~7.)

5. Consider the extension of the cultivated area either in the

descending or ascending order as specified in the following.
Suppose the ranked order of fertility of land is given by land 1,

land 2,..+, and land s: Xl

of each type of land is given by Hj . The extension of cultivation

> AZ See o> As . The cultivable area

goes on in the subsequent way: in the case of the ascending order,
the cultivation of the first one acre of land j+1 follows that

last one acre of land j, thus from the first one acre of land 1 to
the last one acre of land s ; whereas, in the case of the descending
order, the cultivation of the first one acre of land j follows that
of the last one acre of land j+l1, and hence from the first one acre
of land s to the last one acre of land 1.

Here, as a corollary of Proposition 3, one can confirm:

PROPOSITION 4. (1) A, = o == b <0 i A= max A; ==> S& > o .
j j j i BKj
2 2
(]'_]'_) A.= 0O === g—g > 0 3 .= max )\l == —E-)———% < 0 .
J K< 3K5
bj hj
Proot.

(i) The proof is trivial.
(ii) By a mathematical manipulation, one gets

Bzg__ZPa[l x]:__a_g_g

= €. =
K2 (k) U3 K 3K, K
hj J

Q.E.D.

Now, consider the ascending order case. While land 1 is culti-
vated, rent does not accrue. Once the cultivation is extended to
land 2, rent accrues, and the total rental and the average rate of
rent increase with the extension of cultivation. Since the replace-
ment of marginal land does not take place, the quantity of capital
can be measured by the same prices, so that one has the following
Figure 1.

Next, in the case of the descending order, itis invariably on
marginal land that the extension of cultivation takes place. Hence,

as marginal land is replaced, the prices undergo changes: only
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within the range of the extension of cultivation on one type of
land, can changes in 7 be traced. Figure 2 shows the graph of

¢t in this case.

FIGURE vVvI ~1.

(Land k is being marginal.)
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Note that in the light of Proposition 4(ii), one has the infor-
mation about the slopes of the two curves drawn here. It is inter-
esting that the curve in Figure 1 is increasing with decreasing

gradients, whereas the other is decreasing with increasing gradients.

6. Let us briefly confirm here a classical proposition that there

is an antagonistic relationship between the capitalist and landowner

classes.
PROPOSITION 5, The rate of profit is a decreasing function of rent:
dm
R, > ° -
J
Proof.

Take two vectors of rent, R1 and Rz, and the price system can

be written as

pt = (l+ﬂi)piM + R'H ,
where i =1, 2,
Suppose Rl > R2 , and one has
pl = (Len ™M « RIM > (LemdptM o+ RZH L

Since M is indecomposable in view of (A.3), it soon follows that
T, > Ty in the light of Lemma 5. Q.E.D.
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§ 2. The productivity of capital and differential rent.

1. The extensive cultivation of land invariably comes up against
the natural limitation of the area of cultivable land, so that ac-
cumulation of capital should be shifted from the extensive to inten-
sive form of agriculture. That is, capital accumulation should be
carried on in such a way that an additional amount of capital 1is
successively invested in the same plot of land. This becomes the
fundamental form of capital accumﬁlation in agricul ture.

The productivity of capital may undergo changes as the accumu-
lation of capital goes on, so that each unit of additional capital
may yield unequal amounts of rent. Such an unequal result is called
the second form of differential rent by Marx.

The second form of differential rent will be analysed on the
basis of the first form of differential rent: namely, the principle
that the production price of corn is determined by marginal land
still applies.

Let the following notation be introduced: with respect to

land j,

KJ(i) n x 1l : i-th investment of industrial capital goods,

Qj(i) : i-th investment of corn,

Lj(i) : i-th expenditure of labour,

Xj(i) : i-th increment of output,

Aj(i) : i-th increment of the surplus profit rate,
Rj(i) : i-th increment of the rate of rent,

Kj(i) : i-th increment of capital,

Obviously, one has

kI = vykda), o, 0.(1) , L, = TL.(i) ,
(24) :EL: J ng J ng

>
i

I

I X, (i) , R, TR, (1)
iJ J i J
Since additional surplus profit produced by additional invest-

ment is transformed into additional rent, one can write:
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i = i J¢s R .
(25) Ry(1H; = A (1) {pgk? (1) +p 0 (1) +ul (1)
and in view of
' _ J
(7') RjHj = Aj(pIK + pan + ij) y

it follows that
A (LK, (1
Zi J( J( )
(26) Agm oo,
J K,
J
That is, the rate of surplus profit is the weighted average of the
additional surplus profit rates.

The second form of differential rent was defined by Marx as:
DEFINITION 3,(The second Zorm of differential renit) The difference
between the results which are obtained by the employment of equal
amounts of capital successively invested in the same plot of land

is called the second form of differential rent.

Let
R*j(i) : the second form of rent,
and, this is expressed by: K k-1
(1)K, (1) — (1)K, (i
. E AJ(l)KJ(l) % AJ(l) J(1)
(27) R j(k) = ; T
K,(i) — K, (1

% J(l) g J( )
Soon, one can derive:
PROPOSITION 6. R*j(k) = Aj(k) .

That is, the second form of differential rent represents the
change in the first form of differential rent given rise to by addi-
tional investment. It concerns the concept of the rate of change
or marginal rent. Therefore, the analysis of the second form of
differential rent will be reduced to the treatment of the changes
in the first form of differential rent caused by alterations in the
productivity of capital concomitant with additional investment.

In order to describe changes in the productivity of capital,
the three usual cases, i.e., constant returns to scale, increasing
returns to scale and decreasing returns to scale, will be considered:
they are abbreviated respectively as c¢.r.s., i.r.s., and d.r.s.s)

The production function will be rewritten as

t,d
X, = f.(°K .y L.) o
P J( ’ QJs J)
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This is assumed to satisfy:

af .
(A.86) fj is partially differentiable, §tl > o, and f.2> o.

tKJ :Q.: L, 1is constant.

(A.7) The proportion 3 P

Note that changes in the productivity of capital reflect the accu-
mulation of capital, in so far as they are engendered by it.

Now, the subsequent propositions are easy to show:
PROPOSITION 7, Assume that there is no replacement of marginal
land, and Aj # o. Then,

(i) 1If fj is c.r.s., then A is constant.

3
(11) If £, is d.r.s.(i.r.s.), then W—l 5y o -
I !
e a . _%%
(111) '—ak—j = Kj .

Proof.
(i), (ii). From (1), it follows that

A aX . X.
Kj 3K, - Pa W, &K, | °
J J J
Hence, the results are derived by dint of Lemma 18.

(iii) Likewise, one gets

ap ax
a _ -1
FV} B Eﬁi :

Q.E.D.
From this proposition, it is seen that the rate of surplus
profit, i.e., therate of rent, increases (decreases) according as
the productivity of capital increases (decreases) with the accumu-
lation of capital. Needless to say, changes in the individual pro-
duction prices are inversely proportional to those in the rate of rent.
The production price of corn is determined by marginal land:
how does change in the productivity cf capital invested in marginal
land effect the profit rate? The following proposition concerns
this:
PROPOSITION 8, Assume Aj =0 .

(i) If fj is c.r.s., then m, p; and p_ remain constant.
(ii) 1Irf fj is d.r.s. (i.r.s.), then m decreases (increases).
Proof.

Since one has



J . R
(K /x.)_ 1 {BKJ KJJ
oX X, ox. — X, ’
i i 3 3
it follows that
BA*(§) >
“‘5?}“ 2 ’
i.e.,
am g 5
5Xj > !
according as fj is d.r.s., c.r.s., and i.r.s. respectively.
Furthermore, if fj is c.r.s., then P and P, do not
undergo any change. Q.E.D.

That is, if the productivity of capital on marginal land is
kept constant, the production price system undergoes no alteration.
An increase (decrease) in the productivity of capital, however,
heightens (lowers) the profit rate. Note that in this case, nothing
can be said about changes in relative prices.

As for the total amount of rental, the following holds:
PROPOSITION 9. Assume that marginal land (land k) is not replaced,

and fk is cer.s. If f., (j#k) is c.or.s. or i.r.s., then

i
3R,
J‘akj >0

Proof.
In the light of the assumptions made here, Pr s P, and 7T are
kept constant., From (3), it follows that
R.H, = anj - (l+'rr)Kj > o0 ,

JJ
and hence, if fj is c¢.res. or i.r.s., then one has
3R . BXj Xj
Hj’JX—J.' = PR~ (1+m) 2 Pa . — (l+m) > o .
J J J
In view of Lemma 18, the result follows. Q.E.D.

Accordingly, if the production price system is kept unchanged,
rent increases with the accumulation of capital in so far as the
productivity of capital invested in rent-yielding land is not d.r.s.

The accumulation of capital will give rise to changes in the
productivity of capital, and thus the ranked order of fertility of
land and the production price system. Once marginal land is re-
placed, however, it becomes difficult to discuss changes in relative
prices.



136

2. Suppose that each type of land is partitioned into several
plots, and that different amounts of capital with unequal produc-
tivity are invested therein: 1land j, to which production function
fj is applied, is partitioned into mj plots.

With respect to the a-th plot of land j, write:

H area

Jsa

kKI*% n x 1: input vector of industrial goods,

Qj a : input of corn,

?

Lj a : input of labour,
’

Xj a : output of corn.
H

The production price system is now expressed as

Py = (l+ﬂ)(pIA +pad-+ma0) ,
= Jra
(29) anj’a = (l+ﬂ)(pIK +pan,a'Fij,a)'+RjHj,a ,
X, = X
§§ jsa ?

where j e {l,ee0,8)} , 0 € {l,c0., mj} .

s s
The system (29) consists of n+3+ ij equations in n+3+s+ ij
1 1

variables. Suppose, as before, the production programmes of the
capitalist farmers and the real wage rate are given, and hence (29c¢)
is made redundant. Then, the production prices, the profit rate and
rent are determined as functions of the real wage.

The following proposition concerns a necessary condition for
equilibrium to hold:
PROPOSITION 70, 1If the system of (4), (6) and (29) has equilibria,
then

X5,0/M5,0 = *5,8"M5,8
iha W JeBy

(30) K /Hj’a K / j’B ’
%050 = 0,858

5,0M5,0 = Ly, 5,8



137

Since rent per acre is uniform throughout all plots of the
same type of land, it follows that
X, X. K., K.
pa [HJ,a_HJ’B]z HJ,B_HJ,a
l+m jsa J,B jsB Isa
a, B e {l,...,mj} , o # B.

Suppose that neither of the two sides of (31) is zero, and one

X, X, K, K,

j,o 3,8 3.8 _ et
H. H, H, H,

Js O i,B J.B8 Js O

in the light of p, > o and m > o . Then, the following is derived:

(31)

t, J,a t, j,a
f.("KY? . L, > f.(7KY? ) . L.
J( 05,00 J,OL) J( 05, 0by,0)
which is a contradiction.
Consequently, both sides of (31) are zero. Q.E.D.

This proposition shows that the establishment of ecquilibrium
necessitates a uniform intensity of inputs per acre in each plot of
the same type of land: the capitalist farmers renting the same type
of land should adopt such production programmes as satisfy the uni-
formity of capital and labour intensity per acre.

Therefore, it may be said that in the long run the second form
of differential rent does not exist persistently. As indicated by
the system of (4), (6) and (29), the same type of land takes one
and the same rent per acre, so that the second form of differential
rent becomes a disequilibrium factor. Owing to the difference in
the productivity of capital invested, a plot of marginal land, as
pointed out by Marx, may yield rent, but it can come about only
temporarily, because such a situation has the same effect as the
replacement of marginal land in the descending order on the profit
rate: if the productivity of capital invested in a plot of marginal
land diminishes, the capital will be withdrawn from that plot and re-
invested somewhere else.

Nevertheless, the establishment of equilibrium in the long run
depends on the manner of contract between the capitalist and land-
owner classes, on any coaliticn of capitalists in an attempts to

maximise the profit rate and on the divisibility cf capital.
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§ 3. A simplified case.

1, Consider a specialised case in which n=1. Then, all the co-
efficients in the system of (2) through to(é) are scalars. Let landl
be marginal land.

The production price system of this case will be expressed as

Py = (l+n)(pIA +pad-+wao) ,
- b
anj = (l+n)(pIK +paQj +ij) +RjHj ,
(32) Rl = 0 ,
pa =1,
w =

PrFy +Pafa -

Since P1 is a scalar in this case, changes in the relative
prices can be discussed in relation to distribution.

Suppose that marginal land, land 1, is replaced by land 2 in
the ascending order, and let 51 , ﬁa , m and @ be respectively
the prices, the profit rate and the wage rate after the replacement.

Without loss of generality, one may put

X1=X2:l.
The production price system after the replacement becomes:
p; = (L+T)(p;A+p.d+wa_) ,
(33) I I a o
- -y ,= 2 = -
Py = (l+ﬂ)(pIK + paQZ-FwLZ).

Then, one can prove:
PROPOSITION 17. The replacement of marginal land in the ascending
order heightens the relative price of the industrial goods.
Proof.

Before and after the replacement of marginal land, the following
hold:

i

Py (1+n)[pI(A+aoFl) +pa(d+a0F2)] ,

P1

(l+n)(pI(A+aoFl) +pa(d+a0F2)] .
In the light of Theorem II, it immediately follows that

51 ﬁI(A+aoFl) +§a(d+aoF2)

Py pI(A+a0F1) +pa(d+aoF2)

from which one has 51 > pp , where p_ = Ea =1. Q.E.D.
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The subsequent corollary is easy to show:
COROLLARY, The replacement of marginal land in the descending order

lowers the relative prices of industrial goods.

2. In the next place, consider the case in which land 1 is nct re-

placed, but the productivity cf capital invested therein is i.r.s..

Suppose that capital is withdrawn from other types of land and
reinvested in land 1, with the total output of corn kept unchanged.9)
Also suppose that the total quantities of capital in kind are kept
constant. Then, a static comparative analysis can be applied.

Now, one has

' Me(1) = (A+a Fy o (kML F/X )
d+a0F2 (Ql+L1F2)/Xl

and, as Xl increases, Kl, Q1 and Ll relatively decrease. Since
capital is transferred to land 1 continuously, the elements of the
second column of M*(l) change continuously, so that the rate of
profit and the relative price of industrial goods also increase.
continuously.,

Write

a .
K pIK + paQ-+mL ,
where k3= ZKj y @ = ZQj , L= 7JL
Then, the following may be shown:
PROPOSITION 72, Suppose p_ =1 . Then, g% <o .

Proof.

dp g dw
From -— > 0 and =— > o , it follows that

dmw dm
dK
an > °

Hence,

dz ( X dK
-——-:-—p)—-——-l<0-
dm a (K)Z dm

Q.E.D.
Therefore, the profit rate and the average rate of rent are in
an antagonistic relationship, which implies a conflict between the
capitalist and landowner classes. Moreover, it appears that the wage
rate goes up with an increase in the profit rate. This implies that

real wages should go wup if the relative price of industrial goods
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rises: the real wége rate does not change against the profit rate.
However, this may imply the possibility of a cealitiocn of the
capitalist and working classes against the landowner class, as ob-
served in the early stage of ‘capitalism in England.

However, it should be remarked that the above proposition rests
on the numeraire: if Py or u is taken as the numeraire, the an-
tagonistic relationship cannot be observed. Thus, in general class

relationships among the three classes are complex.

§ 4. Concluding remarks.

1. So far, fundamental problems of differential rent in the case
where agricul ture sector produces only one type of product have been
discussed. By way of conclusion, some comments on further gener-
alisation and the theory of value should be made.

In the first place, an extension to include more than two kinds
of agricultural product should be contemplated.

Suppose that there are r types of agricultural good produced
in agriculture. With respect to agricultural good i, produced on

land j, write

Kg nx 1l : input vector of industrial goods,

Qg r x 1 ¢ input vector of agricultural goods,

Lj,i : labour input,

Xj,i : quantity of production,

Hj,i : area cultivated (acres),

D r x n : input matrix of agricultural goods in the industry

sector,

l x r ¢ price vector of agricultural goods.
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The production price system is represented as:

Py = (l+n)(pIA +pIID-+wao) ,
- J 3
(pII)in,i = (l+w)(pIKi-+pIIQi+ ij,i) +RjHj,i ,
(34) Ry *+*+*R_ = o ,

IXg 5= X o

j b

Prpdp =1
where i ¢ {1,...,r}, Jj e {l,...,s} , and

- td tod
Xg,0 = 5, 10K 05,04 50

§,i 7 Rj , w and
m™, i.e., numbering n+r+s+rs+2 in total, whilst the number of equa-

The variables of this system are Prs Pyys X

ticns is n+r+rs+2. Hence, even if the production programmes of the

capitalist farmers Xj ; are given, the above system of equations
s

(34) may not yield its unique solution.

In the system of equations here, the rent per acre instead
should be treated as given. The system (34) then determines the
prices, the profit rates, and the production programmes as functions
of the real wage rate. This interpretation does not violate the
fact that rent is surplus profit, and that the prices of agricultural
goods are determined by marginal land.

A similar generalisation would also be possible in the von
Neumann economy case. Assume constant returns to scale with respect
to inputs of industrial and agricultural goods and labour input in

agriculture, and the production price system can be described by:
(35) pB%= (L+m) (pA?+ wL®) + RHZ,
together with (34c) and (34e), where

A mx g: input matrix of the economy,

B m x g: output matrix of the economy,
R 1 x s: rent-per-acre vector,
H

s x g: input matrix of land,

and m=n+r, q being the number of processes in the economy, and
Aa, Ba, L? and H? respectively represent the counterparts of the
engaging processes.

Apply the von Neumann theory to (35), and it is easy to see

that there exists an equilibrium, p > 0m , m>0 for given > o and
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R > Os’ if the warranted rate of profit of the system (A,B,L) is
positive. As shown in Chapter IV, this condition is satisfied if the
rate of surplus labour is positive, so that the landowner <class as
well as the capitalist class depends on the exploitation of the
working class.

It is also easy to see that in the system described by (35) the
rate of profit is inversely related to each component of R . This
implies, needless to say, an antagonistic relationship between the
capitalist and landowner classes.

It must be remarked that these generalisations would never cre-
ate difficulties in the theory of differential rent.

2. It must be observed that the theory of differential rent so far
discussed does not immediately depend on the concept of value. Once
the possibility of a positive profit rate is ensured by the funda-
mental Marxian theorem, the theory of differential rent may find its
point of departure in the theory of production price.

Marx himself considered that the individual value of corn pro-
duced by rent-yielding techniques is smaller than that produced by
a marginal technique, and called the difference between the two
"false social value"-- false, because corn produced by rent-yielding
techniques is regarded as having as great a value as corn produced
by a marginal technique. Marx thus tried to establish the value-
basis of rent.

It is not certain, however, that the individual value of corn
produced by a marginal technique is greater or smaller than that by
rent yielding techniques: in general, the ranked order of individual
values of corn differs from that of individual prices. Therefore,
it is not correct to explain rent in terms of false social value.
Moreover, it is not necessary to do so: it is sufficient that rent
is the part of profit ceded to landowners from capitalists.

This does not create, however, any difficulty in the theory of
value. Value does not depend on the form of property ownership, but
the production price system does, so that there exists a discrepancy
between the two. The value concept should not be influenced by a
concrete form of property, whether land or capital: the value system,

whether in equality or inequality terms, will not undergo any change.
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It is obvious that the value system which can apply even to
the system discussed in §1 is the optimum value system, because the
system comprises alternative techniques in the agriculture sector.
And, it is also easy to see that the profit rate in that system,
(2) through to (6) and (10), is the warranted rate of profit of the
system,

It is important to reconfirm that the relationship between
rent and profit concerns the redistribution of surplus value
between the capitalist and landowner classes, and hence has nothing
to do with the creation of surplus value. In their conflict
against each other, rent becomes a barrier for the accumulation c¢f

capital in the sense that the profit rate will be pushed down,



EPILOGUE

By way of summary, some concluding remarks will be made.

In Chapters I through to V, we have discussed the Marxian value
theory. We must emphasize that the value theory is not the price
theory, but its basis.

As pointed out in Chapter I, the possibility of positive profit
in the market cannot be explained by the market itself., The exis-
tence of production prices with a positive profit rate ensures this
possibility. Furthermore, the existence of such a production price
system is based on the positivity of the rate of surplus., We stress
that although these reasoning are carried out in terms of equiva-
lence, the Marxian value theory, the core of which is the so-called
fundamental Marxian theorem, explains the foundation of the market
in nonmarket terms. Note that even the existence of the production
price system with positive profit does not depend on the market.

A superhistorical feature of the Marxian value theory, on which
attention has been focused, is worthy of special reconfirmation,
because the fundamental Marxian theorem explains profit in terms of
something more general: to explain capitaism in terms of capitalism
may not be relevant here. Thus, the foundation of exploitation is
made clear.

Nevertheless, it is not necessary for detailed concepts which
are introduced in the price system to have some explicit, micro-
scopic value basis. The fundamental Marxian theorem is rather
macroscopic, as is seen from the definition of the rate of surplus
labour, and, as discussed in Chapter VI, a developed concept, such
as rent, does not have a microscopic value basis, such as false social
value.

To discuss more developed problems, such as the choice of tech-
niques, dynamics etc., obviously means to go beyond the value theory.

This task will be done in other places.



MATHEMATICAL ADDENDA

1. Quadratic systems with nonnegative matrices.
Let A = (aij) be an n x n nonnegative matrix.
Lemma 7, The following three conditions are all equivalent:
(i) x >0" ¢ x > Ax .
(ii) For v y > o", 1 x >0" ¢ x = Ax+y .
(1ii) (1 -m"1ts 0.
Remark ">" in (i) and (ii) can be relaxed to ">".

Let p € Cl and 0 ¢ ¢" satisfy

(pI -A)O = 0",
and p is called an eigen-value of A, and © 1is called the eigen-
vector associated with it. Since such a p can be obtaihed from
|pI - A] = 0, write
r={pl| |pI-Al=01.
Lemma 2.((Peron=)Frobenius’ theorem) Thereexists an eigenvalue p*

€ I' with the following properties:

(i) p* >0, 0% > 0": (p*I-A)ox = 0" .
(ii) é%?% >0 .

(111) Yo eT, o*21lo | .

(iv) If Ax(z)ux for x > On, then p*(Z)U'
(v) (pl -A)_l_; 0 if and only if p > p*

p*¥ and ©* above mentioned are called the Frobenius root and
the (right-hand side) Frodenius vectorn of A respectively.

A matrix A 1is indecomposable if there exists no nonsingular
matrix J such that

1

A=ata oxya o,
0 A

2

where Al and A2 are square matrices.

Lemma 3., A isdecomposable if and only if ape R, x >, # o": Ax < px.
Lemma 4., Let a > On and b > o" . If A is indecomposable, then

A¥ = [A b] is also indecomposable, where ¢ 1isan arbitrary scalar.
a c¢
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Proot.
Suppose to the contrary. Then, there exist p> o and [i] >, ¥
0n+1’ x > o such that
(*) AX +xb < pX 3 aX+ex < px .
a

If x > o, then from the supposition i: Xizo , but X £ o" ,
because X = 0" implies bx < o" in (*a), which is impossible. Hence,
X >, ¥ 0". In view of AX < pX from (*a), A is decomposable,
Likewise, if x = o , then from the supposition X > On, but X
b2 0" because for vi: a; >o , Xi= o in (*b). Hence, A 1is decompos-
able., This completes the proof. Q.E.D,
Lemma 5, Let A be indecomposable. There exists an eigenvalue p*

e I' with the following properties:

(1) o* >0 , 0% > 0" : (p*I-A)o*x = 0",
. dp*
(ii) >0 -
1]
cs s v
(iii) For " p e T : p # o*, o* > [o | .
(iv) Ax 2 ux for x > 0" implies p*(z)u .
(<)
(v) (ul -A)_l >0 if and only if 1 > p* .

A nonnegative indecomposable matrix A is stabdle, if p*>o0 and

t
Iim AtzA*
t o (p¥*)

is finite.
Lemma 6. Let A be stable. Then, every column (row) of A* is a
positive column (row) eigenvector of A , both associated with p*,

This lemma can be applied to the relative stability of a bal-
anced-growth solution of the following homogeneous system:

z(t) = Az(t-1) ,

where A is stable, and z(o) > 0", For a particular solution of
the system, z(t) = Atz(o), the following holds:

1imZL8)  _
t >0 (p*) g

A¥z(o) .

The following lemma is also useful:
Lemma 7, Let x € R™ and ye "R. Then, the following two hold:
(i) |[T-xy| =1-yx .
(ii) yx <1 1is equivalent to (I -xy)-'l >0 .
(Murata (2), pp.l40-2.)
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II. Equation systems with rectangular matrices and generalised

inverses.

The following states a necessary and sufficient condition for
the consistency (=solvability) of linear equation systems:
Lemma 8, A system of equations

Ax=Db
is consistent with respect to x, if and only if
rank A = rank (A,b) .

A generalised inverse concerns equatior systems with rectan-

gular matrices.
Definition, Let A bean m x n matrix. An n x m matrix X,
which satisfies

AXA = A
is called a generalised inverse of A , and denoted as X = A .
(Rao~-Mitra, Definition 2.)
Lemma 9. {(X|AXA = A} 4 @ . (op.cit., Lemma 2,2.3.)

Remark that A~ is not unique in general, and that the symbolic

notation A~ > 0 means that at least one possible generalised in-
verse of A is nonnegative. If A 1is square and nonsingular, A~
is reduced to A~L,
Lemma 70,(i) A system of equations

Ax=0>b
is consistent, if and only if there exists an A~ satisfying

AA"b = b,
in which case the general solution is represented by

x = ATb+(I-A"A)u ,
where u is an arbitrary m-column vector.
(ii) A matrix X 1is a generalised inverse of A , if and only if
for all b such that Ax=b 1is consistent, x = Xb is a solution.
(op.cit.,, Theorem 2.3.1. and Corollary 1 of Theorem 2.4.1.)
Lemma 77.(i) AA"B=B 1is equivalent to R(B) C R(A) .
(ii) Let A bean mx n matrix, AA  =I , if and only if rank A
=m. (op.cit., Lemma 2.2.4,)
Lemma 12. Let Z =A+B ., If R(B)C R(A) and |I+A7B| £ o,

then, (1+AB) A" ¢ {x]zxz =21} .

Proot.
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Since R(B) € R(A) , it follows that AA"B=B ; and hence Z
can be rewritten as
Z = A(I+ATB) .

in view of |I+A™B|# o , one can define

X = (I+A7B)1A™ .,
Those entail that

IXZ = A(T +ATB)(T +A™B) 1A~ (A +B)
= AATA + AATB
=7 . Q.E.D.

III. 1Inequality systems.

Let A bean m x n matrix.
Lemma 13, (Stiemke’s theorem) There exists an x > 0" such that Ax =

m

0" , if and only if {p | pA i_On }=9.

Lemma 14. (Minkowski-Farkas' Cemma)There exists an x > 0" such that
Ax = b , if and only if pA > 0n implies pb > o0 .

Note that this can be applied to the case where an inequality

Ax < b
has a nonnegative solution., In fact, write k = b-Ax , and the
inequality system is transformed into an equality system:
(A, I)[x}=1Db .
N

An inequality system with a linear objective function is called

the linean programming rprcblem, Consider

Max {cx |Ax <b, x >0"}

and this is invariably accompanied by its dual problem:

Min {yb|yA >c, vy > 0, }.
Define

X ={x|Ax <b, x 20"},

Y={ylyAzec,y20_1}.

If X # @ , then the maximising problem is said to be Zeasille, The

same applies to the minimising problem and Y .
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Lemma 75, (i) If the two problems are feasible, they have optimum

solutions: X # @ and Y # @ implies 3 0 e X, y® € Y such that

v x € X and v

cx® 2 ¢cx , and yob < yb for y € Z .

(ii)(Duality theorem) ex® = yob .

Lemma 76, If the maximising (minimising) problem is feasible and the
objective function is bounded from above (below), the dual problem
has a feasible solution: X # @, cx <+o, x € X implies Y # ¢.
(Y £, yb >-0, y eVY implies X £ @.)

Lemma 17, The maximising problem has an optimum solution, if and

only if the dual problem has an optimum solution.

IV. Miscellaneous.

Lemma 18, Let y = f(x) , x > '“m+, y € Rl satisfy:

(*) y 1is partially differentiable, 2 o ,and y > o0 .

ax

(*¥*) The proportion Xproeee xo is constant.
Then, the following holds:

y 2 9y

X, 2 Tox,

J J
and

y 2 3y

z 2 9z ?
where z = ux, u > 0n , according as ty % f(tx) , t > 1 or
ty g f{tx) , o <t <1 .
Proof.

Since x satisfies (*¥*), y is reduced to a function of one
varialble, Without loss of generality, y can be regarded as a
function of Xy o It suffices to show the proposition in the case
of y = f(xl) .

Now, suppose that ty > f(txl) , t >1 . Let

tx; = x

1 1t Axl y

and t *1 is equivalent to Axl +o0o . Write
Ay = f(x1+ Axl) — f(xl) y

and it follows that
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2 )y FUxp#Bx) = x 3 F(x;) = Bxyf(x;)

.
Xy X xlel

1

txlf(xl) - xlf(xl) - Axlf(xl)

X1 Axl

= 0 .

Hence, assuming Axl + o0 , one has

(*%%) dy _ ¥ <,
*1 X1
The other cases of the first are proved in the same fashion.
Likewise, z 1is a continuous function of X; s SO that Xy

is in turn a continuous function of 2z . Hence, y 1s regarded as

a continuous function of 2z . Differentiate 2z = ux, andit follows
that
dz X2 .o *n
-a.x—=ul+ uz—x— + oo 4 un—x— = const.
1 1 1
This, together with (**¥), entails the second result. Q.E.D.

" As for the details of the above, refer to Klein, Murata(l), (2],
Nikaido and Rao-Mitra.



FOOTNOTES

Introduction

1) The terms, goods, products and commodities, are identieal

throughout the whole volume,

Chapter I.

1) Since inputs of production should come before outputs, there is
a time-lag between input and output. If the production level differs
from period to period, it may become difficult to evaluate the true
inputs. In the above definition, therefore, the amount Ax 1is
regarded as equivalents of inputs necessary for x, as if the state
of the economy represented by x were to be repeated. This implies
that some kind of steady state needs to be presupposed in the
evaluation of net products.

2) The assumption (A.3) plays an important role in the discussion
made in the Leontief economy case.

As for the indispensability of labour, (A.2) will be assumed
in this chapter. Also see Chapter III, p.54,

3) It is also possible to consider reproducibility in a strong

v 3
sense: for s > 0",

X 2 0", such that x-Mx = s . Strong
reproducibility, however, will be reduced to reproducibility, as is
strong productiveness to productiveness.

4) This is designated as the average rate of profit by Marx. 1In
this volume, the average rate of profit is identified with the

equilibrium profit rate: they are referred to as simply the
profit rate.
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5) The production price is also the same as the long run equilib-
rium price, and is often referred to simply as price.

6) This type of production price was formally discussed by Sraffa
in a systematic manner.

Let us note that in order to evaluate the profit rate the non-
negativity of prices is not essential. It is derived from the
exchange of equivalents in the market, in particular the payment
of wages -- pF > o : labour-power and wages are exchanged as

equivalents.

7) Rigorously speaking, cost-price here is cost-value.
8) Morishima (5) contemplated the dual iteration of (23):
t-1
+ t-1
whly

and showed that from any initial point yo € R: , the limit of
the iteration, x© , can be attained.
9) Consider A = [1 z], L = (1,1) , and it follows that
2 1
w = (4,4). For an arbitrary F = [f > 02, the organic
y
composition of capital of the two processes are equal: in fact,
one has
wA = (3,3) ,

wFL = 4(f+g)(1,1) ,
so that £ = 3/4(f+g). However, it is easy to see that
T 1
|M|— —E+f *E'+f ¢ 0O .
1 1
2*9 E*9

10) Marx's original statement can be expressed as dpj/dwj > o .

The economically typical case of this is that p «=w . The former
is more relaxed than the latter, but it is virtually more diffi-
cult to find its economically meanigful equivalent condition.

This is why the latter is mostly discussed.

11) From the same reason as mentioned before in relation to net
products (note 1) above), it may be also difficult to evaluate
surplus products in a growing economy. At the end of period t,
however, one can write

x, = Mx

t t+1 *Ug o
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where Ut is the capitalists' consumption vector, because these

exist at the same time point. If x_ e« x

£ £+l holds, moreover, this

can be rewritten as

X

1

t (1+g)Mxt + Ut

= Axt+Fth+ngt+Ut ’
where g stands for the growth rate. Hence, the net products can
be evaluated by
Yg = Xg - Axe
and the surplus products by
Sy =Yg -Fth .
That is, in the uniform growth case, the exact amounts of net and
surplus products can be evaluated on the basis of the ongoing
system of techniques. The time structure of production thus makes
it difficult to evaluate net and surplus products.

Nevertheless, it must be noted that even if the economy is in a
steady state and full information about techniques is given, the
amount of surplus is obscured by the social system itself, This
is what Marx tried to show in his value theory.

12) Differential rent, which is another form of income, will be
discussed in Chapter VI.

Chapter II.

1) Fixed capital, durable capital and fixed equipment are regarded
as being the same in this volume.

2) As for a simplified example of this reduction, see e.g. Schaik.
3) Koshimura (2] established an equation similar to (11) in the four
departmental Marx-lLeontief economy case, in which fixed capital,
nondurable capital goods, wage goods and luxury goods are produced.

He already knew that the "true" volume of amortisation should be
evaluated on the basis of the growth rate.
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Chapter III

1) This was produced from the equation (1') in Morishima (4),p.183.
2) Pd.C. is defined for Dx ">" 0™ in this chapter.
note applies to Pf.C. and S.C. introduced later.

The same
3) As for the generalised inverse, refer to the Mathematical
Addenda, pp.l147-8.

L) A Leontief economy in which alternative processes are permitted

is usually called the generalised Leontief economy. Murata (2) dis-

cussed Marx's theory of value in the generalised Leontief economy

case. Murata defined value as a minimiser of a certain type of

norm, and the value equation is approximately solved by using

Penrose's inverse. Penrose's inverse is upique, if it exists, and

hence the value can then be determined uniquely. The value may
rest on the form of norms, nevertheless.

5) The axiom of impossibility of land of Cockaigne means that the
primary factors of production are essential for production,
hence it comprehends the indispensability of labour.

the two are tantamount to each other here,

and
Nevertheless,
because labour alone is
the primary factor of production in the present discussion.
As seen in Proposition 2, L > 0n does not suffice for the
indispensability of labour.
6) This is an extension of the Yefficient point" in activity
analysis. Refer to Koopmans, p.60.

7) Kurz (2), in an attempt to criticise Steedman's counterexample,

rewrites Steedman's value eguation as follows:

Swl 4-21 = 6wl + LPa

10w2 4-22 = 3wl + 12w2 ’

where 21 and 12 stand for productivity indices.
From this, Kurz concluded that there exist Ql and 22 for
which wy and w, are positive.

In Kufz's modif ied value equation, however, the same labour
creates an unequal amount of value, and hence his assertion seems
to be against the law of value.

8) A similar theorem was proved by Shiozawa(2).
9) Equation (22) will make no sense, if it is overdetermined.

Hence, it may be plausible to presuppose rank H = min (myn),
even if m < n .
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If n <m, (22) appears to be underdetermined: prices of m-n
types of good can be determined a priori. This, however, raises
po difficulty in the present discussion.

10) If the iteration formulae (I-23) are immediately extended,
one can write:

wt+1 B

(23')
l+‘th = wt Bx /wt Mx .

t, t
L+ )w M,

i

Even if rank B = m and hence BB™= I, MB~™ is not necessarily
nonnegative.
11) The proof will be sketched as follows,
Repeat (23), and it follows that

(1%) Wt+1 - noTrlﬂﬂ'rrt wQt+l .
Whilst, from Proposition 12, one has

(2%) nt = wo®Hx /wotH Hx .

so that

(3%) 1T°1Tl““1Tt = wa/th+l Hx .

Substitute (3*%) into (1*), and the subsequent equation holds:

(4%) wt+l _ wHx th+l Hx .
t+l
wQ Hx
Here, th, which appears in (4*), is a solution of the following:
e o gto.
Now, one can write
lim zF/E'.C =y >0,
frw 1A
where z% = wot , because et - (on])tO(Q) . {(Refer to Lemma 6.)
From this, one can derive:
t t
Lim 7% = lim 20X = 14q Gil""‘ =L
t+wo troz tTTHx  t+ wGETTTHK o(g)

Where, G = (Y,ee,Y).

In the same fashion, one can prove

p*¥= Iim w® .

t*+ o
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Chapter 1IV.

1) Definition III-3 pertains to an arbitrary q , but the optimum
value in this and the following chapters is restricted to that with
respect to y = FLx

2) The surplus value in Steedman's counterexample is negative, but
0kishio(7) confirmed that even in that counterexample surplus pro-
ducts are produced. Also see Cheok, A. et al.

3) This naming seems to have appeared first in Krause(2).

4) The original definitions of the rates of unpaid labour and
surplus value by Morishima are slightly different from (5) and (6).

Let there be N workers in society, and suppose their working

day is T hours. Namely, one has

TN = Lx .
Let F* stand for the wage goods vector per day. Then,

T - Ak

the rate of unpaid labour = 5 ,

AF*

o o
Ay = sy

the rate of surplus value = —_— .

AF«N

Proposition 2 is valid for the rates of unpaid labour and
surplus value defined above.

Note that in a different context Morishima's true value of
good i will be of significance as an extension of employment
multipliers, because it is unique.

5) Hollander (2] enumerated ten axioms and discussed the linearity
of the measure of exploitation. The fundamental Marxian theorem,
however, does not depend on the linearity of the valuations of
goods.

Optimum value is, although nonnegative, neither unique nor

linear. It may well be denounced for its nonoperationality.



157
Chapter V.

1) Note that when "skilled labour j" is mentioned, j # 1. Also
remark that education and training necessary for skilled labour
are regarded as being the same.

2) In Okishio (3}, the counterpart of (2) is written as

Y=wE+ YT+ T,
(in the present notation). That is, the value of capital goods in
the education sectors enters into the value-creating force of
skilled labour. This, however, is incorrect as pointed out here.

3) As shown here, if the exclusive training period is considered,
self-efforts become greater than unity. This is because self-
efforts exerted in the education period are accumulated in worker
Jj and reveal themselves when worker j starts working.

If it is the case that worker j works and studies simultaneously
over his life, which is hardly possible in the actual economy, then
the amount of self-efforts is exactly unity: one has only to put

nlj: n2j = nj .

4) The following figure illustrates the accumulation of self-

efforts to skilled labour.

TN*

-

It should be taken note of that, as mentioned before, Y plays

yLIxI

~

therole of a peculiar operator. Write, for instance X - AX =y
and premultiply (w,v,Y), and Yyﬂl = o, because no value 1is pro-
duced in the third sphere.

5) (L,T) in A doesnotgive the labour matrix of the hyper-closed
system, because T here is not related to the production of value.

6) Let m=n=s=1 , and all the variables and coefficients of
(LP.I) and (LP,II) are scalars. Put B =1, and one has [N
(I-AN? and  ¥° = 1/N% .,
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7) In a closed Leontief economy, one has a stronger result as
max “j >0 .

8) It will be convenient to make a note on the difference between
the assumptions: Lx? > 0% in §2 and N¥> 0% in §3. Since produc-
tive labour alone is conducive to the production of value, a
strict inequality with respect to actual employment seems to
create no problem. A similar distinction between productive and
nonproductive labour, as made in the prpof of Prcposition 10 can
be applied to that of Propositicn 17, if B, A, L and F are
specified as in this subsection.

9) Krause's original theorem is proved for "r > o". This proposi-
tion is a simplified version. For details, see Krause(l).

10) Hollander's original theorem is the conclusion (ii) here.

Chapter VI,

1) Differential rent is often referred to as rent in this chapter,

because differential rent alone is Qiscussed.

2) The production price system with rent of this type was first
discussed by Sraffa, and later developed by Kurz(l), in which the
two-land case is treated. His analysis is concerned, however,
mostly with Ricardo. Marx's propositions and the existence of
equilibrium are not dealt with.

3) In order to make clear the implication of Marx's discussion
which assumes that the demand for corn is given, equation (%) is
made explicit here.

4) One of the main concerns of Kurz (1) is that the ranked order of
fertility of land undergoes changes with changes in the real wage
rate. Marx also knew that the fertility of land is an economic

fertility. See, e.g. the citation in pp.118-9.

5) Rent does not enter into the production price of corn immedi-
ately.
6) In his numerical examples, Marx often referred to rises and

falls in prices, but, rigorously speaking, it is not easy to draw
such a conclusion in the microscopic framework., See Proposition 12,
7) Marx's "rate of rent" is called the average rate of rent here.
8) See, e.g. Lancaster, p.l1l31.
9) If the productivity ef capital invested on fertile land is not

d.r.s., this can occur.
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